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ABSTRACT

I In this paper we study to solve the of additive (T}, I[;)-functional inequality
with three variables and their Hyers-Ulam stability. First are investigated in
complex Banach spaces with a fixed point method and last are investigated
in complex Banach spaces with a direct method. These are the main results
of this paper.
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Let X and Y be a normed spaces on the same feld K, and f: X — Y . We use the notation ||. ||
for all the norm on both Xand Y. In this paper, we investisgate additive (I'y, I';)- functional inequality
when X be a real or complex normed space and Y a complex Banach spaces. We solve and prove the
Hyers-Ulam stability of forllowing additive (I'y, I;)- functional inequality.

2+ -7 -5

Y

+ + +
S G e RG]
x+y z xX+y
+ Fz(zf(z—z‘l'z) —f(T)
- f(2) (1.1)
Y

In which T}, T, are fixed non zero complex numbers with G(I';, I )-functional inequality.
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Note that in the preliminaries we just recap some of the most essential properties for the above
problem and for the specific problem, please see the document. The Hyers- Ulam stability was first
investigated for functional equation of Ulam in [28] concerning the stability of group homomorphisms.

The functional equation

fx+y)=f+ Q)
is called the Cauchy equation. In particular, every solution of the Cauchy equation is said to be an
additive mapping.

The Hyers [13] gave firts affirmative partial answer to the equation of Ulam in Banach spaces.
After that, Hyers’'Theorem was generalized by Aoki[1] additive mappings and by Rassias [26] for linear
mappings considering an unbouned Cauchy diffrence. Ageneraliza- tion of the Rassias theorem was
obtained by Ga“vruta [10] by replacing the unbounded Cauchy difference by a general control
function in the spirit of Rassias” approach.

The stability of quadratic functional equation was proved by Skof [27] for mappings f : X = Y
, Where X is a normed space and y is a Banach space. Park [24], [25] defined additive y -functional
inequalities and proved the HyersUlam stability of the additive y -functional inequalities in Banach
spaces and nonArchimedean Banach spaces. The stability problems of various functional equations
have been extensively investigated by a number of authors on the world. We recall a fundamental
result in fixed point theory.

Recently, in [3],[4],[21],[22],[24],[25] the authors studied the Hyers-Ulam stability for the
following functional inequalities

|rEEE+ 0 -rEED - 1| < |rEE+ F) (12)
”f(x ty,
<|rEEE 40 -rEED -5 (13)
I+ = 1@ = ol < [oer &5 - 1@ =10 (14)
lerES2 - 10 - ro|| < o 49 - @) = 5o (15)

and

x+y x+y x+y

(G20 + 2 -0 - r -2 D - 2@

x+y z x+y z X
<|per&GE+p-20 -0 -1

22 22
—f@ (1.6)

HZ xX+y z xX+y z xX+y
feg ) +2f(—3) ~f@ - =) - 2f(?)
Xty XYY _ ety
<|prESE 40+ rEEE -0 —2r D

—2f(2) 1.7
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Finaly

If(x+3) = f(x) = fDI
SIB(fx+y) + fx = y) = 2f ()l

x+y
+|erESH-r@ -ron|  as

in complex Banach spaces

In this paper, we solve and proved the Hyers-Ulam stability for (I3, T;)- functional inequalities
(1.1), i.e., the (I}, [;)- functional inequalities with three variables. Under suitable assumptions on
spaces X and Y, we will prove that the mappings satisfying the (I}, I[;)- functional inequati lies (1. 1).
Thus, the results in this paper are generalization of those in [3],[4],[14],[21] for (T4, I;)- functional
inequatilies with three variables.

The paper is organized as followns: In section preliminarier we remind some basic nota- tions in [3],[7]
such as complete generalized metric space and Solutions of the inequalities.

Section 3: In this section, | use the method of the fixed to prove the Hyers-Ulam stability of the addive
(I3, Ty)-functional inequalities (1.1) when X be a real or complete normed space and Y complex
Banach space.

Section 4: In this section, | use the method of directly determining the solution for (1.1) when X be a
real or complete normed space and Y complex Banach space.

2.1. complete generalized metric space and Solutions of the inequalities.

