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1. INTRODUCTION:

By a simple graph G, we mean that a graph with no loops or multiple edges. Let G1 =(V1,E1) and
G2 =(V2,E2) be simple graphs. Then

(1) The simple graph G = (V, E) , where V =V1UV2 and E = E1 U E2 is called the union of
Gl and G2, and is denoted by G1 UG2 , [2]. When G1 and G2 are vertex disjoint, G1 UG2,
is denoted by, G1 +G2 , and is called the sum of the graphs G1 and G2 .

(2) If V1 NV2 =¢ , the graph G = (V, E) , where V=V1 V2, and E =E1() E2 is called the
intersection of G1 and G2 and is written as G1 G2, [7,4].

(3) If G1 and G2 be vertex-disjoint graphs. Then the join,G1 vG2 , is the super-graph of

G1 +G2, in which each vertex of G1 is adjacent to every vertex of G2, [7,4].

(4) The cartesian product, G1 xG2 , is the simple graph with vertex set V (G1 xG2 ) =V1 xV2
and edge set E(G1 xG2 ) =[ (E1 xV2 )UV1 x E2) ] such that two vertices (ul, u2 ) and

(v1, v2) are adjacent in G1 xG2 if, and only if, either

(i) ul=vland u2is adjacent tov2 in G2, or

(ii) ul is adjacent to vl in Gl and u2 =v2, [7,3].

(5) The composition, or lexicographic product, G1 [G2 ], is the simple graph with V1 xV2 as the
vertex set in which the vertices u = (ul, u2 ), v=(v1, v2) are adjacent if either ul is

adjacent to vl or ul =v1 and u2 is adjacent to v2 .

The graph G1 [G2 ] need not to be isomorphic to G2 [G1 1], [2].

(6) The normal product, or the strong product, G1 -G2 , is the simple graph with

V (G1 -G2) =V1 xV2 where in (ul, u2 ) and (v1, v2 ) are adjacent in G1 oG2 if, and only
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if, either
(i) ul=vland u2 is adjacent tov2 , or
(if) ul is adjacent to vl and u2 =v2 , or
(iii) ul is adjacent to v1 and u2 is adjacent to v2 , [6,5].
(7) The tensor product, or Kronecher product, G1 ®G2 , is the simple graph with
V (G1 ®G2 ) =V1 xV2 and where in (ul, u2 ) and (v1, v2 ) are adjacent in G1 ®G2 if, and
only if, ul is adjacent to v1 in G1 and u2 is adjacent to v2 in G2 .
Note that G1 G2 = (G1 xG2 )U(G1 ®G2), [6].
From now on by a graph, we mean a simple graph.
2- Graph Folding:
Let G1 and G2 be graphs and f :G1 —G2 , be a continuous function. Then f is called a
graph map, if
i) for each vertex veV (Gyp), f(v) isavertexinV (G2),
ii) for each edge e E(G1), dim (f (e)) <dim(e),[1,2]
A graph map , is a graph folding if, and only if maps vertices to vertices and edges to edges, i.e., for
eachandforeachv eV (Gy),)f(v)eV (Gp)f(v)eV (Gp)eeE(Gy), f (e) e E(Go)We denote
the set of graph foldings between graphs G1 and G2 by 7 ( G1, G2 ) and the set of graph foldings of
G1 intoitself by n(G1),[8,10] .
3. The Relation between Folding a Pair of Graphs and Folding them after Some Operations:
In mathematics, one always tries to get new structures from given ones. This also applies to the realm
of graphs, where one can generate many new graphs from a given set of graphs.
In the following we consider folding of a given pair of graphs, then examining the relation between
this folding and folding of new graphs generating from the given pair of graphs by some known
operations like union, intersection, join, cartesian product, composition, normal product and tensor
product, of two graphs.
3.1. Definitions :
LetGl=(V1,E1l),G2=(V2,E2),G3=(V3,E3)and G4 = (V4 , E4) be graphs. Let
f:G1 —»>G3 and g :G2 —G4 be graph maps. Then,
(1) By a union map of graph maps fand g, f U g , we mean a graph map from the graph
G1 UG2 to the graph G3 UG4,
fUg:G1UG2 —-G3 UG4 such that
f(v)=g(v),forall veVinVoandf (e)=g(e),forall ecE1 nE>.

