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1.INTRODUCTION

The concept of a 8-open set was introduced by VeliCKo[5].We have established the
arbitrary union and finite intersection property of 8-open sets. Clay and Joseph [3] introduced the
notion of B-connectivity as generalization of ordinary connectivity and established some properties
of 6- connectedness. Ganguly and Bandayopadhayay [2] defined an H-continuum as a generalization
of continuum by using a generalized concept of compactness called H-closedness. Sums of
topological spaces were studied by Majumdar and Asaduzzaman [4]. We show that connectivity

implies B-connectivity and then Sg— counnectivity. Here it has been shown that the sums of two B-

connected spaces is 0-connected. A compact set is also Sg-compact. We have also proved that if X

and Y are H-continua, then so is XxY, if moreover XNY #® then XNY and X+Y (when it exists) are
H-continua too. We have shown that none of a subspace, a continuous image, and an open image of
an H-continuum need be an H-continuum; however the image of an H-continuum under a map
which is both continuous and open is an H-continuum. In particular, every identification space of an
H-continuum is an H-continuum.

216



MALLIKA MITRA, SUBRATA MAJUMDAR Bull.Math.&Stat.Res

2.3,-Topology.

In this section we shall prove that the 8-open sets in a topological space (X, J) form a
topology 3, on X. We shall also prove a few results on (X, 5,).
Let X be a topological space. We recall [1] that for a subset A of X the 8-closure of A, written clg (A),

is defined as clg (A)= {XEX | V open sets G in X with x€ G, 6 NA= @}
A is said to be B-closed if A=clg (A).A is called 8-open if X-A is 6-closed. Thus, A is 8-open <
[V xEX |(V open sets G in X with x€ G, G N(X-A)= &)= xe X —Al.

Lemma 2.1: Union of 8-open sets is 8-open.
Proof:

Let {V,}be a non-empty collection of@-open sets in X.Let W, be an open set in X with xEW such that
W, N(X- UVy)# ... (1)
o

Then W, N(X- U Vy)# @ and so, N (W, N(X- UVy) % @.
Hence, V\TOO(X- U V)%= O

Thus xEWO&VV0 N(X-V,)#= @, for each a.

By Lemma-2.1 x¢ V,, for each q, since each V. is 8-open.
Therefore x & U V4 and so, (1) implies that U V, is 8-open in X.
o a

Lemma-2.2: The intersection of a finite number of 8-open sets is 8-open.
Proof:

Let V4, V,,...,V, be B-open sets in X.

Then let x€X and W be an open set in X with x€W and

Wn(X=(VinV, n.NnV,)* ©
N n
=>W n((X-Vv))# ©
i=1
=W n (X-V;)# Dforatleastonel <i<n
—>x¢V,;foratleastone 1l <i < n[since V1,V2 ,,_,,Vn are B-open in X]
=xEVinV, Nn.NV,

=V, NV, NN Vn is 8-open in X.

Since obviously both X and @ are 8-closed, both are 8-open as well. Lemma 2.1 & Lemma 2.2
therefore yield:
Theorem 2.1: The 8-open sets in X form a topology on X.

If J is atopology on X, we denote by 3, the topology on X consisting of thef-open sets.

~

Theorem-2.2: 3, 3
Proof:

Let A be a subsets of X.

Then, AC K Cclg A.

Hence, A is B-closed = clg A=A
= A=A

= Ais closed.
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Hence, V € 3, = X-V is B-closed

= X-Vis closed
=>VEST .

Remark 2.1: It is easily seen that if X and Y are two topological spaces and GC X, HCY, then Gx H
=GxH
Theorem-2.3: Product of two B-closed sets in two different topological spaces is 6-closed in their

product space.
Proof:

Let (X, J,) and (X, 3,) be two Hausdorff spaces and let A and B be two 8-closed subsets of X and Y

respectively.
Since A and B are B-closed A=clg A, B=clg A,

i.e., A={x € X|Vopensets Gin Xwithx € G,E NA+ O}

andB={y € Y|VopensetsHinY withy € H,ﬁ NB=+ @}

Let (x, y) Eclg (AX B). Then (x, y) € XXY is such that for each open set W in XXY with (x, y) EW, W
N(AX B) # @. In particular, for each open sets G in X with x€ G and for each open set H in Y such

that (x, y) € GX H and GxH N(AXB) # @, i.e., (GxH)N(Ax B) # ® by Remark 2.1. (2)
implies, (x, y) € AX B. So, AX B=clg (AX B),i.e., AX Bis 6-closed.

