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INTRODUCTION

After the introduction of fuzzy sets by L.A.Zadeh[16], several researchers explored on the
generalization of the concept of fuzzy sets. The concept of intuitionistic fuzzy subset was introduced
by K.T.Atanassov[4, 5], as a generalization of the notion of fuzzy set. Azriel Rosenfeld[6] defined the
fuzzy groups. Asok Kumer Ray[3] defined a product of fuzzy subgroups. The notion of
homomorphism and anti-homomorphism of fuzzy and anti-fuzzy ideal of a ring was introduced by
N.Palaniappan & K.Arjunan [13, 14]. In this paper, we introduce the some Theorems in (T, S)-
intuitionistic fuzzy normal subnearring of a nearring.

1.PRELIMINARIES:

1.1 Definition: A (T, S)-norm is a binary operations T: [0, 1]x[0, 1] — [0, 1] and S: [0, 1]x[0, 1] — [O,
1] satisfying the following requirements;

(i) T(0,x)=0,T(1, x) = x (boundary condition)

(i) T(x,y)=T(y, x) (commutativity)

(iii) T(x, T(y, z) )= T ( T(x,y), z )(associativity)

(iv) if x<yandw <z thenT(x, w)<T (y, z )( monotonicity).

(v) S(0, x) =x,S (1, x) =1 (boundary condition)

(vi) S(x,y)=S(y, x )(commutativity)

(vii) S (x, S(y, z) )=S ( S(x, y), z ) (associativity)

(viii)ifx<yand w <z thenS (x, w) <S (y, z )( monotonicity).
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1.2 Definition: Let ( R, +, . ) be a nearring. A fuzzy subset A of R is said to be a T-fuzzy

subnearring (fuzzy subnearring with respect to T-norm) of R if it satisfies the following

conditions:

(1) pa(x=y) = T(pa(x), paly) )

(i) pa(xy) = T(pa(x), pa(y) ) forall xand y in R.

1.3 Definition: Let (R, +, .) be a nearring. An intuitionistic fuzzy subset A of R is said to be an

(T, S)-intuitionistic fuzzy subnearring ( intuitionistic fuzzy subnearring with respect to (T, S)-

norm ) of R if it satisfies the following conditions:

(i) palx=y) 2T (palx), paly) )

(i) palxy) 2T (pa(x), paly) )

(i) valx —y) <S (va(x), valy) )

(iv) va(xy) £ S (va(x), valy) ) forall xand y in R.

1.4 Definition: Let A and B be intuitionistic fuzzy subsets of sets G and H, respectively. The

product of A and B, denoted by AxB, is defined as AxB = {{(X, ¥), taxs(X, ¥), Vaxa(X, y) ) / for all x

inGandyinH}, where paas(x, y) =min { pa(x), pely) }and va.e(x, y) = max{ va(x), ve(y) }.

1.5 Definition: Let A be an intuitionistic fuzzy subset in a set S, the strongest intuitionistic fuzzy

relation on S, that is an intuitionistic fuzzy relation on Ais V given by py(x, y) = min{ pa(x), naly) }

and vy(x, y) = max{ va(x), valy) }, forall xand y in S.

1.6 Definition: Let (R, +,.) and (R', +,.) be any two nearrings. Let f : R > R' be any function

and A be an (T, S)-intuitionistic fuzzy subnearring in R, V be an (T, S)-intuitionistic fuzzy

subnearring in f(R)=R', defined by py(y) = SUP ka(x) and wyly) = INf Vvalx), forallxin R and
xefL(y) xet(y)

yinR'. Then A is called a preimage of V under f and is denoted by f (V).

1.7 Definition: Let ( R, +, . ) be a nearring. An (T, S)-intuitionistic fuzzy subnearring A of R is said

to be an (T, S)-intuitionistic fuzzy normal subnearring of R if it satisfies the following conditions:

(i) pa(x+y) = paly+x)

(ii) pa(xy) = palyx)

(i) va(x+y) = valy+x)

(iv) va(xy) = va(yx) for all xand y in R.

2. PROPERTIES:

2.1 Theorem: Intersection of any two (T, S)-intuitionistic fuzzy subnearrings of a nearring R is a

(T, S)-intuitionistic fuzzy subnearring of a nearring R.

