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ABSTRACT

Abstract: In this study,firstly, the darboux vector W of the natural lift

a of the curve « are calculated in terms of those of « in IR®.

Secondly, we obtained striction lines and distribution parameters of

ruled surface pair generated by Darboux Vectors of the curve ¢ and its
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natural lift « . Finally, for &« and «a those notions are compared

with each other.
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INTRODUCTION AND PRELIMINARY NOTE
The concepts of the natural lift curve and geodesic sprays have first been given by Thorpe in [13].

Thorpe provied the natural lift a ofthecurve o isan integral curve of the geodesic spray iff «

is an geodesic on M . Caliskan at al. studied the natural lift curves of the spherical indicatries of
tangent, principal normal, binormal vectors and fixed centrode of a curve in [12]. They gave some
interesting results about the original curve, depending on the assumption that the natural lift curve

should be the integral curve of the geodesic spray on the tangent bundle T (Sz) . Some properties
of M -vector field Z defined on a hypersurface M of M  were studied by Agashe in [1]. M -
integral curve of Zand M -geodesic spray are defined by Caliskan and Sivridag. They gave the main

theorem: The natural lift 5 of the curve a (in M ) is an M -integral curve of the geodesic
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spray Z iff a isan M -geodesic in [5]. Bilici et al. have proposed the natural lift curves and the

geodesic sprays for the spherical indicatrices of the the involute evolute curve couple in Euclidean 3-
space. They gave some interesting results about the evolute curve, depending on the assumption
that the natural lift curve of the spherical indicatrices of the involute should be the integral curve on

the tangent bundle T (Sz) in [3]. In differential geometry, especially the theory of space curve,

the Darboux vector is the areal velocity vector of the Frenet frame of a spacere curve. It is named
after Gaston Darboux who discovered it. In term of the Frenet-Serret apparatus, the darboux vector
W can be expressed as W =7T +xB , details are given in Lambert et al. in [8].

Let «a : | —>IR® be a parametrized curve. We denote by {T(S), N (S), B(S)} the moving

Frenet frame along the curve « , where T, N and B are the tangent, the principal normal and the

binormal vector fields of the curve « , respectively.

Let @ be aregulercurvein IR%. Then

T=% N=BxT, B= 222
a Ha xa H
B det(a’ a am)
a Xa ) )
=—, = - — ,[9]_
Ha Ha xa
If a isaunitspeed curve,then
T=a,N=-2_ B=TxN,
o

K=<T',N> , r=<N',B>,[9].
Let o be a unit speed space curve with curvature x and torsion 7. Let Frenet vector fields of

a be {T, N, B} . Then, Frenet formulas are given by

T =«N, N =—«T +7B, B =—zN,[10].

For any unit speed curve « : | = IR?®, we call W(S) =TT(S)+KB(S) the Darboux vector field
of «a ,[10].

A ruled surface is generated by a one-parameter family of straight lines and it possesses a
parametric representation

X (s,v)=a(s)+ve(s),[9,11].
where a(S) represents a space curve which is called the base curve and € is a unit vector

representing the direction of a straight line.
The striction point on a ruled surface X is the foot of the common normal between two consecutive
generators (or ruling ). The set of striction points defines the striction curve given as
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fa.e)
ﬂ(S) = a(S) ——9(5)[9,11]
o)
The distribution parameter of the ruled surface X is defined by
det(a' ,e,e')
P = T[Q,ll].
e

The ruled surface is developable if and only if P, =0, [9,11].

Ruled Surface Pair Generated By a Curve and Its Natural Liftin IR?
Let M be a hypersurface in IR® andlet & : | M be a parametrized curve. ¢ is called an

integral curve of X if

di(a(s)) = X (a(s)) (forall te1),[10].

S
where X is a smooth tangent vector field on M. We have

™=UTM :;((M)
PeM
where T,M is the tangent space of M at P and ;((M) is the space of vector fields on M.
For any parametrizedcurve ¢ : | > M , a:l—>TM given by

a(s)=(a(s).a (s))=a (5)],([23]
is called the natural liftof @ on TM. Thus, we can write
da d/ - ,
& =£(0‘ (s) |a(s)) =D (s)
where D is the Levi-Civita connection on IR?® .

Corollary 1: Let @ be a unit speed space curve and a  be the natural liftof a¢ Then

T(s)=N(s), N(s)=—ﬁT(s)+|7[\f\7|)B(s) , §(s)=|TIV(VS”)T(s)—ﬁB(S) [6].

Corollary 2: Let «¢ be a unit speed space curve and the natural lift 5 of the curve « be a space
curve with curvature k and torsion ; . Then
K(s)= Wil ;(S)zK(S)T’(S)_K’(S)T(S)
H 2 .
x(s) x(s)w|

Corollary 3: Let & be a unit speed space curve and the natural lift « of the curve o be a space

W = T(S)T J{K(S)f (S)_K’ (ZS)T(S)]N +B
x(s)W|

curve,then
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Corollary 4: Let X and X be two ruled surfaces which is given by
X (s,v)=a(s)+VvC(s)

given by ,B(S) =«

,Y(S,V)=&(S)+VE(S). The striction curves of X and X are

S)—ﬂC(S) and E(S) = 5(5)—;16(5) ,respectively. Then we obtain

5) W] (s)e (s)
A== 2 , 2 "W”’ H= , , 2 ' 5 )
[/c (s) +[r (s)} [’C(S)T(i)(—s’;(s)f(s)} +[a (S)} [o(s)z(s)]
e o(s)- £ 615 (90

Corollary 5: Let X and X be two ruled surfaces which is given by

X (s,v)=a(s)+VvC(s), Y(S,V):gc(s)+va(s) . The distribution parameters of the ruled

— det(a',c,c') _ det[?,é,é]
surfaces X and X are definedby P, = > and Pc = . Then we have

12

Example 1: Let a(s) = (@ S,%COS(\ES) , %sin (ﬁs)) be a unit speed with;

T(s)=(?,—§sin(\/§s),§cos(\/§s)}
N (s):(0,—cos(ﬁs),—sin(ﬁs)),
B(s)= ﬁ,?sin(ﬁs),—?cos(ﬁs)} and k. =1,7=+2

Xc (s:t) :(gwcosht,%cos(ﬁs),%sin (ﬁs))

Vol.3.Issue.2.2015 29



Evren ERGUN, Mustafa CALISKAN Bull.Math.&Stat.Res

Rl

(s)=(ﬁ,——33in(x/§s),§cos(«/§s)) be the natural lift & ofthe curve « with;

(O, —cos(ﬁs) ,—sin (»\/55))

T(s)

I\_l(s):(o,Jg;\/gsin(ﬁs),—\/g;ﬁcos(ﬁs)j,
E_3(s):(g,—¥sin(\/§s),¥cos(\/§sﬂ and € =1,7=0
&(s)=(10,0)

X~ (st)= (@sﬂ,—?sin(ﬁs),@cos(ﬁs))

4 7
I (({\'\’\/‘{e"m P

\

X (s,t) =(cos(s),—cosht,sin(s))
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&(S):(—sin(s),o,cos(s)) be the natural lift & of the curve o with;
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