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INTRODUCTION

In 1971 Vigilino [20] defined a new topological property called semi normal spaces. The
notions of p-normal spaces, s-normal spaces were introduced by Paul and Bhattacharya [18].Then
Signal and Arya [19] introduced the class of almost normal spaces and proved that a space is normal
if and only if it is both a semi-normal space and an almost normal space. In recent years, many
others have studied several forms of normality [9, 10, 15, 17]. Levine [11] initiated the investigation
of g-closed sets in topological spaces, since then many modifications of g-closed sets were defined
and investigated by number of topologists [4, 5, 6, 7]. The notion of nano topology was introduced
by Lellis Thivagar [12], which was defined in terms of approximations and boundary region of a
subset of an universe using an equivalence relation on it.

The purpose of the present paper is to introduce a new class of functions called pre ngb-
closed functions and pre nigb-continuous functions. We also obtain several preservation theorems of
quasi nano b-normal spaces and some of the characterizations of quasi nano mb-normal spaces
under nano pre nigb-closed functions.
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Preliminaries

Throughout this paper (U , Z'R(X)) and (V,TR.(Y)) mean nano topological spaces on
which no separation axioms are assumed unless explicitly stated. The nano closure of A and the
nano interior of A are denoted by Ncl(A) and Nint(A) respectively. A subset A of a space U is said to
be nano regularly open or a nano open domain if it is the nano interior of its own nano closure. A set
A is said to be a nano regularly closed or a nano closed domain if its complement is an nano open
domain.
Definition 2.1[22]: Let U be a non-empty finite set of objects called the universe and R be an
equivalence relation on U named as the indiscernibility relation. Then U is divided into disjoint
equivalence classes. Elements belonging to the same equivalence class are said to be indiscernible
with one another. The pair (U, R) is said to be the approximation space.
LetXcU
1.The lower approximation of X with respect to R is the set of all objects, which can be for certainly
classified as X with respect to R and it is denoted by Li(X). That is

La(X) = U {R(X) ‘R(X) < X}, where R(x) denotes the equivalence class determined by xEU.

xeU
2. The upper approximation of X with respect to R is the set of all objects, which can be possibly
classified as X with respect to R and it is denoted by Ug(X). That is

Us(X) = (JIR(¥):R(X) " X # g}

xeU
3. The boundary region of X with respect to R is the set of all objects, which can be classified neither
as X nor as not-X with respect to R and it is denoted by By(X). That is
Br(X) = Ur(X) — La(X).
Definition 2.2[12]: Let U be non-empty, finite universe of objects and R be an equivalence relation
on U. Let XC U. Let 7,(X) ={U, @, Lr(X), Ur(X), Br(X)}. Then 7,(X) is a topology on U, called as
the nano topology with respect to X. Elements of the nano topology are known as the nano-open

sets in U and (U,TR(X)) is called the nano topological space. [z (X)]° is called as the dual nano
topology of 74 (X). Elements of [75(X)]° are called as nano closed sets.
Definition 2.3[12]: Let (U , TR(X)) be a nano topological space and Ac U. Then A is said to be

(i) nano semi-open if A Ncl(Nint(A))

(i) nano pre-open if AC Nint(Ncl(A))

(iii) nano a -open if AC Nint(Ncl(Nint(A)))

(iv) nano semi pre-open if A Ncl(Nint(Ncl(A)))

(v) nano b-open if AcC Ncl(NintA) W Nint(NclA).
NSO(U, X), NPO(U, X), NxO(U, X), NSPO(U, X) and NBO(U, X) respectively denote the families of all
nano semi-open, nano pre-open, nano &-open, nano semi pre-open and nano b- open subsets of U.

Let (U,TR(X)) be a nano topological space and AC U. A is said to be nano semi closed,

nano pre-closed, nano t-closed, nano semi pre closed and nano b-closed if its complement is
respectively nano semi-open, nano pre-open, nano t-open, nano semi pre open and nano regular
open.
Definition 2.4[6]: A subset A of a nano topological space (U,TR(X)) is called nano generalized b-

closed (briefly, nano gb-closed), if Nbcl(A) Z G whenever AC G and G is nano open in U.
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Definition 2.5[13]: A function f :(U,7,(X))—(V,7(Y)) is called a nano continuous if the
inverse image of every nano closed setin (V, 74 (X)) is nano closed in (U, 7, (X)).

Definition 2.6[7]: A function f :(U,75(X))—(V, 7. (Y)) is called a nano gb-irresolute if the
inverse image of every nano gb-closed setin (V, 7. (X)) is nano gb-closed in (U, 7, (X)).
Definition 2.7: A space X is said to be p-normal [19] (resp.s-normal [14]) if for any pair of disjoint
closed sets A and B, there exist disjoint preopen (resp. semi open) sets U and V such that A — U and
BcV.

Definition 2.8: A nano topological space (U,Z‘R(X)) is said to nano b-normal if for any pair of

disjoint nano closed sets A and B, there exist disjoint nano b-open sets M and N such that Ac M and
BCN.