Theorem 2.1. Let (X,d) be a complete generalized metric space and let] : X — X be a strictly
contractive mapping with Lipschitz constant L < 1. Then for each given element x € X, either
d (]n’]n+1) = o

for all nonegative integers n or there exists a positive integer no such that

(1) d J™J™) < 0, V2 n,;

(2) The sequence {J™x} converges to a fixed point y * of J;

(3) y *is the unique fixed point of J in the set

(4)Y ={y € X1d(J™, ™) < oo};

(5) d(.y ®) < T5d(,Jy)VyE ¥

Solutions of the inequalities. The functional equation
f+y)=fx +fO»)

is called the cauchuy equation. In particular, every solution of the cauchuy equation is said to be an
additive mapping.

3. ESTABLISH THE SOLUTION OF THE ADDITIVE (3, I )-FUNCTION INEqUALITIES USING A FIXED
POINT METHOD

Now, we first study the solutions of (1.1). Note that for these inequalities, when X be a real or
complete normed space and Y complex Banach space.
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Lemma 3.1. A mapping f: X - Y satisfies f (0) = 0 and

&2+ -7 -5
Y

+ + +
G R R G
+ +
+rerEE+ 9 -rESS
= f(2) (3.1)
Y
forallx,y,z € Xifandonlyif f: X = Y is additive
Proof. Assume that f : X — Y satisfies (3.1)
Lettingx = y =1zin(3.1), we get
If2x) = 2f ) lly
< ILIHIGF@Rx) =2 () lly
andso f(2x) = 2f(x) forallx € X.
Thus
f(x/2) =1/2f(x) (3.2)

for all x € X It follows from (3.1) and (3.2) that
) ()

2 2 Y

<[ (r () (52 -2 ()
x+y z xX+y !

+ |2 (21 C 52 +§)_f(T) —f(2 y

)

y
+reEGE+n -GG - ren), (33)
and so
a-mn|r(FE+2) - (52) @),
<In (f(¥+z)+f<¥—z)—2f<x;y)) ] (3.4)
Lettingu = # vz = ?— zin (3.4), we get
a-nlre - (555) - (),
<inb|fe-rw -2 (), (3.5)

forallu; v € X and so
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1
A= IRDIf+v) = flu—v)+ 2f @y

SIEDIf+v) = fF = fWlly (3.6)
forallu; v € X it follows from (3.4) and (3.5), that

1
—(1—-|T,D?
2( IT21)

P2+ 0 - FCD - f@
Y
<InD?||fEF+ - F (P —f@|, (3.7)

Since V2 |B1] + |B2] < 1 and so

FEE2 v 0= 1D + f@

forallx,y,z € X.Thus f is additive

Theorem 3.2. Let  : X* — [U ) be a function such that there exists an L < 1 with

Ty z L .
ol =. 2.2 | < 2oz, y, 2 3.
““(2'2'2)— 2“”(” ) (3.8)

forall z,y,z € X. Let f: X — Y be a mapping satisfy f({l) =0 and

(52)-1(2) 10,
()i o(2)

. r+y = r+y _
() () 0)
forall x,y, z € X

Then there exists a unique mapping h: X — Y such that

Hf(i") ( )H ( )( (r D ('1 T, J") (3.10)

<

Y

—l-u,s(:r v, z) (3.9)
Y

—

forallz € X
Proof. Letting x = y = z in (3.9), we get

(= |rCee) 2],

‘ < 3.9(-1'..3'.._3:) (3.11)
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for all z € X.
Consider the set

S :— {h:X—}Y,h(O) :0}

and introduce the generalized metric on S:

o) = m.f{,a eR: o) ~ ()| < Ao r2) Vi € x},

where, as usual, inf¢ = +o0c. It easy to show that (S._ d) 1s complete (see[lﬁ]) Now we
cosider the linear mapping J : § — S such that

Jo(x) = 2(3)
gy r g D)
for all z € X. Let g, h € S be given such that d(g_, h.] = ¢ then
o(z) ()
for all g.h € X It folows from (3.11) that
3 1 T E & L
f(=)-27(2)] < —sa(_—..—..—) <L o222
@) G| < e (553) < =)
II‘ — for all + € X By Theorem 2.3, there exists a

for all z € X. So d(fst) = 9(1—11”

mapping H : X — Y satisfying the fllowing:
(1) H is a fixed point of J, ie.,

< cols.nn)

