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ABSTRACT

Various p-valent subclasses of meromorphic, complex, and integral operator
functions are used to derive a class of inequalities in this communication.
The distortion property for the identical function M,, (), is demonstrated by
the inequality given for it.
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1. INTRODUCTION

Numerous well-known univalent functions, such as the starlike functions, the functions
convex in one direction, the functions starlike concerning symmetrical points [5], and the functions
with a derivative of positive real part in the unit circle, are included in the set of close-to-convex
univalent functions introduced by Kaplan [2] and Umezawa [6]. But it doesn't have any spiral-shaped
ones.

Ogawa [3] recently presented a broader adequate condition for univalence that also contains
the weakest sufficient requirement for spiral-likeness, and it was simultaneously extended to the case
of p-valence.

The class of functions f(z) of the form f(z) = zP + Y;-0a,z" V p € N is denoted by V(p).
Which are analytical and multivalent in the open unit disc D = z: |z] < 1. Let p-valent convex
functions and the well-known class of p-valent starlike functions, respectively, be denoted by €,, and
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wy. For f(z) €EV(p) as previously said and g(z) EV(p) as stated by g(z)=2zP +
Yn=p+1bnz" VP EN, (f.g)(2) = 2P + Xy-ps1anby 2"V z € D gives the Hadamard product or
convolution of f(z) and g(z).

A generalization of univalent functions is multivalent functions, particularly p-valent functions.
The existence of a univalent mapping from one domain to another is one of the key issues in the study
of univalent functions. Such a mapping must meet the requirement and have equal connectivity levels.
This condition is likewise adequate, and the issue is reduced to the task of mapping a given domain
onto a disc if and is simply connected to domains whose boundaries contain more than one point.

In this regard, the class of functions f(z) = z + a,z? + a3z3 + ---,z € D that are regular and
univalent on the unit disc D = z: |z| < 1, normalized by the constraints f(0) =0, f'(0) =1, and
possessing the expansion play a special significance in the theory of univalent functions on simply-
connected domains.

When it comes to multiply-connected domains, it is examined how a specific multiply-
connected domain maps onto so-called canonical domains. P-valent functions, in particular, can be
defined as follows:

Let A, (p is a positive integer) stand for the class of analytic functions in the unit disc D =
z:|z| < 1 of form f(2z) = zP + X7 pipz™*P. If the function f(z) € A, assumes no value more
than p times in D, it is said to be p-valentin D.

Lemma1.1[7]Ifa,bandc (c # 0,—1,—2,...) be any real or complex numbers then

fy 27 (1 = (A - st)~ede = LDy (“)'zg’inz" :Re (¢) > Re (b) > 0.

Lemma 1.2 [4] Let w(z) = 1 + byz + b,z% + - be the class of function. Then,

2(1-y)
1+]|z|

Re(w(z))—2y+12 ,0<y<1;zel.
Later, in 1980 Goel and Sohi [1] introduced a differential operator D4*P~1 for p-valent
analytic functions given by

zZ

- . . (8+P)n-
DHPf(2) = i f(2) = 2P + Ziicpi1 9n(8)anz™ with § > —p and ¢, (8) = =2

(n-p)! ~

2. OUR CLAIMS

Claim 2.1 If M,,(3) is the subclass of, class of meromorphic p-valent function ¥}, in the unit disc with
0<|z| <r<1,0<pB <pVp € N.Then demonstrate the inequality r? — rp% <|f2)| <rP+

p PP
T p—ﬁ'

Proof: Taking an assumption that f € M, () then
o 1
ano((n'H?) (1 _E) _ﬁ>an+p < p+ﬁ

We achieve (p + B) Xn=0n+p < Xn=o ((n +p) (1 - i) - ﬁ) Anip <P+ that means

(n+p)(1—§)

Y=o Onip < :;J_r—ﬁ. Now, |f(2)| = |zP + X3=0 AnipZ and this implies that

B

oo 1—l
F @ < 2P + 5 s 21 P (170)
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1
<7rP+ X0 an+pr(n+p)(1_z)

