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Abstract 

In this paper Strictly I-Pseudo Regular I-Spaces and I-Completely 

regular I- spaces have been defined and a few important properties of 

these spaces have been justified. This is the 2nd paper of I-Pseudo 

Regular I-Spaces. I-Pseudo Normal is not defined for I-Spaces. 
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1. Introduction 

A topological space X is said to be Regular if for each non- empty closed set F of X and 

any point  x∈ X, such that x∉F (i.e. x is the external point of F), there exist two disjoint open 

sets V and W such that x ∈V and F⊆W. In paper [3] a pseudo regular topological spaces has 

been defined by replacing a closed subset F by a compact subset K in the definition of a regular 

space. The concept of Pseudo regularity has been extended to I- spaces and U- spaces in 

previous paper [2]. These spaces were introduced and studied in [4], [5] and [6]. Here the 

concept of Strictly Pseudo regularity of [1] has been extended to I- spaces. A number of 

important theorems regarding these spaces have been established. 
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 Here we have introduced Strictly pseudo regular I- spaces and studied their important 

properties. Many results have been proved about these I-spaces. We have also established 

characterizations of such I-spaces. 

II. Preliminaries 

We begin with some basic definitions and examples related to I – spaces. 

I-Spaces 

Definition 2.1[6]: Let X be anon- empty set. A collection I   of subsets of X is called an I- 

structure on X if  (i) 𝑋, Φ ∈ I    (ii)𝐺1, 𝐺2, 𝐺3, ⋯ ⋯ , 𝐺𝑛 ∈ I     implies 𝐺1 ∩ 𝐺2 ∩ 𝐺3 ∩ ⋯ ⋯ ∩ 𝐺𝑛 ∈ I . 

Then (X, I ) is called an I-space. 

The members of I   are called I-open set and the complement of I- open set is called I- closed 

set. 

Example 2.1: Let X = {a, b, c, d}, I = {X, , {a},{a, b}, {c},{a, c}, {b, c, d}}. Here (X, I ) is a I- space 

but not a topological space and U- space. 

Example 2.2: Let X = R, I  = Finite unions of the sets in C , where C = {𝑅, Φ} ∪ {[𝑎, 𝑏]|𝑎, 𝑏 ∈ 𝑅} 

Then  I  is an I- structure on R. Thus (R, I  ) is an I- space. 

Definition 2.2 [6]:  Let (X, I   ) be an I – space.  An I- open cover of subset K is a collection {G𝛼} 

of  I- open sets such that K⊆ 


GU . 

Definition 2.3 [6]:  An I-space X is said to be I- compact if for every I-open cover of X has a 

finite sub-cover. 

A subset K of a I- space X is said to be I- compact if every I-open cover of K has finite sub- 

cover. 

Thus, if  (X, I  ) be an I- space, and A ⊆X, then A is said to be I- compact if for each  {𝐼𝛼|𝐼𝛼 ∈ I} 

such that A ⊆ ⋃ 𝐼𝛼 , 𝑡ℎ𝑒𝑟𝑒𝑒𝑥𝑖𝑡𝐼𝛼1
, 𝐼𝛼2

, ⋯ ⋯ , 𝐼𝛼𝑛
𝑠𝑢𝑐ℎ𝑡ℎ𝑎𝑡𝐴 ⊆ 𝐼𝛼1

∪ 𝐼𝛼2
∪ ⋯ ⋯ ∪ 𝐼𝛼𝑛

, 𝑓𝑜𝑟𝑠𝑜𝑚𝑒𝑛 ∈𝛼

𝑁. 

Example 2.3: K is I- compact if K contains only intersections of the form [a, a] = {a}, and these 

must be finite in number. Thus K must be a finite set. 

For, let K be a compact subset of R, for some n∈N and x∈R with x∉K. 

We know that I = {𝑅, Φ} ∪ {[𝑎, 𝑏]|𝑎, 𝑏 ∈ 𝑅}. Since K is I- compact, 𝐾 =

{𝑥1, 𝑥2, ⋯ ⋯ , 𝑥𝑛}, 𝑤ℎ𝑒𝑟𝑒𝑥𝑖 ≠ 𝑥𝑗, ∀𝑖, 𝑗, 𝑓𝑜𝑟𝑠𝑜𝑚𝑒𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡 𝑒 𝑔𝑒𝑟𝑛. 𝐼𝑓𝐾 ⊆ 𝑅, 𝐾 ⊇

[𝑎, 𝑏], 𝑓𝑜𝑟𝑠𝑜𝑚𝑒𝑎, 𝑏 ∈ 𝑅, 𝑎 < 𝑏,then K is not compact, since [a, b] is not so.   

Definition 2.4 [6]: If X, Y are I-spaces then a map f: X Y is said to be I-continuous  if for 

each I-open set H in Y, f -1(H) is  an I-open set in X . 