3. Nano pre ﬂgb -closed functions

Definition 3.1: A function f: U > V is said to be nano b-closed (resp. nano gb-closed , nano n-closed,
nano mgs-closed ) if for each nano closed subset F of U, f(F) is a nano b-closed (resp. nano gb-closed,
nano m-closed, nano nigb-closed) subset of V.
Definition 3.2: A function f: U - V is said to be nano pre b-closed (resp. nano pre gb-closed , nano
pre nigb-closed) if for each nano b-closed subset F of U, f(F) is a nano b-closed (resp. nano gb-closed,
nano mgb-closed) subset of V.
Definition 3.3: A function f : U > V is said to be nano regular gb-closed ( resp. nano regular ngb-
closed) if for each nano b-regular subset F of U, f(F) is a nano gb-closed (resp. nano mgb-closed)
subset of V..
Definition 3.4: A function f : U = V is said to be almost nano gb-closed (resp. almost nano ngb-
closed) if for each nano regular-closed subset F of U, f(F) is a nano gb-closed (resp. nano nigb-closed)
subset of V..
Definition 3.5: A function f: U = V is said to be nano m-irresolute (resp. almost nano continuous ) if
for each nano mi-closed subset (resp. nano regular-open) F of V, f ’1(F) is nano m-closed (resp. nano
open) subset of U.
Remark 3.6: Let (U, 7,(X))— (V, 7 (Y))be a function. Then

(i) Every nano pre-b-closed function is nano b-closed

(ii) Every nano pre-b-closed function is nano pre-gb-closed

(iii) Every nano pre-gb-closed function is nano pre- ngb -closed

(iv) Every nano pre- mgb -closed function is nano regular nigb —closed

(v) Every nano gb-closed function is nano ngb -closed

(vi) Every nano gb-closed function is nano regular ngb —closed

(vii) Every nano nigb -closed function is almost nano ngb -closed

(viii) Every almost nano gb-closed function is almost nano ngb —closed
None of the above implications is reversible which can be seen from the following examples.
Example 3.7: Let U = {a, b, ¢, d} with U/R ={{a}, {c}, {b, d}} and X = {a, b}. Then the nano topology is
defined as 7, (X)={U, ¢, {a}, {b, d}, {a, b, d}} . Let V = {x, y, z, w} with V /R" = {{x}, {y, w}, {z}} and Y =
{y, w}. Then 7..(Y) ={V, 9, {y, w}}. Define f: (U , TR(X))—> (V,TR.(Y)) to be f(a) = x, f(b)= x, f(c)
=y, f(d) = w. Then f is nano gb-closed map but not nano b-closed because f({b, c, d}) = {x, y, w} is not
nano b-closed in V.
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Example 3.8: Let U = {a, b, ¢, d} with U/R ={{a}, {c}, {b, d}} and X = {a, b}. Then the nano topology is
defined as 7,(X)={U, ¢, {a}, {b, d}, {a, b, d}} . Let V = {x, y, z, w} with V /R" = {{x}, {y, w}, {z}} and Y =
fy, w}. Then 7..(Y) = {V, ¢, {y, w}}. Define T : (U, 7, (X)) = (V,7x(Y)) to be f(a) = y, f(b)= w, f(c)

=z, f(d) = x. Then f is nano pre-gb-closed map but not nano pre-b-closed because f({a, b, c}) = {y, z,
w} is not nano b-closed in V.

Example 3.9: Let U =V = {a, b, ¢, d} with U/R = {{a}, {b, d}, {c}} = V/R" and X = Y = {b, d}. Then
75 (X) = 7. (Y) ={V, ¢, {b, d}}. Define f :U —V asf(a) =b, f(b) = a, f(c) = c and f(d) = d. Then the
function f is nano b-closed but not nano pre-b-closed because f({a, c, d}) = {b, ¢, d} is not nano b-
closedin V.

Example 3.10: Let U =V = {a, b, ¢, d} with U/R = {{a}, {b, c}, {d}} = V/R' and X = Y = {a, c}. Then
75 (X) = 7. (Y) ={V, 9, {a}, {a, b, c}, {b, c}}. Define f :U -V asf(a) =c, f(b) = a, f(c) = b and f(d) =
d. Then the function f is nano gb-closed but not nano pre-gb-closed because f({b, c}) = {a, b} is not
nano gb-closed in V.

By definitions we obtain the following relationships between the classes of functions defined.

nano pre-b-closed — nano b-closed

/ N

nano pre gb-closed S nano gb-closed

nano pre- 7gb -closed — nano 7gh -closed

\ /

nano regular 7gbh -closed —————»  almostnano 7gb -closed

regular nano gb-closed 4—l—> almost nano gb-closed

Theorem 3.11: A function f : U = V is a nano pre mnigb-closed(resp. nano regular ngb-closed) if and
only if for each subset B of V and each M € NBO(U) (resp. M € NBR(U)) containing f (B), there
exists a nano ngb-open subset N of V such that B — Nand f *(N) < M.