2.2 Theorem: The intersection of a family of (T, S)-intuitionistic fuzzy subnearrings of nearring R

is an (T, S)-intuitionistic fuzzy subnearring of a nearring R.

2.3 Theorem: If A and B are any two (T, S)-intuitionistic fuzzy subnearrings of the nearrings R;

and R, respectively, then AxB is an (T, S)-intuitionistic fuzzy subnearring of R;xR,.

2.4 Theorem: Let A be an intuitionistic fuzzy subset of a nearring R and V be the strongest

intuitionistic fuzzy relation of R. Then A is an (T, S)-intuitionistic fuzzy subnearring of R if and

only if Vis an (T, S)-intuitionistic fuzzy subnearring of RxR.

2.5 Theorem: Let A be an (T, S)-intuitionistic fuzzy subnearring of a nearring H and f is an

isomorphism from a nearring R onto H. Then A°f is an (T, S)-intuitionistic fuzzy subnearring of R.

2.6 Theorem: Let A be an (T, S)-intuitionistic fuzzy subnearring of a nearring H and f is an anti-

isomorphism from a nearring R onto H. Then A°f is an (T, S)-intuitionistic fuzzy subnearring of R.

2.7 Theorem: Let (R, +,.) and (R', +, .) be any two nearrings. The homomorphic image of an (T,

S)-intuitionistic fuzzy subnearring of R is an (T, S)-intuitionistic fuzzy subnearring of R'.
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2.8 Theorem: Let (R, +,.) and (R, +, . ) be any two nearrings. The homomorphic preimage of
an (T, S)-intuitionistic fuzzy subnearring of R' is a (T, S)-intuitionistic fuzzy subnearring of R.

2.9 Theorem: Let ( R,+, . ) and (R', +, . ) be any two nearrings. The anti-homomorphic image of
an (T, S)-intuitionistic fuzzy subnearring of R is an (T, S)-intuitionistic fuzzy subnearring of R'.
2.10 Theorem: Let (R, +, . )and (R', +, . ) be any two nearrings. The anti-homomorphic
preimage of an (T, S)-intuitionistic fuzzy subnearring of R' is an (T, S)-intuitionistic fuzzy
subnearring of R.

2.11 Theorem: Let ( R, +, . ) be a nearring. If A and B are two (T, S)-intuitionistic fuzzy normal
subnearrings of R, then AnB is an (T, S)-intuitionistic fuzzy normal subnearring of R.

Proof: Let x and yeR. Let A = { { X, ua(x), va(x) ) / xeR } and B = { { x, us(x), va(x) ) / x€R } be an
(T, S)-intuitionistic fuzzy normal subnearrings of a nearring R. Let C = AnB and C = { { x, uc(x),
ve(x) ) / xeR }, where pc(x) = min{ua(x), us(x) } and v¢(x) = max{va(x), va(x) }. Then clearly Cis an
(T, S)-intuitionistic fuzzy subnearring of a nearring R, since A and B are two (T, S)-intuitionistic
fuzzy subnearrings of a nearring R. And pc(x+y) = min { pa(x+y), pe(x+y) }= min {ualy+x),
us(y+x)}= ucly+x) for all x and y in R. Therefore pc(x+y) = pc(y+x) for all x and y in R. Also pc(xy) =
min { pa(xy), te(xy) }= min {ua(yx), ps(yx) }= pc(yx) for all x and y in R. Therefore pc(xy) = pc(yx)
for all x and y in R. And vc(x+y) = max { va(x+y), ve(x+y) } = max {va(y+x), ve(y+x) }= vc(y+x) for all
x and y in R. Therefore v¢(x+y) = v¢(y+x) for all x and y in R. Also v¢(xy) = max {va(xy), vs(xy)} =
max {va(yx), va(yx)}= velyx) for all x and y in R. Therefore vc(xy) = vc(yx) for all x and y in R.
Hence AnB is an (T, S)-intuitionistic fuzzy normal subnearring of the nearring R.

2.12 Theorem: Let ( R, +, . ) be a nearring. The intersection of a family of (T, S)-intuitionistic
fuzzy normal subnearrings of R is an (T, S)-intuitionistic fuzzy normal subnearring of the
nearring R.

Proof: It is trivial.