H(I) —2H (%) (3.12)

for all z € X. The mapping H is a unique fixed pomt J in the set

M:{geSzd(f.g)<oo}

This implies that H is a unique mapping satisfying (3.12) such that there exists a
A€ (O, oo) satisfying

< /\n,o(z,;r..r)

/)2
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forall r € X
2) d(ﬁ 7, H) —+ 0 as [ — oo. This implies equality

s (5) ()
(3) d( f.Hj Z Ld ( f, Jf). which implies

L
1) -#1)| < gyl

X. It follows (3.8) and (3.9) that

o) o

for all z

(e ) o

T n r+y z r+y
= fim 2 (zm 2_) f(zw) /()
. - ] z r+y
= r}lﬁn;? I ‘ ' (2n+1 ) (2n+1 - Q_) -f( gn+1 )
Tr—+y r—+y n [T Y 2
i 2lef (e ) oo () o (5)| - e (59)

-

I

o) ()
()00

for all z.y,z € X. So

H(I;h:) —H(I;y) —1(2)
o) o) o)

r+y =z
I'a| 2H —
+ 2( ( ) + 2)

r+y =z
['a| 2H -
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H(I;””) +H(2) :H(I;y +::)

for all z,y,z € X. By Lemma 3.1, the mapping H : X — Y 1s additive.

Theorem 3.3. Let ¢ : X° — [U. oc) be a function such that there ewists an L < 1 with

(o) <54(543) 619

forallz y,z€ X. Let f : X — Y be a mapping satisfy f([l) =0 and

b(=52)o(52) 0]
ey )
- () () 0)

Then there exists a unique mapping h : X — Y such that

Hf("‘) - h(x) Hw = 2(1 - L)?l B ‘F‘D P(*‘-*’sr) (3.15)

[

T

+ {p(r, g, .—;) (3.14)
T

+

forallz € X

Proof. Letting x = y = z in (3.14), we get

, < 99(1‘-.-1‘-,1‘) (3.16)

(1= e (2 21|
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and so

1 .
Syt

1)~ (e

l

Let (S, d) be the generalized metric space defined in the proof of Theorem 3.2

for all r € E.

Now we consider the mapping J : S — 5 such that

Jg(i".) = %g(?m)
forall z € X.
It follows (3.17) that d( £, f) < Q(TW So

()~ (2
for all z € X.

The rest of the proof 1s simlar to proof of Theorem 3.2.

1 .
< = L)(= |F1|)5.9(;r_.-r._.i".) (3.18)

From proving the theorems we have consequences:

Corollary 3.4. Let r > 1 and f be nonnegative real numbers and let f : X — Y be a
mapping satisfy f({]) =0 and

()11

T

i) ) o)
(oo (552 +5) -1 (552) 1O | eollel D)
’ (3.19)
forall z,y,z € X.
Then there erists a unique mapping H : X — Y such that
T 30 wlr,r,x y
7(x) -1 (=), < (Q_Qr)(l_‘ri))*( @.) (3:20)

forallz e X

Corollary 3.5. Let v < 1 and 8 be nonnegative real numbers and let f : X — ¥ be a
mapping satisfy _f('[]) =0 and

() o520
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(5] (5 ) o (52)
-
Bl A7) )] AT 410
! (3.21)
forall z,y,z € X.

Then there erists a unique mapping H : X — Y such that
36 ¢
|#(=) -1 ()], < )i \FI))‘F(I ) (3-22)

forallz € X

4. ESTABLISH THE SOLUTION OF THE ADDITIVE (Fl,r'g)—FLTNCTIDN INEQUALITIES
USING A DIREECT METHOD

Next, we study the solutions of (1.1) . Note that for these inequalities, when X be a
real or complete normed space and Y complex Banach space.