Proof: Necessity. Suppose that f is nano pre ngb-closed (resp. nano regular nigb-closed). Let B be a
subset of Vand M € NBO(U) (resp. M NBR(X)) containing f (B).If N=V\ f(U\ M), then N is a
nano migb-open subset of V such thatB — Nand f *(N) < M.

Sufficiency. Let F be any nano b-closed (resp. nano b-regular) subset of U. Then f 71(\/ \f(F))cu
\ Fand U\ Fe NBO(U) (resp. U \ F € NBR(U)). There exists a nano mgh-open subset N of V such that
V\f(F) = Nand f(N) < U\F. Therefore, we have f(Ff) > V\ Nand Fc f*(V \N). So, we
obtain f(F) = V \ N and f(F) is nano ngb-closed in V . This shows that f is nano pre ngb-closed (resp.

nano regular ngb-closed).
Corollary 3.12: If a function f : U = V is nano pre nigb-closed (resp. nano regular nigb-closed), then

for each nano m-closed K of V and each M e NBO(U) (resp. M e NBR(U)) containing f ™ (K), there
exists N e NBO(V) containing K such that f *(N) < M.
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Theorem 3.13: If f : U = V is nano mt-irresolute and nano pre nigb-closed, then f(A) is nano nigb-closed
in V for every nano nigb-closed subset A of U.
Proof: Let A be any nano migb-closed subset of U and M a nano m-open subset of V containing f(A).

Since f’l(M) is a nano m-open subset of U containing A and A is a nano mnigb-closed set, NbCI(A)

c f*(M). Since f is nano pre mgb-closed and NbCI(A) €NbCI(U), we have NbCI(f(A))
NbCI(f(NbCI(A))) < M. Therefore, f(A) is a nano nigb-closed in V.

Definition 3.14: A function f : U = V is said to be nano pre gb-continuous (resp. nano pre mngb-
continuous) if f’l(K) is nano gb-closed (resp. nano mgb-closed) in U for every nano b-closed
subset K of V.

Theorem 3.15: If f : U = V is nano m-closed nano pre ngb-continuous, then f *(K) is nano ngb-
closed in U for every nano ngb-closed subset K of V.

Proof: Let K be a nano 7gb -closed set of V and M a nano 7 -open set of U containing f _1(K) . Put
N =V \ f(U\ M), then N is nano 7 -openinV,KcN, and f (N) <M. Therefore we have NbCI(K)
cNand hence f*(K) < f(ADBCI(K)) = f*(N) =M. Since fis nano pre zgh -continuous,

f 1 (ADBCI(K)) is nano 7gb -closed in U and hence

ABCI(f (K)) < ACI(f H(ADCI(K))) =M. This shows that f *(K) is nano migb -closed in U.

Theorem 3.16: If f : U = V is nano open nano pre nigb-continuous bijection, then f_l(K) is nano
nigb-closed in U for every nano ngb-closed subset K of V.

Proof: Let K be a nano zgh -closed set of V and M be a nano 7 -open set of U containing f (K) .
Since f is nano open surjective, K= f (f (K)) cf(M)and f(M) is nano 7z -open. Therefore, NbCI(K)
cf(M). Since fis injective, T (K) < f (ADBCI(K)) < f(f(M)) =M. Since fis nano pre-
zgb continuous, f*(ADBCI(K)) is nano 7gb -closed in U. And hence

ABCI(fH(K)) < ADCI(f H(ADCI(K))) =M. Therefore f*(K)is nano 7gh -closed in U.

Corollary 3.17: Let f: U - V and g: V - W be functions. Then the composition gof : U - W is nano
pre nigh-closed if f and g satisfy one of the following conditions:

(a) fis nano pre ngb-closed and g is nano m-irresolute and nano pre ngb-closed

(b) fis nano pre b-closed and g is nano pre ngb-closed

(c) fis nano b-closed and g is nano nigb-closed

Proof: (a) The proof follows immediately from Theorem 3.13, while (b) and (c) are obvious.

Theorem 3.18: Let f: U = V and g: V - W be functions such that the compositiong°f:U > Wis g:
V = W nano pre nigb-closed if f and g satisfy one of the following conditions.

(a) fis an nano irresolute surjection, then g is nano pre ngb-closed

(b) g is a nano m-closed, nano pre mgb-continuous injection, then f is nano pre ngb-closed

(c) g is a nano m-closed, nano irresolute bijection, then f is nano pre ngb-closed.

Proof: (a) Let K € NbCI(U). Since f is an nano irresolute surjection, f *(K) € NbCI(U) and

(g f)(f (K)) =g(K).Therefore g(K) is nano mgb-closed in W and hence g is nano pre nigb-closed.

(b) The proof follows from Theorem 3.16.

