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m ABSTRACT

k This article deals with the study of the generalized multi-index Bessel-
BOMSR Maitland function ]]E;ﬁ:: Z’ Z(Z) where (j = 1,2,---,m) with relation
D e of pathway fractional operator and with extended Caputo fractional

derivative operator which plays a ubiquitous role in wide range of diverse
fields ( such as acoustic field, electromagnetism, heat, hydrodynamics, wave
motion, elasticity and optical science ) which are expressed in terms of
generalized Wright hypergeometric function r¥s[z]. We also discuss some

special cases of our main result by choosing some particular values of the
1 1 C . .
parameters in ]](a’,)m' v (z). The result obtained here is also reduced to
BIm k, b

the known result of J. Choi as special cases.
MSC: 33C20, 33B15.
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1. Introduction and Preliminaries

The Bessel function has gained importance and popularity due to its applications in the
problem of wave propagation, cylindrical coordinate system, heat conduction in cylindrical object and
static potential etc. In the recent years, some generalizations(unification) and number of integral
transforms of Bessel functions have been given by many mathematicians and physicist as well as
engineers for example: Choi et al. [3], Kiryakova [12] Khan and Ghayasuddin [10], Khan et al. [9]. Lately,
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Choi et al. [3] and Agarwal [4] introduced and studied various properties of generalized multi-index
Bessel function and then discussed an interesting unified integrals formulas involving the generalized
multi-index Bessel function. For the present study, we consider the following definitions:

Definition: The generalized Wright hypergeometric function r¥s[x] is also called Fox- Wright function
(see [22], [23]) is defined as:

(ylr ];1) (yrr ]?S);X]
(llr il) (lrr Zs);

_ voo [t 71K T+ Fsk)xk
= Lk=0 T(ly+ [ k), T(l+ Lk)k! (1.2)

Pg[x] = s [ (1.1)

A=yuyd  A=¥¥)
ODA =yl A=lsls)

where Hrly‘sr+1 [z] is a Fox-H function [6] and the coefficients ¥y,-:¥,; I; - I; € R* such that

=H'7T,, [—x| (1.3)
1+Z§:1 fj — Y7_17; for suitable bounded value of |x]|.

When y, =, =7, = 1,i1 =, = fs =1 in (1.1), Fox-Wright function reduce to simpler in
generalized hypergeometric function F;[23]

(71,315 -+ 5 (s Fs)5 = Phlag-= s Ve
W diles L) © 7

R

Fo(ye, - syl - S lox). (1.4)

Now we introduce and studies the extension of generalized multi-index Bessel-Maitland function, is
called extended multi-index Bessel-Maitland function as follows:

Definition. Let a;, 8,7, b,c € C, (G =1,2,..,m)be such that Z}’;l [R(aj) > max {0; R(k) — 1}, k >
0, R(B;) > 0,R(y) > 0 then,

@m v, € 0 "V km "
T 1 p® = B oL I3 = (m € N). (1.5)

ML, F(ajn+ﬁjn+7

where (y)»is the Pochhammer symbol defined as:

(1 ;in=20
(y)"_{y(y+1),....,(y+n—1);nEN

_TI'y+n)

T

Special Cases: The following special cases of the multi-index Bessel-Maitland function

@dm ¥, € . . . . .
H(ﬁ Sk b(z) are given according to their particular values of the parameters «;,8;, vy ,k,b,c (j =
J/m ik,

1121"‘ Im)
(i) On setting b=c=1and z - -z in (1.5), then we get generalized multi-index Bessel function
wherea;, B, v,b,c € C,(G=12,..,m), Z;-’;l R(aj) > max {0; R(k) — 1}k > 0, R(B) >

@m, v, 1.0 @ ¥
Jgpm k 1D =Vigpn, £@ (1.6)

(ii)  Onsetting b = c=1in (1.5) then we get generalized multi-index Mittag-Laffler function [17]
which is defined as:
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(“])m V, 1 ]/k

where(a;, 8,7, k,z € C,R (ﬁj > O), R(Z}’;laj) > max{0,R(k) — 1}
(iii) Letm=c=1, b=-1, then multi-indices Bessel function reduces to Srivastava and

Tomovski functions [18].