- p-B

1
(n+p)(1-3) and this implies that

Again, since |f(2)| = |zP + X3=0 AnipZ

1
F )] 2 127 = 32 @y 12 P(12)

1
>71P — Yoo an+pr(n+p)(1_a)

+
_,pP*E

>rP .
p—p

Hence, r? — r”% <|f@| <rP+ rpgfor 0 < |z| < 1. Hence the proof is completed.
Claim 2.2 If p(2) be analytic within unit disc D = z: |z| < 1 withp(0) = 1and Rep(z) >0,vz €D

|[Ak+p] k-2 la—-1]j
Il YYU=1ja-1]j+|tlInl(c+p)

and f € uA3(c, 7,a, b). Then demonstrate the inequality

(c+p)Inl
= kla=1|r4p(c)’

Proof: On using the fact

ie (TDSYPLf(2)=2D*P1f (2)+2D P f(2) 1-2a+b
Re ei€ ( ETEYTe ) > ( — )cos EVZED

TDCHP~1£(2)—2DTP~1f(2)+2DCFP f(2) __1 — -
bDCTP-1f(z) ) T 1-a (A1 =1)p(2) cose + (b

a) cose) + i sine€. Since, p(z) is analyticin D with p(0) = 1and Re p(z) > 0,V z € D. Let

Now, setting p(z) by eie(

p(z) =1+Y_1pp2z" VzZED
Then, both equalities gives us

TDCYP1f(2)—2D P 1 (2)+2D*Pf(z) _ ((1—b) cose—i(a—1)sin€) Yo, prz™—e(a—1)

bDCtP-1f(z) el€(a-1)

ie. (DEP71—DHP)f(2)e'(a— D)MDHP T (2) Toipnz™) T =271
i e N a1 PnZ" _ 2e(a-1)

T (pDc+p—1f(z)_Z(Dc+p—1f(z))’) " b(c+p)DEP-1f(2)
i.e zP Z?le pnz™ Zl;.o:p+1 wk(C)AkaZ%o:l pnz™ _ Zei’l(a—l)

e Z?:p+1(K—p)¢k(C)ZnAka Zl;.o:p+1(K_p)lpk(6)ZnAkzk b(5+P)TI
On comparing the coefficient of z**P~1 on both sides we achieve

ia Yntp-1(ntp-1 _ ﬂ{c(l—a)‘1 _ p(a—l)‘l}
P1An+p—2¥ntp-2(C)++Pn-1 2 L (n-1) (n-1)

Taking absolute on both sides and applying the coefficient estimates we get,

|[Ansp-1] < Iz|(c+p)In|
1+¢p+1(5)|Ap+1|+"'+¢n+p—2(c)|An+p—2| - (n—1)|a—11/)n+p_2(c)|'
. L . -1 L .
Applying the same argument, then we get by mathematical induction |A|T| | < Ialnl l which is valid for
p+1

|Ap+1] < __IniCc+p)
p+1(O)|Aps1]) T 2la=1lPp42(0)
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IAk+p 1] la—1lj Inl(c+p) , , :
< =
Also ]'[] U e elmiers) = R-Dia-19rryea(® is wvalid for mn=k. Taking,
|Ak+p| la—1lj [nl(c+p)  fla=1l+|zlinl(c+p) | Izl(c+p)In| la—1|+IzlInl(c+p)
H 1 < . + -

lel Y=L Ja—1lj+lnl(c+p) = kla=1[ppsp(e) la—1] 2|la-1] la—1]

[zlCc+p)In] ol |4 k+p| la—1lj < __ (eIl .
(k—l)ll—al}' Which implies that ]'[] e+ e D) = a1k (@ and this completes the
proof.

Claim 23 If b>0 and fy(2)€}, then show that the inequality Re(ro(z))>
b5t f01 xb87 -1 (203 - 1M) dx.