(c) Let F be a nano b-closed subset of U and M be a nano m-open subset of V containing f(F). Since g °
f is nano mgb-closed, (g © f)(F) is a nano nigb-closed subset of W. Put N =V \ M. Then N is a nano m-
closed in V. Since g is a nano ni-closed bijection, g(N) is nano n-closed in W and g(N) =W\ g(M) c W

Vol.3.Issue.3.2015 (July-Sept) 128



DHANIS ARUL MARY A, AROCKIARANI | Bull.Math.&Stat.Res

\ (g ° f)(F) and hence g(N ) n (g > f)(F) = ¢ . Since (g ° f)(F) is a nano nigb-closed subset of W, NbCl((g °
f)(F)) < W \ g(N). Since g is an nano irresolute bijection, NbCI(f(F)) = NbCl ((gflo (g ° H))F) <
g~ (NbCl((g=f)(F)) = g™ (W\g(N))=V\N=M.
4. Quasi nano b-normal spaces
Definition 4.1: A nano topological space (U,TR(X)) is said to be quasi nano b-normal if for every
pair of disjoint nano 7 -closed subsets A and B of U there exist disjoint nano b-open subsets M and N
of U such that AcM and BCN.
Theorem 4.2: For a nano topological space (U \Th (X)) the following are equivalent:
(1) U is quasi nano b-normal,
(2) For every pair of nano 7 -open subsets M and N of U whose union is U, there exist nano b-
closed subsets G and H of U suchthat G&EM,HcNand G \UWH=U,
(3) For any nano x -closed set A and each nano i -open set B such that ACB, there exists a
nano b-open set M such that A — M < NbCI(M)CB.
(4) For every pair of disjoint nano 7 -closed subsets A and B of U, there exist nano b-open
subsets M and N of U such that Ac M, B& N and NbCI(M) N NbCI(N) = ¢.
Proof: (1) = (2): Let M and N be any nano 7 -open subsets of a quasi nano b-normal space U such
that MU N = U. Then, U\ M and U \ N are nano 7 -closed subsets of U. By quasi nano b-normality
of U, there exist disjoint nano b-open subsets Mland such Nlof UsuchthatU\M cM;and U\N
C Nj.
Let G=U\ My, H=U\ N;. Then G and H are nano b-closed subsets of U such that G&cM and HCN
andG UH=U.
(2) =(3) Let A be a nano 7 -closed set and B be a nano 7 -open set of U such that ACB. Then U\ A
and B are nano 7 -open subsets of U whose union is U. Then by (2), there exist nano b-closed sets G
and Hof UsuchthatG ¢ U\AandH cBand G UH=U.ThenA cU\Gand U\ B c U\H and
(U\G) N (U\H)=¢.LetM=U\GandN=U)\H. Then M and N are disjoint nano b-open sets such
thatA M cU\N cCB.
As U\ N is nano b-closed set, we have NbCI(M) — U\ Nand A —M < NbCI(M) B.
(3)= (4): Let A and B be any two disjoint nano 7 -closed sets of U. Then Ac U \ B where U\ B is
nano 7 -open. Then by (3), there exists a nano b-open set M of U such that A — M < NbCI(M) C U\
B. N = U \ NbC(M). Then N is nano b-open subset of U. Thus, we obtain ACM and B < N and
NbCI(M) N NbCI(N) = ¢.
(4) = (1). It is obvious.
Proposition 4.3: Let f (U, 7,(X))— (V, 7 (Y)) be a function, then:
(i) The image of nano b-open subset under n nano open nano continuous function is nano b-
open.
(i) The inverse image of nano b-open (resp. nano b-closed) subset under a nano open nano
continuous function is nano b-open.
(iii) The image of nano b-closed subset under an nano open and a nano closed nano continuous
surjective function is nano b-closed.
Theorem 4.4: The image of a quasi nano b-normal space under a nano open nano continuous
injective function is quasi nano b-normal.
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Proof: Let U be a quasi nano b-normal space and let f : (U, 7,(X))—>(V,74.(Y)) be a nano open
nano continuous injective function. We have to prove that f(U) is quasi nano b-normal. Let A and B
be two disjoint nano 7 -closed sets in f(U). Since the inverse image of a nano 7 -closed set under a
nhano open , nano continuous function is nano 7 -closed, we have f *(A)and f (B)are disjoint
nano 7 -closed sets in U. Since U is quasi nano b-normal, there exists nano b-open sets M and N of
U such that f*(A) =M, f*(B) =N and MNAN = ¢. Since f is nano open nano continuous
injective function, we have Ac f(M), B f(N) and f(M) " f(N) = ¢ . By the Preposition 4.3, f(M) and
f(N) are disjoint nano b-open sets in f(U) such that A f(M) and B f(N). Hence, f(U) is quasi nano b-
normal space.
Theorem 4.5: For a space (U ' TR (X)), the following are equivalent:
(a) U is quasi nano b-normal.
(b) for any disjoint nano r-closed subsets A and B of U, there exist disjoint nano gb-open
subsets M and N of U such that ACM and BCN.
(c) for any nano x -closed set A and any nano 7 -open set B such that A C B, there exists a
nano gb-open subset M of U such that A — M < NbCI(M) CB.
(d) for any disjoint nano x -closed subsets A and B of U, there exist disjoint nano 7gb -open
subsets M and N of U such that ACcM and BCN.
(e) For every nano 7 -closed set A and every nano 7 -open set B such that A B, there exists a
nano zgb -open subset M of U such that A €M < NbCI(M) <B.
Proof: (a) = (b). Let U be a quasi b-normal space. Let A and B be any disjoint nano 7 -closed subsets
of U. By quasi nano b-normality of U, there exist disjoint nano b-open subsets M and N of U such
that A —Mand B — N. Thus, M and N are disjoint nano gb-open subsets of U such that A —M and B
CN.
(b) = (c). Suppose (b) holds. Let A be a nano 7 -closed and B be a nano 7 -open subset of U such
that ACB. Thus, A and U \ B are disjoint nano 7 -closed subsets of U. By (b), there exists disjoint
nano gh-open subsets M and N of U such that ACM and U \ BC N. By the definition of nano gb-
open sets, we have U \ B& Nbint(N) and M m Nbint(N) = ¢. Therefore, we obtain NbCI(M)M
Nbint(N) = ¢ and hence A =M < NbCI(M) < B.
(c) = (d). Let A and B be any disjoint nano 7 -closed subsets of U. Then Ac U\ B and U\ Bis nano
7 -open and hence there exists a nano gb-open subset G of U such that A G < NbC(G) U\ B.
Since every nano gb-open set is nano 7zgb -open, G is nano 7zgb -open and U \ Nbcl(G) is nano b-
open and so U \ Nbcl(G) is nano 7gb -open. Now put N = U \ Nbcl(G). Then G and N are disjoint nano
7gb -open subsets of U such that ACG and BC N.
(d) = (e) The proof is similar to that of (b) = (c).
(e) = (a) Let A and B be any disjoint nano 7 -closed subsets of U. Then Ac U\ B and U \ B is nano
7 -open and hence there exists a nano 7zgb -open subset G of U such that A G < NbCI(G) c U\
B. Put M = Nbint(G) and N = U \ Nbcl(G). Then M and N are disjoint nano b-open subsets of U such
that AC G and BC N. Therefore, U is quasi nano b-normal.