2.13 Theorem: Let A and B be (T, S)-intuitionistic fuzzy subnearring of the nearrings G and H,
respectively. If A and B are (T, S)-intuitionistic fuzzy normal subnearrings, then AxB is an (T, S)-
intuitionistic fuzzy normal subnearring of GxH.

Proof: Let A and B be (T, S)-intuitionistic fuzzy normal subnearrings of the nearrings G and H
respectively. Clearly AxB is an (T, S)-intuitionistic fuzzy subnearring of GxH. Let x; and x, be in
G, y1andy, be in H. Then (xy, y1) and (x,, y,) are in GxH. Now piaxs[(x1, y1)+(X2, Y2)] = taxe( Xi+X2,
yityz) = min{ua(xatxz), pe( yity2) 1= min {ua(xatxi), psly2tyi)l= pae(etxs, yatys) = Hasl(X2
Y2)+(x1, y1)]. Therefore pasel(X1, y1)+(x2, V2)] = paxel (X2, Y2)+(x1, y1) 1. And pacsl (X1, y1)(xa, ¥2) | =
Haxe( X1X, YY) = min{ua(xixz), pa( yaya) 3= min {ualxox1), palyay1)l= Hace (XoX1, Yay1) = Hae [(X2,
Y2)(X1, ya1)l. Therefore pa.el(x1, y1)(x2, ¥2) 1= Haxsl (X2, ¥2)(X1, Y1) 1. Also vausl(x1, y1)+(x2, ¥2)] =
Vaa(XatXa, Yitya) = max{va(xi+xz), velyitya)l= max{va(xp+xi), vely2+y1)} = VaslXotxs, yatys) =
Vaal(X2, Y2)+(x1, y1)]. Therefore vasl(xi, yi)+(Xa, ¥2)] = Vassl(Xa, Y2)+(X1, y1)l. And vagl(xa, y1)(x2,
y2)] = Vas(X1Xz, Y1y2) = max{va(xixa), valyiy2)}= max{va(xxx1), ve(yay1)} = vass(XaX1, y2y1) = Vasl(x2,
y2)(x1, yi)]. Therefore va.sl(xi, yi)(x2, v2)] = vasl(x2, y2)(x1, y1) 1. Hence AxB is an (T, S)-
intuitionistic fuzzy normal subnearring of GxH.

2.14 Theorem: Let A be an intuitionistic fuzzy subset in a nearring R and V be the strongest
intuitionistic fuzzy relation on R. Then A is an (T, S)-intuitionistic fuzzy normal subnearring of R if
and only if Vis an (T, S)-intuitionistic fuzzy normal subnearring of RxR.

