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1. INTRODUCTION

Kramosil and Michalek [6] were the first to introduce the fuzzy metric space which was later
modified by many authors among which we have taken the one that is given by George and Veeramani
[1]. The control function, also known as altering distance function, was introduced by M.S. Khan et.
al. [6] in the year 1984. In the year 2018, some fixed point theorems for generalized (), ¢)-contractive
mapping were proved in strong M-fuzzy metric spaces. Here we proved some fixed point theorems in
strong generalized fuzzy metric spaces using the control function.

2. PRELIMINARIES
Definition 2.1 [9]

A binary operation*: [0,1] x[0,1] = [0,1] is said to be a continuous t-norm if it satisfies the following
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conditions:
i) * js associative and commutative,
i) * js continuous,

iii) a*1=aforalla€[0,1],
iv) a*b< c*dwhenevera <candb< dforalla, b, c,de[0,1].
Definition 2.2 [10]

A 3-tuple (X, M, *) is called an M-fuzzy metric space if M is an arbitrary nonempty set, * is a continuous
t-norm and M is a fuzzy set on X3 x (0,e°), satisfying the following conditions for each x, y, z, a € X and
t,s>0:

(M1) M(x,y,zt) >0,

(M2) M(x,y,z,t)=1ifandonlyifx=y =z,

(M3)  M(x,y, z,t) =M(p{x, v, z}, t), where p is the permutation function.
(M4)  M(x,y,a,t)*M(a, z,zs) SM(x,y,z, t+s),

(M5)  M(x,v, z,.): (0, =) = [0,1] is continuous,

(M6) tlim M(x,y, z,t)=1forallx,y, z€E€X.

Definition 2.3 [11]

Let (X, M, *) be a M-fuzzy metric space. The M-fuzzy metric is said to be strong (non-Archimedean) if
it satisfies

(M4'): M(x,y,z,t)2M(x,y, a, t) * M(a, z, z, t), for each x, y, z € Xand each t > 0.
Remark 2.4

Axiom (M4') cannot replace axiom (M4) in the above definition of fuzzy metric, since in that case, M
could not be a fuzzy metric on X.

Note that it is possible to define a strong fuzzy metric by replacing (M4) by (M4') and demanding in
(M5) that the function M(x, v, z, .) be an increasing continuous function on t, for each x,y, z€ X. In
fact, in such a case we have that, M(x,y, z, t +s) 2 M(x,y, a,t+s) * M(a, z, z, t + s) = M(x, y, a, t) * M(a,
2,2, 8)).

Remark 2.5

Not every M-fuzzy metric space is a strong fuzzy metric space.
Definition 2.6

Let (X, M, *) be a M-fuzzy metric space.

(i) A sequence {x,} in X is said to be convergent to a point x € X if

lim M(x,, X, X, t)=1 for all t > 0.
n—oo

(ii) A sequence {Xn} in X is called a Cauchy sequence if, for each 0 < e <1 and t > 0, there exits no €
N such that M(xn, Xm, Xm, t) > 1-€ for each n, m > n,.
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(iii) A fuzzy metric space in which every Cauchy sequence is convergent is said to be complete.

(iv) A fuzzy metric space in which every sequence has a convergent subsequence is said to be
compact.

Lemma 2.7

Let (X, M, *) be a fuzzy metric space. For all a, v€ X, M(a, b, c, .) is a non-decreasing function.
Proof:

If M(a, b, ¢, t) >M(a, b, ¢, s) forsome O<t<s.

Then M(a, b, c, t) * M(c, c,c,s—t) <M(a, b, ¢, s) < M(a, b, ¢, t).

Since M(c, c,c,s-t)=1,M(a, b, c,t) <M(a, b, c, t), a contradiction.

