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The binary quadratic equation X2 - 4xy + y2 +32X =0 representing

the hyperbola is studied for its non-zero distinct integer solutions. A
few interesting properties among the solutions are presented.
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INTRODUCTION

The binary quadratic diophantine equations (both homogeneous and non-homogeneous) are rich
in variety [1-6]. In [7-18] the binary quadratic non-homogeneous equations representing hyperbolas
respectively are studied for their non-zero integral solutions. These results have motivated us to
search for infinitely many non-zero integral solutions of an another interesting binary quadratic

equation given by X2 -4xy + y2 +32 X =0.The recurrence relations satisfied by the solutions x and y

are given. Also a few interesting properties among the solutions are exhibited.
METHOD OF ANALYSIS:
The binary quadratic equation representing hyperbola is

X2 - 4xy +y? +32x =0 (1)
To start with it is seen that (1) is satisfied by
(16,6),(16,48),(— 32,~128),(48,144),(~128,-512).

However, we have solutions for (1) which are illustrated below:
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Treating (l) as quadratic in X and solving for X, we have

X = %[4y 32+ /16y - 256y + 322 - 4y2} 2)

To eliminate the square root on the R.H.S of (2), assume

o =3y? - 64y + 256
Multiplying both sides of the above equation by 3 and performing a few simplifications,
we have

Y? =3a? + 256 (3)
where Y =3y -32 (4)
The smallest positive integer solution to (3) is
ap =16, Yy = 32. (5)
To find the other solutions of (3), consider the pellian equation
Y? =302 +1 (6)
where initial positive solution is &g =1, ?0 =2.
The general solution (as,Ys) of (6) is given by
~ 1
=——=0
S 2\/5 S
v 1

where

fq =(2+\/§)S+1 +(2—\/§)S+1 and
gs = <2+\/§>s+1 _(2_\/5)s+1.

The other values of a and Y satisfying (3) are obtained by applying Brahmagupta lemma between the

as’Ys)

solutions (ag Yo) and (

. Then,
g1 = o Ys + Yods =16Y + 320, = 8f + %gs } o
Yoi1 = YoVYe +3apas =32Y, + 480, =16f +8+/3g;
In view of (4), we have
Yoi1 = Ys%m,s =0,2/4....
Verr = 16f, +8\é§gs +32 04 .

Substituting (7) and (8) in (2) and taking the positive sign before the squareroot on the R.H.S of (2),
we have

Xs11 =2Ys41-16+asyg

16+/3
— Us

3Xg 41 - BYs.q +48 = 24f +16+/3g

Xs+1-2Ys1 +16 =8f5 +

(9)

Then (8) and (9) represent the non-zero distinct integer solutions to (1).
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NOTE:
Substituting (7) and (8) in (2) and taking the negative sign before the squareroot on the R.H.S

of (2), another set of x values are obtained and they are given by,
Xg41 =2Ys41 -16— g yg
A few numerical examples are given in the table below:

Table 1: Examples

S Ys+1 Xs+1

0 48 144

2 528 1936

4 7216 26896

6 100368 374544

8 1397808 5216656

10 19468816 72658576
12 271165488 1012003344

The recurrence relations for the values of x and y are obtained as follows:
First, we obtain the recurrence relation for y:
Now, (8) is written as

3ys.q — 32 =16f, +8v30,

(10)
Replacing s by s+2 in (10) we have,
3yq.3 — 32 = 208f, +120+/3g, (11)
Again replacing s by s+4 in (10) we have,
3,5 —32 = 2896f, +1672+/394 (12)
Simplifying the above three equations we obtain the recurrence relation for y as,
Ys+5 —14Ysi3 +Ysi =—128,y; =48,y3 =528
Similarly, we obtain the recurrence relation for x:
Now, (9) is written as,
3Xq,q —BYsyq + 48 = 24f +16+/39, (13)
Replacing s by s+2 in (13) we have,
3Xg. 3 — 6Yq, 3 +48 = 360f + 208+/39, (14)
Again replacing s by s+4 in (13) we have,
3Xq, 5 —6Ys. 5 +48 = 5016f + 2896+/3g, (15)

Simplifying the above three equations we obtain the recurrence relation for x as,
Xs+5 _14XS+3 +Xg41 = —64, X1 =144, X3 =1936

A few interesting properties satisfied by the solutions of (1) are presented below:
Xs+1 and yq,q are always even.