Definition 4.6: A function f : (U, 7, (X)) — (V,TR.(Y)) is said to be

(a) almost nano continuous (resp. nano rc-continuous) if f_l(F) is a nano closed (resp. nano

closed domain) set in U for each nano closed domain subset F of V.
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(b) almost nano closed (resp. nano rc-preserving) function if f(F) is nano closed (resp. nano
closed domain) set in V for each nano closed domain subset F of U.

(c) weakly nano open if for each nano open subset F of U, f(F) = Nint(f (F))

(d) nano R-map (resp. completely nano continuous) if f’l(F)is nano open domain in U for
every nano open domain (resp. nano open) subset F of V.

(e) nano & -continuous (resp. nano rc-continuous) if f‘l(A) is nano 7 -closed (resp. nano

closed domain) set in U for each nano closed set (resp. nano closed domain) set Ain V.
(f) almost nano b-irresolute if for each u in U and each nano b-neighbourhood N of f(u) in V,

Nb—cl(f ™ (N))is a nano b-neighbourhood of u in U.

(g) nano Mb-closed (nano Mb-open), if f(A) is nano b-closed (resp. nano b-open) set in V for
each nano b-closed (resp. nano b-open) set A in U.

Lemma 4.7: If a function f :(U,75(X))—(V,7x(Y)) is weakly nano open nano continuous

function, then f is nano Mb-open and nano R-map.

Definition 4.8: A function f :(U,TR(X))—)(V,TR.(Y)) is almost nano 7zgb -closed if for each
nano regular closed subset F of U, f(F) is nano zgb -closed subset of V.

Proposition 4.9: A surjection f : (U : z'R(X))—> (V,TR.(Y)) is almost nano 7zgb -closed if and only
if for each subset G of V and each M e NRO(U) containing f *(G), there exists a nano 7gh -open
subset N of V suchthat G&ENand f *(N) =M.

Proof: Necessity. Suppose that f is almost nano zgb -closed. Let G be a subset of V and M € NRO(U)
containing f (G). If N =V \ f(U \ M), then N is a nano 7gb -open set of V such that GEN and
f1(N) cm.

Sufficiency. Let F be any nano regular closed set of U. Then U \ Fe NRO(U) and
f (v \ f(F)) CU\F. There exists a nano zgh -open set N of V such that V\ f(F) cNand f *(N)
C U\ F. Therefore, we have V\ N cf(F)and F = f (V \ N). Hence we obtain f(F) =V \ N and f(F)
is nano 7zgb -closed in V. This shows that f is almost nano zgb -closed.