I * @ = Efp@) (L8)

2
(iv) Letm=a=1k=0,fi=vandz—> Z: in (1.5), then multi-index Bessel-Maitland function

reduces to the Bessel function of the first kind [20]

2 2
J;lx"y (Z_) - (_> JU z
2\ 4 z =) (1.9)

Definition. The classical Caputo fractional derivative operator which is defined by Kilmaz et al. [11].

DE{f(2)} = ﬁ / -ty

m—p dtm (1.10)
wherem -1<R(u) <m,(m=1,2,~--) and R(p) >0

Definition The extended Caputo fractional derivative is defined as:

Iz - 1 ’ m—p—1 P o™
DE{f(2)} = m/o (z—1) e <t(1 — t)) g/ (Dt (1.11)

wherem-1<R(u)<m(m=1,2,)andR (p) >0,v>0

Definition. The extension of extended Caputo fractional derivative operator is defined as:

2p22 1 z 5 2 am
Drise) o = B gy [ Ky () Gt o

7 T'(m— t(z—t) /) dtm
(1.12)
wherem-1<R (u)<m,(m=12,--)and R (p) >0,v>0.
Lemma. The following formula hold true for m - 1 < R(u) and R(u) < R(n),R(u) >0
Dé‘{zn;p, v} = T(+1)By(n—m+1,m—u ;p) ZNH (1.13)

T T(-p+D)BM-m+1,m—-p)

Recently pathway fractional integral operator involving the various special function have been
considered by many authors (see for references [11],[14],[19],[20]).

Definition Let f(x) is Lebesgue measurable function and for n € C, R (1) > 0,d > 0 and pathway
parameter A < 1 then the pathway fractional integration operator [14] is defined as:

EI ) = 2 70 [1-2% ”]“ P f@yt (1.14)

n
Let [a,b] € R, The left sided and right sided Riemann-Liouville integralla+f and II:]_ fof ordern € C
(R,(n) > 0) are defined respectively by,

t
WNC) = o5 fa G dt(x > @, RG) > 0) (L.15)
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and

1 (b (t)
U3-DG) = 75 gt 40 < b, R(m) > 0) (1.16)

Note: On settinga =0,a =1and n - n -1, R(n) >0, then the pathway fractional integration operator
(1.14) reduces to left-sided Riemann-Liouville fractional integral given as follows:

@ H@® =T Ag, )(©) (1.17)

ForO<a<t<bs<oo,R(n)>0,0>0ac€ C,one of the Erdelyi-Kober type fractional integral operator
2[7] defined as:

o.(t)—a(nﬂz) ft Taa+o‘—1f(.[)d.[
ray  Ja (0Tt

(gt 5.of ) = (1.18)

Pathway fractional integration operator is closely related to Erdelyi-Kober operator which is given as:

By H® =Tmendg, @ R > 0) (1.19)

04,10
Now on setting f (t) = t#~1in (1.14), we get the following relation.
Lemma.let B,neCR®),R(B)>0,a <1, R (1?—0[) > —1 then we have the following result:

tHArBra+)
[a(1-)1FT(1+(7L)+8)

{p{® t8-1} () =

(1.20)
Lemma.let B,neCRM1),R(B)>0,1<1, R (12—“) > —1 ,then we have the following result:

XML (BT (147
[A(1-D1Fr(1+(15)+8)

(P eh 1} o = (1.21)

2. Pathway fractional integral of multi-index Bessel-Maitland function.

In this section we consider composition of pathway fractional integration operator given by (1.14) with
the multi-index Bessel- Maitland function (1.5) and obtained our result in term of Fox-Wright function
(1.1). Also, we discuss some related and useful corollaries by using some suitable parameters.