X1 = 0(mod 16)

Y41 = 0(mod 16)

X3541 = 0(mod 12)
Y3541 = 0(mod 12)
X341 = 2(mod 10)
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Yas+1 =4(mod 10)
o Ys+5 =14Ys513 — Y51 —128
o Mg =Ysat+VYsi3
o 513 =15Y5i3 — Y511 —128

AXsy5 =8Ys5 +97Ys,3 — 7Ysy —1024

o 15Ysi3—VYsi5 —4Xgyy =128

56X 511 -15y541 - Y545 =128
o Ysi5+VYsi3-4Xs3=0

56Xs3 - Y541 -19Ys45 =128
o 19Ysi5-Ysi3-4Xsy5 =128
20955 - 56Xs.5 - Y541 =1920
4Ys+3 = Xs41 = Xsy3 = 32
15Xs41 = X543 - 4Ys1 =32
2Ys15 +26Y5.3 - X541 - Xs45 = 296
97X 41 - X545 - 26Y 541 +2Ys15 = 256
X543 = X545 = 2Y543 +2Y515 = 32
16Ys45 - 4Xs45 -15Y5,3 + Y541 =0

o 32Xgy3-4Xgy5-23Y5,3+8Yg5+Ysy1 =0

e Each of the following is a Nasty number:

135y2542 - 9Y 2544 -1152
36y 2542 - 9Xps42 - 288

3
- (18Y25.6 - 627X 5.4 +1254y25,4 -10752)

3
7(1086>’2s+4 - 45X 2516 + 90y 2516 -12192)

e Each of the following is a cubical integer:

2(45YSS+3 -3Y3s+5 +135Y541 - 9Ys43 - 1792)
12y35,3 - 3X3543 +36Ys11 - X 1 -448

%(78y35+7 — 627X3S+5 +1254y3s+5 + 234yS+5 —1881XS+3 + 3762y3+3 - 43456)

%(1086)/334_5 - 45X3S+7 + 90y3$+7 + 3258ys+3 _135XS+5 + 270ys+5 - 49216)

NOTE: Treating (1) as a quadratic in y and following the procedure presented above the other two
sets of values of x and y satisfying (1) are given by
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Setl: Xg,q = %(Xsﬂ +16)where X = 3x-16and yg 1 = 2Xg4q + Q11

Set2: Xg,q = %(Xsﬂ +16)where X = 3x -16 and yg g = 2Xg,q — X1

REMARKABLE OBSERVATIONS:
e Each of the following relations represents the hyperbola:
X Y HYPERBOLA

45yg 1 - 3ysy3 -448 Ys+3 -13Ys11 +128 %2 _12v? _ 4096

1 Y3 -13ysq +128 2 _ 2 _
3Y3s+5 - 49y 3543 + 103(45)’%1 -3yg.3-448)° + 448 7SS TTISH X" —108Y* = 36864

12ys,1 -3Xgyp -112 2Xs11-1Ys11+64 %2 _3y2 _ 256
] 2 2
3X35+3 -12y35.3 + 6_14(12YS+1 -3Xs41 '112)3 +112 K51~ sy +04 K*-21Y* =2304

78Yys.45 - 627X, 3 +1254y4 3 -10864 362X513-724Ys13— X2 -3Y2 =12544

45y .5 + 6272
And
26Xs45 -627Ys,3 -

52y,s5 + 7104

And

1086y, 3 - 45X , 5 + 90y , 5 - 12304

627X 35,5 - 78y 3517 - 1254y 35,5 +10864 + 362Xs43 - 724Ys,3- X2 .27Y2 =112896
%(78y5+5 -627X, 3 + 1254y 3 -10864)3 4555 +6272
56
And And
45X 35,7 -1086X 35,7 - 90y 35,7 +12304 + 26Xg,5 - 627y, 3 -
1 52y..,5 + 7104

56—2(1086yS+3 - 45X 5 + 90y, 5 -12304)°

e Each of the following relations represents the parabola:

X Y PARABOLA
45y 9542 -3y 2544 - 384 3Ys+3-39Ys41 +384 Y2 = 24X -3072
12y 9542 -3X95 2 —96 2Xs41 - 1Ys+1+64 3Y2 =8X - 256

26y2S 16" 209X25 14+ 418y2S 14" 3584 362XS 43" 724yS 43" 45yS 45+ 6272
And And
362y23+4 '15X25+6 + 30y25+6 -4064 26X5+5 - 627y5+3 - 52yS 45+ 7104 3Y2 =168X-12544
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CONCLUSION

In this paper , we have made an attempt to obtain a complete set of non-trivial distinct

solutions for the non-homogeneous binary quadratic equation. To conclude , one may search for

other choices of solutions to the considered binary equation and further , quadratic equations with

multi-variables.
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