Theorem 4.10: If f :(U,7,(X))— (V,7(Y)) be a nano continuous, almost nano zgh -closed

surjection. If U is nano normal, then V is quasi nano b-normal.
Proof: Let A and B be any disjoint nano 7z -closed subsets of V. Since f is nano continuous

f *(A)and f '(B)are disjoint nano closed subsets of U. By the normality of U, there exist disjoint
nano open subsets M and N of U such that f *(A) cMand f *(B) <N. Put G = Nint(Ncl(M)) and
H = Nint(Ncl(N)). Then G and H are disjoint nano regular open subsets of U such that f "(A) =G
and f(B) cH. By Proposition 4.3, there exists nano 77gh -open subsets K and L of V such that A
cKandB cL, f*(K) < Gand f (L) cH.Since G MH = ¢and fis surjective, KNL= ¢. It
follows from Theorem 4.5 (d) that V is quasi nano b-normal.
Theorem 4.11: If T :(U,7,(X))— (V,7x(Y)) be a nano 7 -irresolute, almost nano g -closed

surjection. If U is quasi nano normal, then V is quasi nano b-normal.
Proof: Let A and B be any disjoint nano 7 -closed subsets of V. Since f is nano 7 -irresolute

f *(A)and f *(B)are disjoint nano 7 -closed subsets of U. By the quasi-normality of U, there
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exist disjoint nano open subsets M and N of U such that f *(A) cMand f (B) <N.Put G =
Nint(Ncl(M)) and H = Nint(Ncl(N)). Then f *(A) cMcG, f *(B) cNcCH,G NH= ¢ and

G and H are disjoint nano regular open subsets of U. Since f is almost nano zgb -closed, by
Proposition 4.3, there exists nano 7zgb -open subsets K and L of V such that A —K and B L,
f (K) < Gand f (L) cH.SinceG NH= ¢ and fis surjective we have, K ML= ¢. Hence Vis
quasi nano b-normal.

Theorem 4.12: Let f : X = Y be a n-irresolute pre nigb-closed surjection. If X is quasi-b-normal, then Y
is quasi-b-normal.

Proof: Let P, and P, be any disjoint nano closed sets of V. Since fis nano r -irresolute, f _1(Pl) and
f 7(P,) are disjoint nano 7 -closed sets of U. Since U is quasi nano b-normal, there exist disjoint
My, M, € NBO(U) such that f *(P) cM;fori= 1, 2. Put N; = V- f(U-M;), then N; is nano mgb-open in
V, P, ©N; and f_l(Ni) CM;fori=1,2.Since MiN\M, = ¢ and f is surjective; we have NN, =
¢@ . This shows that V is quasi nano b-normal.

Theorem 4.13: Let f : X = Y be a nano ni-closed, nano pre nigs-continuous injection. If V is quasi nano
-b-normal, then U is quasi nano-b-normal.

Proof: Let Q; and Q, be any disjoint nano 7 -closed sets of U. Since f is nano 7 -closed injection,
f(Qi)and f(Q,) are disjoint nano 7 -closed sets of V. Since V is quasi nano b-normal, there exist

disjoint Ny, N, € NBO(V) such that f(Q) c N; for i = 1, 2. Since f is nano pre mgh continuous f *(N,)
and f(N,)are nano mgb -open sets of U and @, f *(N,)for i = 1,2. Now put M; = Nb-
int(f (N,))fori=1, 2. Then M; € NBO(U), Q; M, and M; M, = ¢. This shows that U is nano
gb-normal.

Theorem 4.14: If f : (U , rR(X))—> (V,TR.(Y)) is a nano Mb-open nano rc-continuous and almost

nano b-irresolute function from a quasi nano b-normal space onto a space V, then V is quasi nano b-
normal.
Proof: Let A be nano 7 -closed and B be a nano 7 -open subsets of V such that AC B. Then by nano

rc-continuity of f, f (A)is nano 7 -closed and f *(B)is nano 7 -open subsets of U such that
f (A) < f(B). Since U is quasi nano b-normal, then by the Theorem 4.2, there exists a nano b-

open subset N of U such that f (A) cNcNbcl(N) < f (B). Since f is nano Mb-open and an

almost nano b-irresolute surjection, it follows that f(N) is nano b-open subset of V and ACf(N)
 Nbcl(f(N)) < B. Hence by Theorem 4.2, V is quasi nano b-normal.

Theorem 4.15: If :(U,75(X))— (V, 7o (Y)) is a nano weakly nano open nano 7 -continuous

almost nano b-irresolute surjection and U is quasi nano b-normal, then V is quasi nano b-normal.
Proof: Let A be nano 7 -closed and B be a nano 7 -open subsets of V such that Ac B. Then by nano

7 -continuity of f we have, f *(A) isnano 7z -closed and f *(B)is nano 7 -open subsets of U such
that f (A) < f (B). Since U is quasi nano b-normal, then by the Theorem 4.2, there exists a
nano b-open subset M of U such that f*(A)cMcNbc(M) < f(B). Then
f(f *(A) cf(M)c f(Nbcl(M)) < f(f (B)). Since f is a weakly nano open nano continuous and

an almost nano b-irresolute surjection, then by the Lemma 4.7, we have f is nano Mb-open and nano
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R-map. Thus we have, f(M) is a nano b-open subset of V such that ACf(N) < Nbcl(f(N)) < B. Hence

by Theorem 4.2, V is quasi nano b-normal.
Theorem 4.16: Let f : U = V be an almost nano continuous, nano regular ngb-closed surjection. If U
is nano b-normal, then V is quasi nano-b-normal.