1+u

Proof: Suppose that each of the functions f;(z) € },,, for k = 1,2 satisfies the condition 7, (z) =
1-Yg

zP[6P,  fu(@)+(1 = 8P, fi(2)] for k = 1,2 we have 14(2) € P(ci) where ¢™! = o k=
, . B,
b+8p
1, 2. Making use of the identity Pgl‘,lfk(z) = Bz_ 5 fozx_ 5 T, (x)dx fork = 1,2. Now, taking the

help of J(2) = Py, " (g1. 92) (2) we get the foIIowmg result Pyt fi (2)

p _btép . _btép p _btép . _btép
=(§Z 5 fyx Srl(x)dx) (5 5 fyx 6rz(x)dx) Which leads wus the result

_b+ Sp
Py fu(2) = b6~z 5 s f x~ 8 1o(x)dx here 14(z) = zP[6P§, " (2)+(1 — 8)PF, ) (2)] and is
equal to zP(8Pg," + (1 - 8)PF,")](2) = b5~ 12708 1f02 b87~1(¢, .1,)dx. But, 7,(2) € P(c;)

and 7,(z) € P(c,) it follows that (7;.7,)(2) € P(c3)(c3 =1-21—-1)(1 - TZ)). Now, applying
2(1—c3)
1+|z|

of 1o(z) and then applying the Lemma 1.1 we have Re (TO (z)) =

bs~1 fol xP97~1Re (1,.7,)(zx)dx = b6 1 folxb5_1‘1 (2C3 -1 Zl(i;r;;')

Lemma 1.2 we achieve Re (1,.7,)(z) —2¢c3 +1 > . Now, by using this inequality in the value

)dx and we can also write

Re (to(2)) > bs™1 fol X871 (2c3 -1 %) dx and this completes the proof of the theorem.

REFERENCES

[1]. Goel, R. M. and Sohi, N. (1980): A new criteria for p-valent functions, Proceedings of the
American Mathematical Society, vol. 78, pp. 353—357.

[2]. Ogawa, S. (1961): Some criteria for p-valence, J. Math. Soc. Japan, 13, 431-441.
[3]. Kaplan, W. (1952): Close-to-convex schlicht functions, Michigan Math. J., 1, 169-185.
[4]. Ogawa, S. (1961): Some criteria for Sp$ -valence, J. Math. Soc. Japan, 13, 431-441.

[5]. Pashkouleva, D. (1992): The starlikeness and spiral-convexity of analytic functions, in: H.M.
Srivastava and S.Owa (Editors), Current Topics in Analytic Function Theory, pp. 266-273, World
Scientific Puplishing Company, Singapore, New Jersey, London and Hong Kong.

[6]. Sakaguchi, K. (1959): On a certain univalent mapping, J. Math. Soc. Japan, 11, 72-75.
[7].  Umezawa, T. (1955): On the theory of univalent functions, Tohoku Math. J., 7, 212-228.

[8]. Whittaker, E. and Watson, G. (1927): A Course on Modern Analysis: An Introduction to the
General Theory of Infinite Processes and of Analytic Functions; With an Account of the Principal
Transcendental Functions, Fourth Edition (Reprinted), Cambridge University Press, Cambridge.

Rohit Kumar Verma



Vol.12.Issue.2.2024 (April-June) Bull.Math.&Stat.Res (ISSN:2348-0580)

Biography of author

Dr. Rohit Kumar Verma is a well-known author in the field of the journal scope. He obtained his highest
degree from RSU, Raipur (C.G.) and worked in engineering institution for over a decade. Currently he
is working in a capacity of Associate Professor and HOD, Department of Mathematics, Bharti
Vishwavidyalaya, Durg (C.G.). In addition to 35 original research publications in the best journals, he
also published two research book by LAP in 2013 and 2023 in the areas of information theory and
channel capacity that fascinate him. He is the Chairperson, the Board of Studies Department of
Mathematics at Bharti Vishwavidyalaya in Durg, C.G., India. He has published two patents in a variety
of fields of research. In addition to numerous other international journals, he reviews for the American
Journal of Applied Mathematics (AJAM). In addition to the Indian Mathematical Society (IMS), he is a
member of the Indian Society for Technical Education (ISTE).

Rohit Kumar Verma