Definition 3.1 [6]

A function : [0, 1] = [0, 1] is called control function or an altering distance function if it satisfies the
following properties:

(CF1)  is strictly decreasing and continuous,
(CF2) l(y) 20, forally #1and Y(y)=0if and only ify = 1.
It is obvious that lir§1_ Y(y) =Y(1) =0.
y—)

(CF3) Wy =) <d(y) + Y(W), v, L E{M(a, Ta, Ta, t): a €EX, t > 0}.
3. Main Results
Theorem 3.2

Let (X, M,*) be a complete strong generalized fuzzy metric space with continuous t-norm * and let T
be a self-mapping on X. If there exists a control function y and yi=vyi(t),i=1, 2, 3,..., 6, yi2 0 with y; +
Y2+ Y3+ 2y +ys + V6 < 1 such that

P(M(Ta, Tb, Tc, t)) < yip(M(a, b, ¢, t)) + v20(M(Tb, Th, ¢, t)) + ysP(M(Ta, b, ¢, t))+
vay(M(a, Tb, Tc, t)) + ysY(M(Ta, Ta, a, t)) +
vep{max M(Tb, Tb, c, t), M(Ta, Ta, a, t))}, (3.2.1)
then T has a unique fixed point in X.
Proof:
Let a be any arbitrary point in X and define a sequence {u,} € X such that an.1 = Tan.
Assume that an+1 = Tan = an for some n € N, then a, is a fixed point of T.

Suppose an+1 # an. Putting a = a1, b =anand c = anin equation (3.2.1), we get

W(M(Tan-, Tan, Tan, t)) < y1W(M(an-1, @n, an, t)) + V20 (M(Tay, Tan, an, t))+
Vs (M(Tan1, an, an, 1))+ vah(M(ans, Tan, Tan, t))+
ysW(M(Tan-1, Tan-1, an1, t))+

Vﬁlb{max (M(Tan, Tanl an, t)r M(Tan-l, Tan'llan'll t))}/
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LI‘)(M(anl an+1,dn+1, t)) < VllIJ(M(an-l/ an, an, t)) + V2¢(M(an+1' an+1,an, t)) +
V3¢(M(an' an, an, t)) + V4L|J(M(3n-1, An+1,an+1, t)) +

VSLIJ(M(an, anl an’llt)) + V6¢'{max (M(an+1l al’H’llanl t)l M(anl anl an’llt))}l

LIJ(M(an, an+1,an+1,t)) < VlllJ(M(an-l, dn, an, t)) + VZLIJ(M(aml, dn+1,dn, t)) + V3'~I—'(1) +
V4¢(M(an-1; an+1, An+1, t)) + VSLIJ(M(an, dn, an-1, t)) +

VGLIJ{maX (M(an+lr an+1lanl t)l M(anl anl an’ll t))}l

Y(M(an, ans1,ansst)) S vib(M(ana, an, an, t) + v2P(M(ansa, anss,an, t)) +
V4¢(M(an-1; an+1, An+1, t)) + VSLIJ(M(an, dn, an-1, t)) +
VG lJJ{maX (M(an+1, an+1,an; t); M(an, anl an'll t))}

Here (X, M, %) is a strong generalized fuzzy metric space, and we have that

M(an-1, an+1, @n+1, t) = M(an-1, @n, an, t) * M(an, an+1, ane, t), by using (M4’),
W(M(an-1, @n+1, @nsa, ) 2 W((M(an-1, @n, an, t)) * (M(an, @n+1, an+1,t))), by using (CF3),
W(M(an-1, @n+1, @ns, 1)) 2 W((M(@n-1, @n, an, t)) + (M(an, @n+1,Une1, 1))).

Using above inequalities in (3.2.2), we get

P(M(an, ans, ane,t)) £ Va0 (M(an-1, @n, an, t)) + y2U(M(@ns1, @ns1, an, t)) +

va [W(M(an-1, an, an, t)) + Y(M(an, ans1, ansa,t))] +

ysW(M(an, an, an-1,t)) + ye{max (M(an1, @ns1,Un, t),M(an, an, an-1,t))},

W(M(an, ans1, ans1,t)) < v (M(an-1, an, an, t)) + y20(M(ans1, @nsa, an, t)) +

YaP(M(an-1, @n, an, t)) +val(M(an, ans1, ans1,t)) +

ysU(M(an, an, an-1,t)) + ys{max (M(an+1, an+1, an, t), M(an, an, an-1,t))}.