Proof: Let A and B be disjoint nano m-closed subsets of V. Since f is almost nano continuous, f (A)
and f*(B) are disjoint nano closed subsets of U. By the nano b-normality of U, there exist disjoint
nano b-open sets M and N such that f *(A) < M and f (B) < N. Put G = NbCI(M) and H =
NbCI(N). Then f*(A)cMcG, f*(B)c Nc H GnH=¢ and G, He NBR(U). Since f is nano
regular nigb-closed, there exist nano ngb-open sets K and Lsuch that Ac K,Bc L, f _1(K) cGand

f (L) < H. Therefore, K n L =¢. This shows that V is quasi nano-b-normal.

The following Theorem can be proved easily by using arguments similar to those in the
Theorem 4.14 and Theorem 4.15.
Theorem 4.17: The following statements are true:

(@) If f:(U,75(X))—(V,7x(Y)) is nano re-continuous, nano Mb-closed map from a quasi
nano b-normal space U onto a space V, then V is quasi nano b-normal.
(b) If f: (U,TR(X))—) (V,TR, (Y)) is nano R-map nano pre gb-closed surjection and U is
quasi nano b-normal, then V is quasi nano b-normal.
(c) If f: (U,TR(X))—) (V,TR.(Y)) is completely nano continuous nano pre gb-closed
surjection and U is quasi nano b-normal, then V is nano b-normal.
(d) If f :(U,TR(X))—)(V,TR.(Y)) is almost nano continuous nano pre gb-closed surjection
and U is nano b-normal, then V is quasi nano b-normal.
(e) If f :(U,TR(X))—>(V,2'R.(Y)) is nano 7 -continuous weakly nano open nano pre gb-
closed surjection and U is quasi nano b-normal, then V is nano b-normal.
(f 1f f :(U,TR(X))—>(V,IR,(Y)) is nano pre-gb continuous nano rc-preserving injection
and V is quasi nano b-normal, then U is quasi nano b-normal.
(g) If f I(U,TR(X))—)(V,TR.(Y)) is nano pre-gb continuous almost nano closed injection
and V is nano b-normal, then V is quasi nano b-normal.
5. Characterizations of nano 7D -normality and preservation theorems
Definition 5.1: A nano topological space (U , TR(X)) is said to be nano 70 -normal if for any pair of
disjoint nano closed sets A and B of U, one of which is nano 7 -closed, there exist disjoint nano b-
open sets M and N of U such that ACM and BCN.
Theorem 5.2: For a nano topological space (U ' TR (X )) the following are equivalent:
(1) Uisnano 7zb -normal,
(2) For every pair of nano open sets M and N, one of which is nano 7 -open, whose union is U,
there exist nano b-closed sets G and H suchthat G&EM,HCNand G WH=U,
(3) For every nano closed set A and every nano 7z -open set B such that AC B, there exists a
nano b-open set N such that A N < NbCI(M)CB.
Proof: (1) = (2): Let M and N be a pair of nano open sets in a nano 70 -normal space U such that N
is nano 7z -open and MU N = U. Then, U\ M, U\ N are nano closed sets in U such that
U\ Nis nano 7 -closed and (U\ M) N (U\N) = ¢. Since U is nano 7D -normal there exist nano b-

opensets M,and N;suchthatU\M cM;and U\ N CN;.
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Let G=U\ M, H=U\ N;. Then G and H are nano b-closed sets of U such that G&M and HcN and
GUH=U.

(2) = (3) Let A be a nano closed set and B be a nano 7 -open set of U such that AC B. Then

A N (U\B)=¢.Thus, (U\A) UB=U, where U\ Ais nano open. Then by (2), there exist nano b-
closed sets G and H of U suchthat G € U\ AandH B and G \UH = U. Thus we obtain that A c U\
Gand U\ B < U\H. Let N=U\ G then N is nano b-open set of U. Therefore we have A N C
NbCI(M) c B.

(3)= (1): Let A and B be any disjoint nano closed sets of U such that B is nano 7 -closed. Since
ANB=¢,then AcU\BandU\Bisnano x-open. Then by (3), there exists a nano b-open set N of
U such that A © N < NbCI(N) c U\ B. PutG=NandH=U\NbCI(N). Then

G and H are disjoint nano b-open subsets of U such that AcG and B < H. Hence U is nano 7 -
normal.

Theorem 5.3: The image of a nano 7D -normal space under an nano open nano continuous injective
function is nano 7b -normal.