Theorem 2.1. Let aj, B;(j = 1,2, ..m)y,n,b,c € C,a < 1,R() > 0,R(B) > O,R(lf—a) > -1,

(j=1,2,,m) be such thatZ}'Ll R(a;)> max{0; R (k) - 1};k > 0, R (6) > 0, R(y) > O, then following

relation holds:

n
(n,a,d) B-1 @)m,zc v — %
{P0+ (t H(ﬁ’j)m.q,b (2t”) } W) = Tda-a)lf
. k) B,v) | zuc
Wm1 |(p L b1\ L -~ -
(:31+ 2 'al)j=1 (1+1_a+B,v) 4w

Proof. Let us denote left-hand side of (2.1) by I Applying the definition of (1.5) and replace z = zt', we
get
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(nad) p—1 (j)m,r,c v }
=Py (@ 1 et f

(=4

_ Z n(]/)kn Zn {p(nad) (tﬂ+n1} 1}

b+1\ 7l
a]n +Bin + —) n

After simplifying and using (1.21), we get

3 un+ﬁF(1 +1Y_a) o c")nl (B + 1) i( cu )n
B rd - a)lf ~ H;"zl (af]n +Bn+ bi) r(1+ 1?_01 +B+n) n \[d(1 — a)]

After using the definition of (1.1) we get our result. This completes the proof of theorem.
Corollary 2.1. Let 1, ,By,b ceCa<l,d=1R(B),R(y) >0, ]R( ) > —1, be such that

R([)’j) > 0, then following relation hold:

@) cp-1 1@Dmze oy _ wirae
{p0+ (t H(ﬁj)m,q,b(Zt )}(u) T rpa-o)f

(. k) 6 e
2Pme|(p 4 041 L \" o ol
(8 += ,a])jzl A+ +8,v) Ga
Corollary 22. Llet c=m=1b=—-1andn,qapB,y €CR®M),R(B),R(y),>0,a<1,
R (12_a) > —1,then following relation hold:

a,d — k
{plne® (=1 B (26) )

W+ ) (v, k) B.v) 2
TToRa-oF e+ e v +p) Ty

Corollary 23. Llet c=1,b=—-1andn,a /3 Y,b,c € C,R(),R(B),R(y),>0,a <1,
R (J_a) > -1, R(ﬂj) > 0 then following relation hold:

{ (m.a,d) (t/? 1IE(ﬁ] " (7tY) } (w)
u”+BF(1 + —) (v, k) (ﬁ! V) | ZU
TIORA-F V() o+ dd -0

Corollary 2.4. let b=c=1landz - —z,n,«a B y,b,c € C,R(MR(LR(y),>0,a < 1,
R (&) > -1, R(B]—) > 0, then following relation hold:

nad) ;g1 e o v } _ uThr(4)
{p0+ (t J](ﬁ,-)m,q (=) § () = Sy

(y' k) (,8, 'U) | zu
2¥Vm+1 [(ﬁ] +1, a]-);,nzl (1 +17_a+ B ,v) ol
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Corollary 2.5. let a=0,a=1,n-n-1, @, B, b,c € C,R(y),R(n) >0, then following
relation hold:

101 o p-17Gmee v } A N C)
oo @1 @) fa = g

(v, k) B,v)
(ﬁj"‘%: af),-zl (77+B,v)|zu]

2¢m+1

Corollary2.6 Lety, k = 1,a; - %(]’ =12,.... ,m),n,a € C,R(y),R() >0
]

, then following relation holds:

1

@
{ o (PR o (Zt”)}(u)
(1,1) B,v)

¥ )" Frcem
2Pme1 (ﬁj ;) A+-L+p,v) da-a|

J j=1

w14+
rmlda-al?

2
Corollary 2.7. let b=c=m=1,k=0,a0, =1, =vand z —>Z:,]R§(y) >0, a<1,B€C then
following relation hold:

{p(()rl,a,d) (tﬁ 1( ) ) (2t”) } () = un+b’1‘(1+li—a; 9

rMld(-a)]
(V' 0) (Bl U) | zZu
2Pm+1 B+1a) (1+ 12_& +B,v) ! aa-o|

Caputo Fractional differential operator of multi-index Bessel-Maitland function

In this section we consider composition of Caputo fractional operator given by (1.12) and (1.13) with
the multi-index Bessel Maitland function (1.5) and obtained our result in term of Fox-Wright function
(1.1). Also, we discuss some useful result on these as given in corollaries by using some particular
values of the parameters.