If max(M(an+1, an+1, an, t), M(an, an, an-1,t)) = M(an+1, an+1, an, t),

then the above inequality (3.2.3) becomes

G(M(an, ans1, ans1,t)) < Vi (M(an-1, an, an, t)) + v2P(M(ans1, @nsa, an, t)) +
yab(M(an-1, an, an, t)) + va(M(an, ans, an,t)) +

ysW(M(an, an, an-1,t)) + YeW(M(an+1, @ns1, an, t)).

We then obtain that,

. . < Y1t VatVs » < _
Y(M(an, ans1, @ne, t)) < 1—(y2+y4+y6)q)(M(an 1, an, an, t)) <P(M(an, an, an, t)).

Similarly, if max(M(an+1, an+1, an, t), M(an, an, an-1,t)) = M(an, an, an-1, t),

the inequality (3.2.3) becomes

(M@, anss, anes ) < ZEEEEEE ((M(@ns, an, an, 1) < B(M(ana, an, an, 1))

(3.2.2)

(3.2.3)

(3.2.4)
(3.2.5)

(3.2.6)

(3.2.7)

(3.2.8)
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Hence Y(M(an, an+, an+1,t)) < P(M(an-1, an, an, t)).
This gives (M(an, an+1, an+1,t)) > (M(an-1, an, an, t)).
Since the sequence {M(an, an+1, an+1,t)} is non decreasing, taking limit n>oo, we get Tlli_r)goM(an, An+1,
an+1,t) = q(r), for g:(0, ==)-> [0, 1]. (3.2.9)
Suppose that g(r) #1 for somer >0 as n Soo,

Now (3.2.8) becomes

dlalr)) < B (a(r) < bia(r) (3.2.10)

which is a contradiction. Hence lim M(an, an+1, an+1,t) =1, t> 0.
n—oo

Next, we prove that the sequence {an} is a Cauchy’s sequence. Suppose not, then for any 0< e<1, t >
0, there exist sequences {ank} and {amk}, where ny, mg > n, nk> My, Nk, Mk € N such that

M(an,, am, am,, t) S1—€. (3.2.11)
Let ni be least integer exceeding mysatisfying the above property.
That is M(ank.l, Ay s Amy t)>1-¢,n, miENandt>0. (3.2.12)
Puttinga =ay,,1and b = a;,, 1, €= ay,, 1. (3.2.13)
G(M(Tap, -1, Tam, -1, Tam,-1, 1) S vib(M(@p, -1, amy,-1,am,-1,t) +
V2W(M(Tas, -1, Tam,-1,am,-1t) + ysb(M(Tag, 1, am, -1, am,-1 t) +
Yal(M(ap, -1, Tam, -1, Tam, 1,t) + ys®@(M(Tay, -1, Tay, -1, ap, -1, 1) +
ye {max (M(Tay, -1, Tam, -1, am,-1 t), M(Tay, 1, Tag, 1, 3y, 1, 1))},
Y(M(@ny, By Ay 1) € VIIM(@ry1) At Amgets 1) + Va0 M@y Qs At 1) +
Vo (M@ Byt Amgets 1) +Vab(M(@nyt, amyr Ay 1) +

VSqJ(M(ank: ank' ank-lf t)) + VGlIJ{maX(M(amk; amk' amk-L t)/ M(ankl ank ’ ank-lf t))} (3'2'13)

If max(M(ap,,, am,» amy-1 t), M@y, an,, an,-1, t)) = M(ay,, ay,, an,-1,t)
U(M(@y, By Ay 1) < VIOM(@ry 1, Ay ts Ayt 1) + VUM Ay Ayt 1) +
vs®(M(an,, amy-1, amy1, 1) + vab(M(@g, -1, @y, amy, )+
V(M@ angs angt, 1)) +Vel(M(@n,, g ans ). (3.2.14)