Theorem 4.1. Let p: X* — [[},o::-} be a function and let f : X — Y be a mapping such

that .
. .. [T y =z .
U(z,y,2) = E 25'50(? > E) < 0 (4.1)

i=1

and let f: X —Y be a mapping f({]) =0 and

(31) 5 0]
) e ) o)
(o(25) - o(222) 00| -

forall z,y,z € X.
Then there erists a unique additive mapping H : X — Y such that

o) 1o}, = g

; < mu’: (1‘._ T, :r) (4.3)

<

¥

+o(yz) (42

+

¥

forallz € X

Proof. Let z =y = 2z in (4.2), we get

(1= ffrcez) —2r(e) | < ofo.2.0) (40
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for all x € X. So

m—1 ;
24 T T T
< e\ 57 571 57 (4.5)
pr 2(1 - )FID (QJH 0j+1 23+1)
for all nonnegative integers m and [ with m > [ and all = € X. It follows from (4.5) that

the sequence {2” f (Qin)} 1s a Cauchy sequence for all = € K. Since ¥V is complete, the

sequence {2“ f (2%) } coverges. So one can define the mapping H : X —+ Y by

H('I'] = hm %f(gni,_)

T—r oD

|

It follows from (4.1) and (4.2) that

() - (552) -

+

-l (5es) o (54) - 3)

<ol o) oo (5 ) - (5)

g2l 5) o (522) o (5) | < e (543)
(.. y

F'I(H(I;y+z) +H($;y —:;) —2H
o)

¥
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H(r+y ) _H(r+y) 1H(z)
H b e
H(I;y) +H(::) :H(I;h:)

for all z,y,z € X. By Lemma 3.1, the mapping H : X — Y 1s additive.

l

Now, let T : X — Y be another additive mapping satisfying (4.3). Then we have

ft0-16] o) )
) (6)

T T
- 24 [z oz oz
S \FE T
which tends to zero as ¢ —+ oo for all z € X.So we can conclude that H [r} = T[r) for all
r € X. This proves the umiqueness of H.

[ A

Theorem 4.2. Let ¢ : X° — [[},oc-] be a function and let f: X — Y be a mapping such

that o
. =1 Ty =z
$(z,y,2) = 5"’(2_: 2 E) = (46)

and let f : X =Y be a mapping fL[l) =0 and

Hf(if+y +z) _f(i’;y) —f(r:) Y
F'(f(ln;y*’:) +f(3‘";y —z) _zf("“;
ol o) )

forall z,y. € K.
Then there exists a unique additive mapping H : X — Y such that

[(z) - ()], < () (r D v(2.7.2) (4.8)

=

)

+ l,s(:r: Y, z) (4.7)
¥
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forallz € X

Proof. Let t =y = z in (4.7), we get

(1= rer) - 21(2)] < () 4o
() 4r(20)| <

< U_—‘FI‘}{P(I:%Z)

forall r € X. So

for all + € X. Hence

11(25) - 1 (e

: %f(gji") N zsflﬂf(zwi")
1

RET =T

E|

(]

1

e,
||

E|

[

Qix,zﬂx,zsfx) (4.10)

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (4.10) that

the sequence {an f (2“:4:) } 1s a Cauchy sequence for all € X. Since Y 1s complete, the
sequence {QL" f (2“:{.‘) } coverges. So one can define the mapping H : X — ¥ by

H(z) := lim if(?“-r.)

n—oo 20

Moreover, letting [ = () and passing the limit m — oc in (4.10), we get (4.8).
The rest of the proof 1s similar to the proof of theorem 4.1.

From proving the theorems we have consequences:

Corollary 4.3. Let v > 1 and 6 be nonnegative real numbers and let f : X — VY be a
mapping satisfy _f({]) =0 and

b))
() o) ()
ol )

ol

<

¥

+

)

(4.11)

-

r
o
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forall z,y, = € X.
Then there exists a unique additive mapping H : X — Y such that

|#(=) ~u(=)]|, < o _2)3(31 ) o(.7.) (4.12)

forallz e X
Corollary 4.4. Let v < 1 and f be nonnegative real numbers and let f : X — Y be a
mapping satisfy f ([)) =0 and

[ o)-o]
r, (f(" - +:_ —f('i T ) - (I?))
ol () o)

<

-

Y
r

- -

|
#O( v

)

(4.13)

(=]

forall .y, z € K.
Then there exists a unique additive mapping H : X — Y such that

30

|7(=) -1 (=) Hﬁ < CEIE ‘P]D o(2,2,2) (4.14)

forallz € X
5. CONCLUSION

In this paper, | have shown that the solutions of the I, I'; -functional inequalities are additive
mappings. The Hyers-Ulam stability for these given from theorems. These are the main results of the
paper, which are the generalization of the results [3],[4],[14],[21] .
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