Proof: Suppose that A is an (T, S)-intuitionistic fuzzy normal subnearring of a nearring R. Then
for any x = (x4, X,) and y = (y4, y,) are in RxR. Clearly V is an (T, S)-intuitionistic fuzzy subnearring
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of a nearring R. We have py(x+y) = ml(xy, x2)+(yn, v2)] = pl Xatys, Xpty2) = min {ua(xi+ys),
Ha(X2*Y2) 1= min {pa(yi+xa), pa(y2+Xa)} = pulya+xa, Ya+xa) = py [(y1, Y2)+(X1, X2)] = pu(y+x). Therefore
Hv(x+y) = py(y+x) for all x and y in RxR. And py(xy) = pl(x1, X2)(y1, ¥2)l = pv( Xaya, Xa¥2) = min
{ualxays), palxay2) = min {ualyxa), paly22)} = pvlyixs, y2xo) = pv [y v2)(x, %)l = pulyx).
Therefore py(xy) = py(yx) for all x and y in RxR. Also vy(x+y) = wl(xq, X2)+(y1, Y2)] = VwiXaitys,
Xa+Y>) = max {Va(Xi+y1), Va(Xa+ya) }= max {valyi+xa), valy2+Xz) }= vulyi+xa, ya+xa) = wllys, v2) + (x4,
X2)] = wiy+x). Therefore vy(x+y) = vy(y+x) for all x and y in RxR. And vy(xy) = wl(X1, X2)(y1, Y2)] =
Vu(Xay1, X2Y2) = max {Va(Xiy1), Va(Xay2) }= max {va(yixa), valy2x2) }= vulyixs, yax2) = willy, y2)(x1, x2)]
= w(yx). Therefore vy(xy) = wy(yx) for all x and y in RxR. This proves that V is an (T, S)-
intuitionistic fuzzy normal subnearring of RxR. Conversely assume that V is an (T, S)-
intuitionistic fuzzy normal subnearring of RxR, then for any x = (x4, X,) and y = (y4, y,) are in RxR,
we know that A is an (T, S)-intuitionistic fuzzy subnearring of R, then pa(x;+y1) = min{pa(xi+y1),
Ha(Xtyo) = pulXaetys, Xotya) = pvl(Xy, Xo)+H(ys, ¥2)l = pulx+y) = puly+x) = pollys, ya)+(xs, x2)] =
Hy(y1tXs, Ya+xz) = min{pa(ya+xa), paly2+x2)}= palyrtxa). If xo= 0, y,= 0, we get pa(xit+yi) = palya+xi)
for all x; and y; in R. And pa(xay:) = min{ua(xay1), pa(xey2)}= mv(xays, Xay2) = puvl(xs, X2)(ya, v2)] =
ty(xy) = pvlyx) = py [y, Y2) (X1, X2)] = pulyaxa, y2xz) = min{pa(yaxs), Haly2x2)}= palyaxa). If xo= 0, y,=
0, we get pa(xay1) = palyaxs) for all x; and y; in R. Also va(xity1) = max{va(xity1), Va(xa+y)}=
VulXatys, Xa+y2) = WXy, Xo)+(ys, Y2)] = vulx+y) = vuly+x) = vl(ys, y2)+(X1, X2)] = vulyrtxy, ya+xo) =
max{ va(y1txa), Valy2+x2)}= valyatxi). If x,= 0, y, = 0, we get va(xs+y1) = valystxy) for all x; and y;
in R. And va(xay1) = max{va(x1y1), Va(x2y2)}= vu(xay1, X2y2) = vy [(x1, X2)(y1, Y2)] = vulxy) = w(yx) =
wllys Y2)(x1, %2)] = vulyixy, yaxz) = max{ va(yixa), valy2x2)}= valyixa). If x, = 0, y, = 0, we get
Va(X1y1) = valyix1) for all x; and y; in R. Therefore A is an (T, S)-intuitionistic fuzzy normal
subnearring of R.

2.15 Theorem: Let (R, +,.) and ( R', +, . ) be any two nearrings. The homomorphic image of an
(T, S)-intuitionistic fuzzy normal subnearring of R is an (T, S)-intuitionistic fuzzy normal
subnearring of R'.

Proof: Let f:R — R' be a homomorphism. Let V= f(A) where A is an (T, S)-intuitionistic fuzzy
normal subnearring of a nearring R. We have to prove that V is an (T, S)-intuitionistic fuzzy
normal subnearring of a nearring R'. Now for f(x), f(y) in R', clearly V is an (T, S)-intuitionistic
fuzzy subnearring of a nearring R', since A is an (T, S)-intuitionistic fuzzy subnearring of a
nearring R. Now p( f(x)+f(y) ) = p(f(x+y)) = palx+y) = paly+x) < p(fly+x) ) = p(fy)+f(x)) which
implies that p,(f(x)+f(y)) = p(f(y)+f(x)) for all f(x) and f(y) in R'. And p,(f(X)f(y)) = p.(f(xy)) =
Ha(xy) = pa(yx) < pu(f(yx)) = p(f(y)f(x)) which implies that p,(f(x)f(y)) = . (f(y) f(x)) for all f(x) and
fly) in R'. Also vy( f(x)+f(y)) = vi(f(x+y)) < va(x+y) = valy+x) = vi(fly+x)) = v(f(y)+f(x)) which
implies that v,(f(x)+f(y)) = vy(f(y)+f(x)) for all f(x) and f(y) in R". And vy( f(X)f(y)) = Vu(f(Xy)) S Va(xy)
= valyx) = vi(f(yx)) = vy(f(y)f(x)) which implies that v,(f(x)f(y)) = v,(f(y)f(x)) for all f(x) and f(y) in
R'. Hence V is an (T, S)-intuitionistic fuzzy normal subnearring of the nearring R'.

2.16 Theorem: Let (R, +, . ) and (R', +, . ) be any two nearrings. The homomorphic preimage of
an (T, S)-intuitionistic fuzzy normal subnearring of R' is an (T, S)-intuitionistic fuzzy normal
subnearring of R.