Example 2.4: Let X = {a, b, c, d}, I = {  , X, {a}, {b}, {d}, {a, b}, {a, d}, {b, c, d}}, Y = {p, q, r, s}, 

I = {Y, , {p}, {q}, {s}, {p, q},{p, s},{q, r, s}}. Let f: X Y be defined by f(a) = p, f(b) = q, f(c) = 

r, f(d) = s. Then f is I-continuous. 
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Definition 2.5 [4]: A I-space X is called Hausdorff if, for each x, y ∈ X, x ≠ y, there exists 

disjoint I-open sets G and H in X such that x∈ G, y∈ H. 

Example 2.5. Let X = {a, b, c, d}, I ={{a},{d},{b},{c},{b, c},{b, d}, {a, d}, {a, c},{c, d},{a, b, c},      {b, c, 

d},{a, c, d}, X, 𝜑 }. Then (X,I  ) is a Hausdorff I- space. 

Pseudo Regular I - Spaces 

Definition 2.6 [2]:  An I- space X is said to be I - pseudo regular if for every I- compact subset 

K of X and for every  x∈ X, x∉ K, there exist two I-open sets 𝐼1, 𝐼2 ∈ I  with 𝐾 ⊆ 𝐼1, 𝑥 ∈ 𝐼2, 𝐼1 ∩

𝐼2 = Φ. 

Example 2.6: (Example of an I-pseudo regular space) 

Let [𝑥1 − 𝛼1, 𝑥1 + 𝛼1], [𝑥2 − 𝛼2, 𝑥2 + 𝛼2], ⋯ ⋯ ⋯ , [𝑥𝑛 − 𝛼𝑛, 𝑥𝑛 + 𝛼𝑛] be n closed intervals with 

each 𝛼𝑙 <
1

2
|𝑥𝑖 − 𝑥𝑗|and 𝛼𝑙 < |𝑥 − 𝑥𝑖|for each I, j, l. 

Let 𝛼 =
1

2
𝑚𝑖𝑛{𝛼1, 𝛼2, ⋯ ⋯ 𝛼𝑛} . 𝑇ℎ𝑒𝑛[𝑥 − 𝛼, 𝑥 + 𝛼] ∩ ([𝑥1 − 𝛼1, 𝑥1 + 𝛼1] ∪ ⋯ ⋯ ∪ [𝑥𝑛 − 𝛼𝑛𝑥𝑛 +

𝛼𝑛]) = Φ. Now 𝑥 ∈ [𝑥 − 𝛼, 𝑥 + 𝛼], 𝐾 ⊆ [𝑥1 − 𝛼1, 𝑥1 + 𝛼1] ∪ ⋯ ⋯ ∪ [𝑥𝑛 − 𝛼𝑛, 𝑥𝑛 + 𝛼𝑛] .  Then ( R, 

I ) is pseudo regular. 

III. Strictly Pseudo Regular I - Spaces 

Definition 3.1. A I- space X is said to be I- completely regular if for any I- closed subset K of 

X and x∈ X which does not belongs to K, there exists a I- continuous function f: X [0, 1] 

such that f(x) = 0 and f(K) = 1. Here [0, 1] is considered as a subspace of the usual I- space 

R. 

Example 3.1. The set of real numbers R is I- completely regular 

Definition 3.2 [1]: A I – space X will be called Strictly I - pseudo- regular if for each I- compact 

set K and for every x∈X with x ∉ K, there exists a continuous function f : X → [0,1] such that 

f(x) = 0 and f(K) = 1. 

Example 3.2: Let K be a I- compact subset of R and let x∈R such that x ∉ K. Since R is I – 

Hausdorff, K is closed and since R is I- completely regular, there exists a continuous function 

f: X [0, 1] such that f(x) = 0 and f(K) = 1.Thus R is strictly I- pseudo regular.  

Theorem 3.1: Every strictly I- pseudo regular compact space is I- completely regular. 

Proof: Let X be I- compact and strictly I-pseudo- regular. Let K be a closed subset of X and let 

x∈X with x ∉ K. Since X is I- compact, K is I- compact. Again, since X is strictly I – pseudo 

regular, there exists a I- continuous function f: X [0, 1] such that f(x) = 0 and f(K) = 

1.Therefore X is I- completely regular. 

Theorem 3.2: Every I- completely regular Hausdorrf space is strictly I- pseudo regular. 

Proof: Let X be a I- completely regular Hausdorrf space. Let K be a I- compact subset of X and 

x∈X with x ∉ K. Since X is I- Hausdorrf, K is I- closed. Now, since X is I – completely regular, 

there exists a I- continuous function f: X [0, 1] such that f(x) = 0 and f(K) = 1.Therefore X is 

strictly I- pseudo regular. 