By (M4’), (CF3) and (CF1) it follows that

b(M(an,, am, -1 amy-1 1) S W(M(@y,, am,, am,, t)) + W(M(@n,, am, -1 am, t), (3.2.15)
and P(M(ay, -1, am, -1, Amy-1, 1) SW(M(ag, -1, ap,, an,, t)) + B(M(ay,, am, 1, am, -1, ).
Applying the previous inequalities, we get
W(M(an, 1, amy1, amy1, 1) S W(M(ap, 1, @, an, t) + W(M(@p,, am,, am,, t)) +

W(M(arm,, am, -1, -1, B)- (3.2.16)
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From (3.2.12) and (CF1), we get
b(M(an,-1, amy, am,, 1) SW(1-€) (3.2.17)
Substituting (3.2.15), (3.2.16), and (3.2.17) in (3.2.14), we have
W(M(@r, ampr amg 1) SVIWM(@n,1 Bng g D)+ ViM(@ng Ay Ay )
+v1Q(M(ap,, am,-1, a1, 1) + V2@ (M(apm,, am,, am1 t)
+V30(M(an,, A Ay ) + Va0 (M(@mys A1) Ay, 1)
+Va(1 - €) + ysh(M(an,, an,, an, 1, 1) + Ve (M(ap,, an,, an, 1 t)),
(1 -vi—vs) U(M(ay,, am,, amy, 1)) < (V1 +vs + ve) O(M(ay,, an,, an,-1, 1)
+ (v1+v3) Y(M(am,, amy-1 amy-1, 1)
+V2 lb(M(amk,amk,amk.l, t) + yaP(1-€). (3.2.18)
Using (3.2.11), we obtain
b(M(an,, am, am,, t) > (1 - €) (3.2.19)

(1=vi=v3) Y(1-€) < (v +vs+Ve) U(M(an,, an,, an,-1, 1) + V2 W(M(ap,, am, am,1, t)

(V1 + v3) W(M(@pm,, am1, amy1, 1) + vap(1-€).
(3.2.20)

Taking k =< in the above inequality, we obtain
(1-yi—vys) U(1 -€) < vad(1 - €) (3.2.21)
Thatis, (1 —y1—ys—Va) Y(1 - €) £0, and which implies that € = 0 and we get a contradiction.

Hence { an} is a Cauchy’s sequence. Since X is complete there exists x € X such that lim a, = x. That

n—oo

is M(an, X, X, t) =1 as n >eo,
Putting a = an.1, b =x and ¢ = x in equation (3.2.1), we get
B(M(an, TX, T, t)) < yib(M(an-1, X, X, t)) + V20 (M(Tx, Tx, X, t))+ysd(M(an, X, X, t))
+ val(M(an1, TX, Tx, t))+ysW(M(an, an, an-1, t))
+ ys{max (M(Tx, Tx, x, t), M(an, an,an-1, t))} (3.2.22)

Taking n o< in (3.2.22), we get

(1 —v2—va—ve) Y(M(x, Tx, Tx, t)) <0, t > 0. (3.2.23)
Therefore M(x, Tx, Tx, t) = 1, and x = Tx.
To prove the uniqueness, suppose that Tx = x where q # z.

(1-y1—vs—va) U(M(x,c,c, t))<0,t>0.

Hence x = c is the unique fixed point of T.
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Corollary 3.3

Let (X, M, *) be a complete strong generalized fuzzy metric space with continuous t-norm * and let T
be a self-mapping in X. If there exists a control function Y and yi=vyi(t),i=1, 2, 3,...,6,yi=20and y; +
Y2 +V3+ 2ya +ys< 1such that

W(M(Ta, Tb,Tc, t)) < yah(M(a, b, ¢, t)) + v20(M(Tb, Tb, ¢, t)) + ysp(M(Ta, b, c, t))+

vay(M(a, Th, Tc, t)) +ysPp(M(Ta, Ta, a, t)) (3.3.1)
Then T has a unique fixed point in X.
Proof:
The proof follows by considering the fuzzy contraction on the generalized fuzzy metric space (X, M, *),
U(M(Ta, Tb, Tc, t)) < vip(M(a, b, ¢, t)) + y20(M(Tb, Tb, ¢, t)) + ysb(M(Ta, b, ¢, t)) +vab(M(a, Tb, Tc, t)) +
ys$(M(Ta, Ta, a, t)).
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