Vol. 13. Issue.3. 2025 (July-Sept.) BULLETIN OF MATHEMATICS

AND STATISTICS RESEARCH

A Peer Reviewed International Research Journal

http:// www.bomsr.com

INTERNATIONAL
Email:editorbomsr@gmail.com ‘ ‘ STANDARD
SERIAN
.\ \ NUMBER
RESEARCH ARTICLE 2348.0580

Enhanced Ratio-Type Population Variance Estimator Including Excess
Kurtosis and Known Median of an Auxiliary Variable

Chandni Kumari
Assistant Professor, Department of Statistics, University of Lucknow, Lucknow,
Uttar Pradesh, India
Email: chandnithakur897@gmail.com

DOI:10.33329/bomsr.13.3.19

Abstract

We propose a ratio-type estimator for population variance that
leverages known auxiliary-variable median (M,) and excess kurtosis
(K). Derivations of bias and Mean Squared Error (MSE) via first-order
Taylor series are presented. Analytical efficiency conditions show it
outperforms traditional unbiased estimators and earlier ratio-type
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squared error.

1. Introduction

A key goal of statistical analysis is the accurate assessment of population variance,
especially in domains like economics, quality control, agriculture and the social sciences. In
order to evaluate variability, create confidence intervals and carry out hypothesis testing, the
population variance is necessary. However, gathering complete population data is frequently
expensive or impossible in real-world applications, therefore effective estimation from a
sample is essential.

Statisticians commonly use auxiliary information —features of a correlated variable
that are either known or easier to measure than the research variable—to improve the
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accuracy of such calculations. The ability of an auxiliary variable's median and kurtosis to
enhance population variance estimators has drawn attention among other auxiliary statistics.

The median serves as a reliable indicator of central tendency, especially useful when
the accompanying variable shows skewness or includes outliers. In contrast to the mean, the
median is less influenced by extreme values, rendering it particularly insightful in real-world
datasets that do not follow a normal distribution —for instance, data on household income,
biological measurements or response times in psychological studies.

Conversely, kurtosis offers insights into the sharpness of a distribution. In fields like
finance, hydrology and environmental monitoring, where extreme occurrences (such as stock
market crashes, floods or pollution surges) are critical, understanding excess kurtosis assists
in more accurately describing the shape and spread of the population distribution. When this
information is available for an auxiliary variable, it can be utilized to improve estimators of
population variance by taking into account the anticipated departure from normality. Searls
(1964), Sisodia (1961), Kadilar (2006), Khan (2013), Yadav (2016), Kumari & Thakur (2018, 2019,
2020), and Kumar et al. (2025) employed auxiliary information to enhance the work they
proposed.

An auxiliary variable's median and kurtosiscan be combined to model the
population structure more thoroughly and robustly. This method works especially well
for survey sampling, where supplementary data from earlier research or census data is easily
accessible. According to Kumari and Thakur (2020a, 2020b) and Subramani (2012), using both
parameters in the estimation process can significantly lower the Mean squared error
(MSE) when compared  to traditional unbiased estimators or thosethat only wuse
one auxiliary statistic. =~ We  present a new population  variance estimator in  this
study that takes advantage of an auxiliary variable's excess kurtosis and known median.
Using real-world datasets, we show its practical utility, derive its theoretical
properties and compare its performance analytically and empirically.

2. Notation & Setup

e Asimple random sample of size N with no replacementis taken from a finite
population.

e Examine variables y and x, with excess kurtosis K(x) and population median M(x)
known.

 Estimate population variance S; of y.
1 = 1 =
o S;j=7 ZL(-1)?, 88 = = T - X)?

1 _ 1 _
o sf= =YL=, sE = — N0y — %)

1 — _
o M= o SR ) G = D), Ay = 2

HozHz20
o K,=Ags = % and K, = 149 = % are coefficient of kurtosis of the study and auxiliary
02 20
variable.

e M, be the population median of x.
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3. Proposed Estimator
Define the ratio-type estimator:

_ 5 _ 2 [Kyx s2+ MZ]
te=as; + (1— a)sy log—[Kx s2x 2] 1)
Where ais a constant.

To obtain the bias of the proposed estimator, we have

2 2
te=aS;(1+ &)+ (1— a)S; (1+ Eo)log[K"S"(lJ’Sl”Mx]

[Kx S3+ MZ]
=aS;(1+ &)+ (1— a)Sy (1+ & )log(1l+ nel),wheren=%
=aS;(1+ &)+ (11— a)S;(1+ &) (r)el— (772—1)2)
=aSi(1+ &)+ (1—-a)S3 (7]8180 +nel—@) (2)

Substracting S7 on both the sides of above equation, we get

te— S2 =aSZ(1 : e’ _ g2
c= Sy =aS; A+ )+ (A-a)Sy (nagn +na—-——)-5

2
te— Sz =(@a—-1)Sz+(aSie )+ (1— a)SE (775150 +ne — @) (3)
Taking Expectation on both the sides, we have

E(t,— S2) =E{(a— DS} +E(aSie )+ (1— ) S; E(n &8 +ne— e ?)2 )