Proof: Let U be a nano 7zb -normal space and let f :(U,z,(X))—(V,7x(Y)) be a nano open
nano continuous injective function. We need to show that f(U) is nano 7b -normal. Let A and B be
two disjoint nano closed sets in f(U) such that A is nano 7 -closed. Then f *(A)and f *(B)are
disjoint nano closed sets in U such that f *(A)is nano 7 -closed. Since U is nano 7 -normal, there
exists nano b-open sets M and N such that f *(A) =M, f*(B) cNand MAN = ¢. Since fis
nano open nano continuous injective function, we have Acf(M), B f(N) and f(M) N f(N) = ¢. By
the Preposition 4.3, f(M) and f(N) are disjoint nano b-open sets in f(U) such that Acf(M) and
B f(N). Hence, f(U) is nano 7 -normal space.

Theorem 5.4: If f:(U,75(X))—(V,7o(Y)) is a nano continuous nano Mb-open nano rc-

continuous and almost nano b-irresolute surjection from a nano 7b -normal space U onto a space V,
then Vis nano 70 -normal.
Proof: Let A be a nano closed subset of V and B be a nano i -open subset of V such that A —B. By

nano continuity and nano rc-continuity of f, we obtain that f *(A)is nano closed in U and
f (B)is nano 7 -open in U such that f *(A) < f*(B). Since U is nano 7zb -normal, then by
the Theorem 5.2, there exists a nano b-open set M of U such that f '(A) =M cNbcl(M) <
f(B). Then f(f*(A)) < f(M) cf(Nbcl(M)) < f(f *(B)). Since f is nano Mb-open almost
nano b-irresolute surjection, we obtain that A —f(M) < NbCI(f(M)) = B and f(M) is nano b-open set
in V. Hence by Theorem 5.2, V is hano 70 -normal.

Theorem 5.5: If f : (U, 7, (X))—(V,74(Y)) is a nano Mb-open nano 7 -continuous almost nano

b-irresolute function from a nano 70 -normal space U onto a space V, then V is nano 7b -normal.
Proof: Let A be a nano closed subset of V and B be a nano 7 -open subset of V such that A —B. By

nano 7 -continuity of f, we obtain that f '(A)is nano 7 -closed(hence nano closed) in U and
f *(B)is nano 7 -open in U such that f *(A) < f *(B). Since U is nano 70 -normal, there
exists a nano b-open set M of U such that f *(A) <M <NbCI(M) < f *(B). Since fis nano Mb-

open and almost nano b-irresolute surjection, then A —f(M) < NbCIf((M)) B and f(M) is nano b-
open set in V. Hence by Theorem 5.2, V is nano 70 -normal.
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Theorem 5.6: If f:(U,7,(X))—(V,7x(Y)) is a nano Mb-closed nano 7 -continuous function

from a nano 7D -normal space U onto a space V, then V is nano 7b -normal.
Proof is similar to the Theorem 5.5.

Theorem 5.7: If f: (U,TR(X))—> (V,TR. (Y)) is a nano closed nano 7 -continuous surjection and
U is nano  -normal, then V is nano 7b -normal.

Proof: Let A and B be disjoint nano closed sets in V such that A is nano 7 -closed. Then f 71(A) and
fﬁl(B) are disjoint nano 7 -closed sets of U by nano 7 -continuity of f. Since U is hano 7 -normal,

there exist disjoint nano open sets M and N such that f *(A) cM and f *(B) cN. By Theorem
6[17], there are disjoint nano « - open sets G and H in V such that AcC G and B H. Since every nano
o -open set is nano b-open, G and H are disjoint nano b-open sets containing A and B respectively.
Therefore, V is nano 7b -normal.

Theorem 5.8: If f Z(U,TR(X))—> (V,TR.(Y)) is a nano closed nano 7 -continuous surjection and
U is nano 7 -normal, then V is nano 70 -normal.

Proof: Let A be disjoint nano closed sets in V such that A is nano 7 -closed. By nano i -continuity of

f, f (A) and f *(B)are disjoint nano 7 -closed sets of U. Since U is nano 7 -normal, there exists

disjoint nano open sets M and N of U such that f *(A) <M and f*(B) <N. By the Proposition

4.3, there are disjoint nano « -open sets G and H in V such that AC G and B H. Since every nano

a -open set is nano b-open, then G and H are disjoint nano b-open sets containing A and B,

respectively. Therefore, V is nano 7b -normal.

Theorem 5.9: If f:(U,z,(X))—(V,7(Y)) is a nano 7 -continuous, weakly nano open nano

pre gb-closed surjection and U is quasi nano b-normal, then V is nano 70 -normal.

Proof: Let A and B be any disjoint nano closed subsets of V such that A is nano 7 -closed. Since f is

nano 7 -continuous surjection, then f *(A)and f (B)are disjoint nano 7 -closed subsets of U.

Since U is quasi nano b-normal, then there exist disjoint nano b-open subsets M and N of U such that

f *(A) cMand f*(B) cN. Since fis a weakly nano open nano continuous surjection, then by

the Lemma 4.7, we have f is nano Mb-open and nano R-map. Thus, f(M) and f(N) are disjoint nano b-

open subsets of V such that A f(M) and B f(N). Hence, V is nano 70 -normal.
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