Theorem 3.3: A I-space X is strictly I- pseudo regular if for each x∈X and any I- compact set K 

not containing x, there exists an I-open set H of X such that 𝑥 ∈ 𝐻 ⊆ �̄� ⊆ 𝐾𝐶 . 
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Proof: Let X be a strictly I pseudo regular space and Let K be I- compact in X. Let x ∉ K i.e., 

𝑥 ∈ 𝐾𝐶. Since X is strictly I- pseudo regular, there exists a I-continuous function f : X [0, 1] 

such that f(x) = 0 and f(K) = 1. Let a, b∈ [0,1] and a < b. Then [0, a) and (b, 1] are two disjoint 

open sets of [0, 1]. Since f is I- continuous   f – 1 ([0, a)) and f – 1 ((b, 1]) are two disjoint open sets 

of X and obviously 𝑥 ∈ 𝑓−1([0, 𝑎))  and 𝐾 ⊆ 𝑓−1((𝑏, 1]).  Let U = f – 1 ([0, a)) and V =  f – 1 ((b, 

1]). Then 𝑥 ∈ 𝑈, 𝐾 ⊆ 𝑉𝑎𝑛𝑑𝑈 ∩ 𝑉 = 𝜑. 𝑇ℎ𝑒𝑛 ⥂ 𝑈 ⊆ 𝑉𝐶 ⊆ 𝐾𝐶 . 

𝑆𝑜�̄� ⊆ 𝑉𝐶 = 𝑉𝐶 ⊆ 𝐾𝐶 . 𝑊𝑟𝑖𝑡𝑖𝑛𝑔𝑈 = 𝐻, 𝑤𝑒ℎ𝑎𝑣𝑒𝑥 ∈ 𝐻 ⊆ �̄� ⊆ 𝐾𝐶 . 

Theorem 3.4: Any subspace of a strictly I- pseudo regular space is strictly I pseudo – regular. 

Proof: Let X be a strictly I- pseudo regular space and 𝑌 ⊆ 𝑋.. Let 𝑦 ∈ 𝑌 and K be a I - compact 

subset of Y such that 𝑦 ∉ 𝐾. Since𝑦 ∈ 𝑌, so 𝑦 ∈ 𝑋 and since K is I - compact in Y, so K is I - 

compact in X. Since X is strictly I- pseudo regular, there exists a continuous function f : X 

[0, 1] such that f(y) = 0 and f(K) = 1. Therefore the restriction function  𝑓 of f is a continuous 

function𝑓: Y [0, 1] such that f(y) = 0 and f(K) = 1. Hence Y is strictly I- pseudo regular. 

Corollary: Let X be a I- space and A, B are two strictly I- pseudo regular subspace of X. Then 

𝐴 ∩ 𝐵  is strictly I- pseudo regular. 

Proof: Since  𝐴 ∩ 𝐵  being a subspace of both A and B, 𝐴 ∩ 𝐵  is strictly I- pseudo regular by 

the above theorem. 

Theorem 3.5: Every strictly I- pseudo regular space is I – Hausdorff. 

Proof: Let X be a strictly I- pseudo regular space. Let 𝑥, 𝑦 ∈ 𝑋. with 𝑥 ≠ 𝑦.  Then {x} is a I – 

compact set and 𝑦 ∉ {𝑥}. Since X is strictly I- pseudo regular, there exists a continuous function 

f : X [0, 1] such that f(y) = 0 and f({x}) = 1. Let 𝑎, 𝑏 ∈ [0,1]. and a < b. Then [0, a) and (b, 1] 

are two disjoint open sets of [0, 1]. Since f is I - continuous, f – 1 ([0, a)) and f – 1 ((b, 1]) are two 

disjoint open sets of X and obviously 𝑦 ∈ 𝑓−1([0, 𝑎)) and  {𝑥} ⊆ 𝑓−1((𝑏, 1]) i.e., 𝑥 ∈ 𝑓−1((𝑏, 1]). 

Therefore X is I - Hausdorff. 

Theorem 3.6: Every strictly I- pseudo regular space is I- pseudo regular 

Proof: Let X be a strictly I- pseudo regular space. Let K be a compact subset of X and 𝑥 ∈ 𝑋. 

with 𝑥 ∉ 𝐾.. Since X is strictly I- pseudo regular, there exists a continuous function f : X [0, 

1] such that f(x) = 0 and f(K) = 1. Let 𝑎, 𝑏 ∈ [0,1]. and a < b. Then [0, a) and (b, 1] are two disjoint 

open sets of [0, 1]. Since f is I - continuous, f – 1 ([0, a)) and f – 1 ((b, 1]) are two disjoint open sets 

of X and obviously 𝑥 ∈ 𝑓−1([0, 𝑎)) and  𝐾 ⊆ 𝑓−1((𝑏, 1]). Therefore X is I- pseudo regular. 

Result and Discussion 

 It has been proved that Strictly I- pseudo regular compact space is I- completely regular 

and I- completely regular Hausdorrf space is strictly I- pseudo regular, A I-space X is strictly 

I- pseudo regular if for each x∈X and any I- compact set K not containing x, there exists an I-

open set H of X such that 𝑥 ∈ 𝐻 ⊆ �̄� ⊆ 𝐾𝐶 . , Any subspace of a strictly I- pseudo regular space 

is strictly I pseudo – regular, strictly I- pseudo regular space is I – Hausdorff , strictly I- pseudo 

regular space is I- pseudo regular. 
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