2
= E{(a - DS} +E(aSi &0 )+ S} (1— @) {n E(ere0) - ELELY (4)
Using the formulae, in above expression we obtained the expression of bias.
E(&)=E(&)=0,E(&)?=8 (A40 — 1), E(&1)*=8 (Aos — 1), E(081 ) = 8 (A2 — 1)
Bias(t )= (a~ 1) S} + (1= @)} 8{1 (A2 = 1) =% (o — 1)} ©)

To obtain the mean squared error of the proposed estimator, let us take the square of equation
(3) on both the sides,

2 L2
(tC_S}%) =(a—1)ZS;+(aZS; gg)-|— (a—l)ZS;' (778180 + ne — (nzl) )
2
+2$§ a(a_l)(g(’)_z's;(a_l)z (776150 + e — (n?) )

-2Sy ala—1)(n&g) (6)

Taking expectation on both the sides of equation (6), we get
2)? 2 ¢4 2 ¢4 .2 2 ¢4 e\
E(tC—Sy) =(a—-1) Sy+E(a Sy &)+ (a—1) Sy E(n£150 +77£1_T)

2
+258y ala—1)E(g ) — 28y (a—1)25(,7€150 b - 22 )

=28y ala —1)nE(&&) (7)
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On putting the values of expectations, we may get the desired expression for mean squared
error of our proposed estimator.

MSE(t.)= (e — 1)2Sy + a® Sy 8 (A4 — D + (a — 1)? Sy 8(n* (Aps — 1))

2
~255 (@ =1 8{n (la = 1D =L oy — D}- 25} ala = 1) 18R — 1) (8)
The expression of minimum MSE is obtained by partially differentiating equation (8) with
respect to a and equating it equals to 0, we obtained the minimum MSE.

(ZIMSE(te) = () (@ = D25+ (=) @2 55 8(ao — D + (o=) (@ = 1)? 55 8(n* (Ros — 1))

~2(2) 53 (@=1?8{1 (o2 = 1) =L oy — D} 2(Z) S ala — 1) 7 (A, — 1) = 0

S 1+68 {292 (Aoa=1)= 7 (A2~ D)}
0Pt 14 §{(A4o—1) + 2712 (Ags—1)— 47 (A2—1)}

4. Efficiency comparisons

In sample survey, the most important consideration for any one of the estimator is their
efficiency related to existing estimators. If the proposed estimator has minimum mean
squared error compared to other estimators which are available in literature, then our
proposed estimator will have considered the best over conventional estimators. Let us
compare the efficiency of our proposed formula to the other estimators as below.

1. Unbiased estimator for population variance
to=s)
MSE(to) =Sy 6 (Aao — 1)
MSE(ty) > MSE(t,)

2. Isaki (1983) ratio estimator for population variance

t]_ = 532} (Sﬁg/sg)
MSE(t;) =Sy 8 [(A4o — 1) + (Aga — 1) — 2 (A, — D]
MSE(t,) > MSE(t,)

3. Linear regression estimator

t, =sp + bo(S% —s7)
MSE(t,) =S§ ) [(/140 -1 - ((/122 - 1)2/(/104 - 1))]
MSE(t,) > MSE(t,)

SZ o2
4. t3=sjexp (( x Sx)/(sg N s,%))

MSE(ts) =55 8 [(Aao = 1) + 242 — (3, - 1) |

MSE(t3) > MSE(t,)
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5. Kumar et al. (2011) ¢, = sZ exp ((59% - S,?)/ )
| | Y (s2+52)
MSE(ty) =55 8 [(hao — 1) + 2272 — (2, — 1) |

MSE(t,) > MSE(t,)

: = o2 (5% —s%
6. Yadav & Kadilar (2013) ts = s; exp

)/(5,3 + (—1)53))

MSE(es ) 858 [Gao =0 = (427 /)|

MSE(ts) > MSE(t,)

7. Misra etal. (2024) ts =s; +a log%

MSE(tg min) =Sy O [(140 -b - ((/122 B 1)2/(/104 - 1))]

MSE(ts) > MSE(t,)
5. Empirical Studies
Perform on real datasets.

Population I

X = Fixed capital, Y = output of 80 factories, N = 80, n =20, X =11.265,Y =51.826, 52 =71.504
, 52 = 336979, Sy, = 146,068, Aos = Ky = 2.866, Lo = K, = 2.267 , Ayy = 2.221, pyy= 0.941, C,=

0.354, C,=0.751, M= 10.300

Population II

X = acreage under wheat crop in 1973, Y = acreage under wheat crop in 1974, N =70, n = 25,
X =175.2671,Y =96.700, S2 = 19840.7508 , 53 =3686.1898, Ag4 = Ky = 7.0952, 140 = K,, = 4.7596

, Az = 4.6038, pyy= 0.7293, C,= 0.6254, C,=0.8037, M,=72.4375

Table 1: Mean Square error (MSE) of estimators

Estimator MSE of Population I MSE of Population II
t 5395 1313625.00
ty 2942 924946.50
ts 1993 1385199
ty 2182 586861
ts 1993 1385199
te 1993 1385199
te 1802 1384204
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6. Conclusions

Knowing the auxiliary median and kurtosis helps the estimator reduce variance

estimation error. It is useful in survey contexts with such auxiliary data because of its proven

theoretical superiority and empirical advantages.
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