Corollary -2.1: Product of two 8-open subsets in two different topological spaces is 8-open in their
product space.

Proof:

Let (X, J;) and (X, J,) be two topological spaces and let A and B be two 8-open subsets of X and Y

respectively. Then X-A and Y-B are O-closed in X and Y respectively. Now (XXY)-(AX B)=[(X-
A) XY] U[XX(Y-B)].

Since X-A and Yare 6-closed,(X-A) XY is 6-closed. Similarly, XX (Y-B) is also 8-closed.

Hence, (AX B) is 8-open in XXY.

Corollary-2.2: If I and 3 denote the product topologies on (X, 3 ) x(Y, 32) and (X, 35) X(Y,37)
respectively then I < 3 ¢ or briefly, (3 x32) (3% 32,

Defination-2.1. 3 ,-compactness

We call a subset A of X J,-compact (3, -connected) if A is compact (connected) in (X, 3, ).

Since 3, € J, X is compact =X is J,-compact.

3.0- connectedness
We recollect the definition of 8- connectedness defined in [2].

A pair (P, Q) of non-empty subsets of X is called B-separation [2] relative to X if (P cl, Q)
u(@Qncl,P)=0.

A subset A of X is called B-connected [2] if A # P U Q, where (P, Q) is a 6-separation relative to X.
Here we prove some results on 8-connectedness and J,-connectedness.

Theorem-3.1: X is connected => X is 8-connected =X is 3 ,-connected.
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Proof:
Suppose X is connected. If possible, let X be 6-disconnected. Then X = PUQ, where P, Q are non-

empty and Pncl, Q=@ . Clearly PNQ = .
Letx € P.Thenx ¢ C|9 Q, and so, there exists an open set G in X such that x € G and Qné =@ . Then

(_3 C X-Q=P and so G P. Hence P is open.
Similarly, we can show that Q is open. Therefore X is disconnected. The contradiction proves that X is
B-connected.

Next let X be B-connected. Suppose X is not J,-connected. Then, X = PUQ for disjoint non-empty 6-
open sets P and Q. Since X is B-connected, either PNcl, Q= ®orancl,P = . i.e, either cl,Qz
X-P=Qor cl, Pz X-Q=P

i.e., either Q is not 6-closed or P is not B-closed.

But this is a contradiction to the hypothesis. Hence X is J,-connected.

Comment 3.1: While connectedness implies 8-connectedness, the converse is not true. This was
proved by Clay and Joseph [3]. They provided an example of a 8-connected space which is not
connected. Regularity of a space of course compels the two properties to coincide. We give below
the above —mentioned example of a 6-connected space which is not connected.
Example ([3], p. 270).
Let | be the unit interval [0, 1] and Y=Ix {0} and let X=IxI with the topology generated by the
following base for the open sets:

(1) The relative open sets from the plane X-Y
and (2) for x€Y, sets of the form (VN( X-Y)) U{x}where V is open in the plane with xEV.
Y is discrete in the relative topology from X and hence Y is not connected.
Suppose that (P, Q) is a B-separation relative to X and that Y=PUQ. Choose (r, 0) €P without loss of
generality, assume that there is an s€ | with r<s and (s, 0) €Q. Let ¢ = sup {r€ l:r<s and (r, 0) € P}.
We see easily that (c, 0) € C|9 Q, we obtain a contradiction and Y is 8-connected relative to X.
Majumdar & Asaduzzaman [4] defined sum of two topological space. Let X and Y be two topological
spaces with topologies 3, and J, respectively. Let either XNY be empty or be a subspace of both X
and Y. Then X and Y are said to be compatible with each other and XUY made into a topological
space by imposing on it the topology 3 generated by 3, U3, is called the sum of X and Y. We
denote it by X+Y.
Our next result is about 6-connectivity of the sum of two spaces when it exits.
Theorem-3.2: Sum of two 6-connected spaces is also 6-connected.
Proof:
Let X and Y be two 6-connected spaces. If possible suppose X+Y is not 6-connected. Then there exists
two non-empty subsets P, Q of X+Y such that X+Y=PUQ with

PN Cl,Q=@ oot (a)

ancl,P=@ ...ccc....(B)

Let P,=PNX, Q;=QNX............ (1)
P,=PNY, Q,=QNY........... (2)

