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ABSTRACT 

In this paper, we establish the role of Euler’s operator in the Sun’s 

binomial inversion formulae and arrive at useful results.  

Keywords: Stirling numbers, Euler’s operator, Sun’s binomial 

inversion, Bernoulli numbers, Grünert’s formula. 

 

1.- Introduction 

For the binomial expression: 

                                           𝐹(𝑛) = ∑ (
𝑛
𝑘

)𝑛
𝑘=0 𝑓(𝑘) − 𝜆 𝑓(𝑛),              𝑛 ≥ 0,                                                 (1) 

Sun [1-4] obtained the corresponding inversion formulae: 

                                       𝑓(𝑛) =
1

𝑛+1
 ∑ (

𝑛 + 1
𝑘

)𝑛+1 
𝑘=0 𝐹(𝑘) 𝐵𝑛+1−𝑘  ,           𝜆 = 1,                                           (2) 

𝑓(𝑛) = ∑ (
𝑛
𝑚

)𝑛
𝑚=0 𝐹(𝑚) 𝑄𝑛−𝑚 ,         𝑄𝑛 = ∑

(−1)𝑗 𝑗!

(1 − 𝜆)𝑗+1
𝑛
𝑗=0  𝑆𝑛

[𝑗]
,          𝜆 ≠ 1,                          (3)                    
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in terms of Bernoulli and Stirling numbers of the second kind [5-8], respectively. 

The Sec. 2 considers the case  𝜆 = −1 and it is proven that the corresponding 𝑄𝑘 can be 

written in terms of Bernoulli numbers. The Sec. 3, for  𝜆 ≠ 1, shows the connection between 

𝑄𝑚 and the Euler’s operator [9, 10] via the Grünert’s operational formula [6, 10, 11]. 

2.- 𝑸𝒏 for  𝝀 = −𝟏 

   From (1) and (3) with  𝜆 = −1: 

                                𝐹(𝑛) = ∑ (
𝑛
𝑘

)𝑛
𝑘=0 𝑓(𝑘) + 𝑓(𝑛),           𝑄𝑛 = ∑

(−1)𝑗 𝑗!

2𝑗+1
𝑛
𝑗=0  𝑆𝑛

[𝑗]
,                                     (4) 

besides, we know the relation [6, 12, 13]: 

                                                            𝐵𝑛+1 =
𝑛 + 1

1 − 2𝑛+1  ∑
(−1)𝑗 𝑗!

2𝑗+1
𝑛
𝑗=0  𝑆𝑛

[𝑗]
,                                                       (5)   

therefore:   

                  𝑄𝑛 =
1 − 2𝑛+1

𝑛 + 1
 𝐵𝑛+1 ,           𝑄2𝑚 = 0,       𝑚 ≥ 1,                                                        (6) 

                                                     𝑓(𝑛) = ∑ (
𝑛
𝑗 )𝑛

𝑗=0  
1 − 2𝑛+1−𝑗

𝑛 + 1 − 𝑗
 𝐹(𝑗) 𝐵𝑛+1−𝑗 ,                                                 

which gives the following Z-transform [4]: 

                                                        𝒵 { 
1 − 2𝑛+1

(𝑛 + 1)!
 𝐵𝑛+1 } = ( 𝑒1/𝑧 + 1)−1 .                                                      (7) 

3.- 𝑸𝒏 in terms of the Euler operator for  𝝀 ≠ 𝟏 

   Grünert’s formula [6, 10, 11]: 

                                                       (𝑥 
𝑑

𝑑𝑥
 )𝑛 𝑔(𝑥) = ∑ 𝑥𝑗𝑛

𝑗=0 𝑆𝑛
[𝑗]

 𝑔(𝑗)(𝑥),                                                     (8) 

for the Euler operator  𝑥
𝑑

𝑑𝑥
  [9, 10], can be applied to the function: 

                                                  𝑔(𝑥) =
1

𝑥 − 𝜆
        ∴         𝑔(𝑗)(1) =  

(−1)𝑗 𝑗!

(1 − 𝜆)𝑗+1 ,                                               (9) 

then (3), (8) and (9) imply the interesting relationship: 

                                                 𝑄𝑛 = ∑ 𝑆𝑛
[𝑗]𝑛

𝑗=0  𝑔(𝑗)(1) = [ (𝑥
𝑑

𝑑𝑥
)𝑛 1

𝑥 − 𝜆
 ]𝑥=1 ,                          (10) 

hence: 

 𝑄0 =
1

1 − 𝜆
 ,          𝑄1 = − 

1

(1 − 𝜆)2  ,          𝑄2 =
1 + 𝜆

(1 − 𝜆)3   ,          𝑄3 =  −  
𝜆2 + 4𝜆 + 1

(1−𝜆)4  , …                   (11) 

Conclusion 

As conclusion of this paper, we make the following remarks which would summarize the 

purpose of whole paper.  

Remark 1.- The inversion of (3) is given by: 

                                                                
(−1)𝑛  𝑛!

(1 − 𝜆)𝑛+1 =  ∑ 𝑄𝑗
𝑛
𝑗=0 𝑆𝑛

(𝑗)
 ,                                                             (12) 

in terms of Stirling numbers of the first kind [5, 6]. 

Remark 2.- The inversion of (5) generates the Shirai-Sato identity [13, 14]: 
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                                               ∑
1 − 2𝑗+1

𝑗 + 1
𝑛
𝑗=0  𝐵𝑗+1 𝑆𝑛

(𝑗)
=  

(−1)𝑛  𝑛!

2𝑛+1  ,        𝑛 ≥ 0.                                              (13) 

Remark 3.- From (6) and (10): 

                                                        𝐵𝑛+1 =
𝑛 + 1

1 − 2𝑛+1   [ (𝑥
𝑑

𝑑𝑥
)𝑛 1

𝑥 + 1
]𝑥=1 .                                                      (14) 

Remark 4.- The expression (1) is a binomial transform [15] if  𝜆 = 0, then (10) implies that  𝑄𝑛 =

(−1)𝑛 and thus (3) gives the well-known inversion property [6]: 

  𝐹(𝑛) = ∑ (
𝑛
𝑘

)𝑛
𝑘=0 𝑓(𝑘)         ⇔          𝑓(𝑛) = ∑ (−1)𝑛−𝑘𝑛

𝑘=0 (
𝑛
𝑘

) 𝐹(𝑘).                          (15) 

In [4] the Sun’s inversion formulae [1] were studied using the Z-transform, and here the 

corresponding analysis has been carried out employing the Euler’s operator [9, 10]. 
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