Proof: Let f : R — R' be a homomorphism. Let V = f(A) where V is an (T, S)-intuitionistic fuzzy
normal subnearring of a nearring R'. We have to prove that A is an (T, S)-intuitionistic fuzzy
normal subnearring of a nearring R. Let x and y in R. Then clearly A is an (T, S)-intuitionistic
fuzzy subnearring of a nearring R, since V is an (T, S)-intuitionistic fuzzy subnearring of a
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nearring R'. Now pa(x+y) = p(f(x+y)) = po(f(x)+f(y)) = pu(f(y)+f(x)) = p(f(y+x)) = paly+x) which
implies that pa(x+y) = pa(y+x) for all x and y in R. And pa(xy) = p(f(xy)) = p(f(x)f(y)) = nu(f(y)f(x))
= Wy(f(yx)) = palyx) which implies that pa(xy) = pa(yx) for all x and y in R. Now va(x+y) = vy (f(x+y))
= v (f(x)+f(y)) = vu(f(y)+f(x)) = vo(f(y+x)) = va(y+x) which implies that va(x+y) = va(y+x) for all x
and y in R. And va(xy) = vi(f(xy)) = vi(f(x)f(y)) = vi(f(y)f(x)) = vi(f(yx)) = va(yx) which implies that
va(xy) = va(yx) for all x and y in R. Hence A is an (T, S)-intuitionistic fuzzy normal subnearring of
the nearring R.

2.17 Theorem: Let (R, +,.) and (R, +, . ) be any two nearrings. The anti-homomorphic image
of an (T, S)-intuitionistic fuzzy normal subnearring of R is an (T, S)-intuitionistic fuzzy normal
subnearring of R'.

Proof: Let f : R — R' be an anti-homomorphism. Then f(x+y) = f(y)+f(x) and f(xy) = f(y)f(x) for all
xandyinR. Let V = f(A) where A is an (T, S)-intuitionistic fuzzy normal subnearring of a nearring
R. We have to prove that V is an (T, S)-intuitionistic fuzzy normal subnearring of a nearring R'.
Now for f(x) and f(y) in R', clearly V is an (T, S)-intuitionistic fuzzy subnearring of the nearring R',
since A is an (T, S)-intuitionistic fuzzy subnearring of a nearring R. Now p,(f(x)+f(y)) = p(f(y+x))
> Laly+X) = palxty) S pulfix+y)) = wlfly)+(x) which implies that (f(x)+f(y)) = p.(f(y)+f(x)) for all
f(x) and f(y) in R". And p (f(x)f(y)) = w(f(yx)) = palyx) = pa(xy) < po(fixy)) = p(f(y)f(x)) which
implies that p,(f(x)f(y)) = p.(f(y) f(x)) for all f(x) and f(y) in R'. Also vy(f(x)+f(y)) = v,(f(y+x)) <
Valy+x) = va(x+y) 2 vi(f(x+y)) = vo(f(y)+f(x)) which implies that v,(f(x)+f(y)) = v,(f(y)+f(x)) for all
f(x) and f(y) in R'. And vy(f(x)f(y)) = vi(f(yx)) < valyx) = valxy) = w(f(xy)) = v\(f(y)f(x)) which
implies that v,(f(X)f(y)) = v(f(y)f(x)) for all f(x) and f(y) in R'. Hence V is an (T, S)-intuitionistic
fuzzy normal subnearring of a nearring R'.

2.18 Theorem: Let (R, +, . ) and ( R, +, . ) be any two nearrings. The anti-homomorphic
preimage of an (T, S)-intuitionistic fuzzy normal subnearring of R' is an (T, S)-intuitionistic fuzzy
normal subnearring of R.