Then X=P1UQ11 Y=P2UQ2.
Since X and Y are 6-connected,
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(i) P.n cl,Q# ® orq,n cl, P, ©
(ii) P,ncl,Q, # ® orQ,n cl, P, @
Now PN cl, Q= (P,UP,) N cl, (Q;UQ,)
= (P,UP,) N (cl, Quu cl, Q,)
=(P,ncl,a)u (P, ncl,a)upP,ncl,a)u P, ncl,Q,)

By (a)(P1n ¢l, Q)= and (P, n cl, Q)=
So from (i) and (ii)

Qin cl,P;# ®and Q,n cl, P,# ®

Hence, Qn cl,P=(q;n cl,P;))u (Q, ncl,P,) u(Q,n cl,Py) u(Q,n cl,P,) # O, by (4).
This contradicts (B).

Hence, X+Y is B-connected.

4. H-continuum

Velicko [5] defined a spaceX to beH-closed if every open cover {V , } of X has a finite sub collection V

oV SUchthat Vo u..UV =X

Ganguly and Bandyopadhyaya [2] defined and studied H-continua. AnH-continuum is a topological
space which is both connected and H-closed.

As for compact spaces, we have

Theorem-4.1: The product of two H-closed spaces is H-closed.

Proof:

Let X and Y be two H-closed spaces and W be an open cover of XXY. Without loss of generality we

may assume that each member of W is of the form W ,=U XV ; where U, and V ; are open sets
in X and Y respectively. Then {U , } is an open cover of X and {Vﬁ }is an open cover of Y. Since X and

Y are H-closed, there exist {U U, tand{v, v, .., V, }such that U_wlu...uUarn = X and

e
n

QE— [— m —

Vﬂ1 u...uVﬁn =Y. Then UW o B, =XXY. So, XXY is an H-closed space.

i=1
j=1

It is known that if both X and Y are Hausdorff or connected then XXY too is Hausdorffor connected
respectively. We therefore have from Theorem-4.1:

Theorem-4.2: Product of two H-continua spaces is also H-continuum.

Majumdar and Asaduzzaman have established the fact that connectivity of each compatible spaces X
and Y implies the same of X+Y iff XN"Y+= @.

Lemma-4.1: If X and Y are compatible H-closed spaces then X+Y is H-closed.

Proof:

Let {W,} be an open cover ofX+Y. Then each W,=U , UV, for some U, V open in X and Y

respectively. Then {U , } and {V , } are open covers of X and Y respectively. Since X and Y are closed,

x=U o Y u vy e U u . and Y=V UV 5, D IV for some ., &y Briens By -

Bn
Then X+Y= W o e UWOW UL UW . Hence X+Y is H-closed.

So we have,
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Theorem-4.3: If X and Y are H-continua, then X+Y will be an H-continuum iff XnNY= ©.

Comment: A subspace of an H-continuum space need not be so. For [0, 1] is an H-continuum, but
the subspace {0, 1} is not H-continuum as it is not connected. The property of being an H-continuum
does not hold for intersection. If C= {(x, y)| x>+y*=1}, C;={(x, y) €C |x <0 }and C, = {(x, y) EC [x =0
}, then C;NC,={(0, 1), (0, -1)} is not H-continuum as it is not connected.

Theorem-4.4: Let X be an H-continuum and Y a topological space and let f : X—=Y be both continuous
and open. Then f(X) is an H-continuum.

Proof:

X is an H-continuum and so, X is H-closed,Hausdorff and connected. Let {V,}be an open cover off(X).

Since f is continuous, {f ~1(V4)} is an open cover of X. As X is H-closed, there exist {f‘l(v(,1 )yerf (Vg

) } such that f'l(\/al)u...uf'l(\/an)=x. So, V_%U---U\T,n = f(X). Thus f(X) is H-closed. As f is

continuous, f(X) is connected. Hence f(X) is an H-continuum.

Comments: If fis only open or only continuous, then f(X) need not be an H-continuum.

For, if (X, J) is a continuum and X has at least two elements and f : (X, 3) — (X, D) is the identity

map on X where D is the discrete topology, then fis open but f(X) is not an H-continuum because it

is disconnected.

If for the above continuum (X, I ), f: (X, J) = (X, I o)is the identity map on X where 3 ; denotes the

indiscrete topology, then f is continuous, but f(X)=X is not an H-continuum since f(X) is not

Hausdorff.

(1) If X is an H-continuum and R an equivalence relation on X, then the identification space X/R

is an H-continuum as the projection map X — X/R is onto and both continuous and open.
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