Theorem 3.1 Llet R(w),R(y)>0,a;,p;(G=12,..,m),bceCm—1<Ru <mRWu) <
R(m),R(y) > 0,R(m — u) > 0, then following relation hold:

u (aj)m.r.c __ B, ,(n—-m+1,m—pp)
b {< Bmgn @pv) ) (W)= r(r(m-u) %
. k) (1,1) . ]

b+1 r z
2Wr41 (ﬁ]+— j)j=1 1-m,1)

(3.1)

Proof. Let us denote left-hand side of (3.1) by | and applying the definition of (1.5), we get

I= DZ{ <JI EZ;;:;;; (zp, v)) } (W)
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=

sz — ( c"WVin b+1) !{Dé‘ (z%p,v) )
j=1

= an+ B]n +—

Simplifying the above and using the result of (1.13), we get

ZnO

c"T(y+kn)T(B+n)T(n+1)B,(n—-m+1,m—u;p) z" #
l"(a]n+ﬁjn+ )F(n m+1)I'(m—p) n!

l"()/)
In view of the definition (1.1) we get required result. This completes the proof of theorem.

Corollary 3.1. Letp = 1,R(1) > 0, a ],,B.(]' =12, .... ,m),b,ce C,m—1<R(u) <mR(u <
R(n), R(y) > 0, R(m — p) > 0, then following relation hold.

(y' k) (1 —m, 1)
{ <JI(B])'"” (z, v)> } (W) ==X 29r41 z'” ]

b+1 r
+—, a; m,1
(8; @) _, D)
Corollary 3.2. let b=1,c =1, a],ﬁ.(j =12, ... ,m),bce C,m—1<R(u) <mR(u) <

R(n),R(y) > 0,R(u) > 0, R(m — ) > 0, then following relation hold.

Dé‘{( B (@ v)) } (W)

B,(mn—m+1,m—pu;p) 9] (1,1 |
= r Z
rrem-w 2 (Bpe),, A-mD)
Corollary 3.3. Let b=—-1,c=1,m=1,R(u) >0,a ],,B.(j =12, ... ,m),b,ceC,m—1<

R(w) < m R(u) < R(n),R(y) > 0,R(m — ) > 0, then following relation hold.

u (“V) :'Bv(n_m-l_l’m_“;p) ()/,k) (11) 1 u]
D/ { (EGGH 2 pv) ) form—p 2 [ga) A-m 7
Corollary 3.4. let b=c=1,z- -z R >0,a ,8(1—12 ...... ,m),bceC,m—1<
R(u) < mR(u) < R®),R(y) > 0,R(m — ) > 0, then following relation hold.

{(u(ﬁg p v)) } )

B,(n—m+1,m—yp) (v, k) (11D _
= 2 r+1[ | ! ”]

r z

ORI Bpa),, A-m1)
Corollary 3.5. Let y =k =1,a; > l_, G=12,.... ,m),R(u) > 0,R(y) >0,a ],[3. ECm—
j
1 < R(u) <m,R(uw) < R(M),R(y) > 0,R(m — p) > 0, then following relation holds:
(.
DEd (B, p) | )
1,1 1,1
p,(n—m+1,m—up) (LD r D 1-
= X 2Pri1 b+1 | zH
]"(m—‘u) (ﬁj-l_ ,aj). . (m,l)
J=
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Remark: On setting y = k = 1,a; - %, G=12,.... ,m),R(u),R(y) >0, a;, ,Bj ECmMm—1<
]

R(w) <m,R(u) <R@),R(y) >0,R(m - u) >0,

then following relation hold:

Dﬂ

V4

Corollary 3.6. Let B,b,c E C,a < 1,R(y) >0, b=c=m=a, =1,k=0,5 =vandz—>ZT

(v, k) (1-m1)
(ﬁj + %, aj)j:1 (m,1)

(),
) 1
IE(Bj')m’ 1 (Z' ‘17) (u) = I'(y) X 2¢T+1

z17H

2

then following relation hold:

[ (07 1o 0 = o

2Pme1 [(,B+1,a) 1+ +B,v)

r(y)[d-a)lf
(r,0) (B, v) | zu

d1l-a)|’

Concluding Remark: We conclude in this investigation by remarking that the result obtained hare are

in general in character and useful in deriving various integral formulas in the theory of pathway

fractional integral formula. In this paper we have presented composition formula of the pathway

fractional integration and Caputo fractional integration operator in form of Fox-Wright function. We

can also write these result in form of various functions like as Fox H-function, Merger G-function etc.
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