Proof: Let f : R — R' be an anti-homomorphism. Let V = f(A) where V is an (T, S)-intuitionistic
fuzzy normal subnearring of a nearring R'. We have to prove that A is an (T, S)-intuitionistic
fuzzy normal subnearring of a nearring R. Let x and y in R. Then clearly A is an (T, S)-
intuitionistic fuzzy subnearring of the nearring R, since V is an (T, S)-intuitionistic fuzzy
subnearring of a nearring R'. Now pa(x+y) = py(f(x+y)) = pu(fy)+f(x)) = p(f(x)+f(y)) = p(f(y+x)) =
pa(y+x) which implies that pa(x+y) = paly+x) for all x and y in R. And pa(xy) = p(f(xy)) =
m(F(y)f(x)) = pu(f(x)f(y)) = pulflyx)) = palyx) which implies that pa(xy) = pa(yx) for all x and y in R.
Also va(x+y) = vi(f(x+y)) = vi(f(y)+f(x)) = vo(f(x)+f(y)) = vo(f(y+x)) = va(y+x) which implies that
va(x+y) = va(y+x) for all x and y in R. And va(xy) = vy(f(xy)) = v(f(y)f(x)) = v(f(x)f(y)) = vi(f(yx)) =
valyx) which implies that va(xy) = va(yx) for all x and y in R. Hence A is an (T, S)-intuitionistic
fuzzy normal subnearring of the nearring R.

In the following Theorem - is the composition operation of functions:

2.19 Theorem: Let A be an (T, S)-intuitionistic fuzzy subnearring of a nearring H and f is an
isomorphism from a nearring R onto H. If Ais an (T, S)-intuitionistic fuzzy normal subnearring of
the nearring H, then A°f is an (T, S)-intuitionistic fuzzy normal subnearring of the nearring R.
Proof: Let x and y in R and A be an (T, S)-intuitionistic fuzzy normal subnearring of a nearring H.
Then clearly A°f is an (T, S)-intuitionistic fuzzy subnearring of a nearring R. Now (pa°of)(x+y) =
Ha(f(x+y)) = pa(f(x)+f(y)) = pa(f(y)+f(x)) = pa(fly+x)) = (naof)(y+x) which implies that (ua°f)(x+y) =
(1aof)(y+x) for all x and y in R. And (ua°f)(xy) = pa(f(xy)) = pa(f(x)f(y)) = pa(f(y)f(x)) = palf(yx)) =
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(1acf)(yx) which implies that (paof)(xy) = (paof)(yx) for all x and y in R. Also (vaof)(x+y) = va(f(x+y))
= Va(f(x)+f(y)) = va(f(y)+f(x)) = va(f(y+x)) = (va°f)(y+x) which implies that (va°of)(x+y) = (va°f )(y+x)
for all x and y in R. And (va°f )(xy) = valf(xy)) = Va(f(x)f(y)) = va(f(y)f(x)) = va(f(yx)) = (va°f)(yx)
which implies that (vaof)(xy) = (vaof)(yx) for all x and y in R. Hence Aef is an (T, S)-intuitionistic
fuzzy normal subnearring of a nearring R.

2.20 Theorem: Let A be an (T, S)-intuitionistic fuzzy subnearring of a nearring H and f is an anti-
isomorphism from a nearring R onto H. If A is an (T, S)-intuitionistic fuzzy normal subnearring of
the nearring H, then A°f is an (T, S)-intuitionistic fuzzy normal subnearring of the nearring R.
Proof: Let x and y in R and A be an (T, S)-intuitionistic fuzzy normal subnearring of a nearring H.
Then clearly Aef is an (T, S)-intuitionistic fuzzy subnearring of a nearring R. Now (pof)(x+y) =
Ha(f(x+y)) = paf(y)+f(x)) = pa(f(x)+f(y)) = pa(fly+x)) = (nacf)(y+x) which implies that (paof)(x+y) =
(1acf)(y+x) for all x and y in R. And (pacf)(xy) = pa(f(xy)) = pa(fly)f(x)) = pa(f(x)fly)) = pa(flyx)) =
(nacf)(yx) which implies that (uacf)(xy) = (uaf)(yx) for all x and y in R. Also (vaof)(x+y) = va(f(x+y))
= Va(fy)+f(x)) = va(f(x)+f(y)) = valf(y+x)) = (vaof)(y+x) which implies that (vaof)(x+y) = (vaof)(y+x)
for all x and y in R. And (va°f)(xy) = va(f(xy)) = va(f(y)f(x)) = va(f(X)f(y)) = valflyx)) = (vaof)(yx)
which implies that (va°f)(xy) = (vacf)(yx) for all x and y in R. Hence Ae<f is an (T, S)-intuitionistic
fuzzy normal subnearring of a nearring R.
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