This map is defined by
f(v), ifveVp

MY veViUV2,(fUg)Wv)=
g (v) if veVo

f(F), ifeeVq

(i)Vve EfUEy ,(fUQg)(e) =
g(e) if eeVp

(2) If f and g agree on V1n\V2 and E1nE2. Then by the intersection graph map, f n g, we mean a
graph map f n g, we mean a graph map f n g: G1 v G2 > G3V G4 defined by

)VveViUVy ,(fng){v}= f{v}, or g{v}

(i)VeeELUE2 ,(Fng)(e)= f(e),org{e}.
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(3) By a join map of two graph maps, or a join graph map, f Vg , we mean a graph map
fvg:Glv G2 > G3V G4 defined by
f(@p, ifvevq

HVveViUVy,(fUg)V)=
g () if veVo

(iDV e =(vy,v;), v1 €V, v, €V2,
¢ V) {e} = (Vo) {(v, v2)} ={(f{v1}, o{ v2)}e E3 U Eg,

(iii) if € =(uz, v2), w1 € Ez, then
¢ v {e} = (rvo) {(ur, u)} ={(f {w}, {us 1)}
Also, if e =(uy,v;) € Ep then
¢ Vo) {e} = (f Vo) {(uz, v2)} ={(g {w}, o{ v2})}
Note that if f { u; } = f {v;}, then the image of the join graph map (f v@g) {e} will be a

vertex of, G3V Gy, otherwise it will be an edge of G5V G,.
(4) By the Cartesian product map of the two maps f and g denoted by , f xg , we mean the map f xg :
G, X Gy > G3 X Gy defined by
() ifv=(vy,v2) € V1 xV2,v; €V], v2€V2 . Then
fxg{( vy, v2)}={(f{v1}, g{ v2})}e V3 x Vy,
(ii) if e ={({v1}i, {v2}; D.({vi }i, {v2}i) 1 {va }i, V(Gr)and {v2}; }{v1 3k € V(G2), then,
fxg{(v1}i, {v2};), (il A vid))={ Hvidio {v2}),(F{vide, {v23)}-
Note that if g{v,}; = g{v,}r, 0 {v1}; = {v1}i, the image of the edge e will be a vertex.
(5) By the composition map of the two maps f and g, denoted by, f[g] , we mean the map
flo] : G1[G,] = G3[G,4] defined by
() if v=(vy,v2) € VI xV2,v; €V], v2 V2 Then
flOK (v1, v2)}= {(f{ v1}, g{v2})} eV(G3[G4}),
(i) lete ={({v1 }i, {v2}; H).({v1}r, {v2}0} 1 {v1}; is adjacent to {vy},, then

flaKe} ={{v1}i, o{v}; H.({vi}i, o{v230)}-
Note that f{v;};= f {v1}; and g{v,}; = g{v,};, then, f[g]{e} will be a vertex, also if g{v,};=
g{v,}, then f[g]{e} will be a vertex.

(6) By the normal product map of two graph maps f and g, f og, we mean the map
fog: G1[G,] = G3[G,] defined by
0) For any vertex v = (v1,v;) € V( G10G,) = V1 x V2 . then
fog {(v1,v2)} ={(f{v2}.9 {(v21)} € V( G3°Gy),

(ii) Forany e = {({v1};, {v2}; 1).({v1}k, {v2})}, where {v,}; is adjacent to {v,};} and {v,};
is adjacent to {v,},)}, then

fog {eH(v1,v2)} = H{{v1}i, {v231)} ®9{ {v2};, {v2})} e,
fog (G1®G,) = f(G1)® 9(G2).

Lemma (1):
Consider the graphs G1, Go, G3, G4. Let f: Gi> Gzand g : G, > G, be graph maps.

Then the union map, f U g, is a graph folding iff f, g graph folding, i.e.,

(fU g) S I‘[(Glu Gz,G3 UG4) ifff e I’[(Glu G3)andg Grl(qu G4)

Proof:
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Since both f and g are graph foldings, then each maps vertices to vertices and edges to edges.
Thus

i)V VeV(G)U V(G (fugw=fW), if veV(61)
gy, ifv eV (Gy)
ie., (fUg)v) e V(G3 U Gy),also

(i) ¥ v e E(G)U @), (fUg)e)={f(), if veE(GD)
9(e), if veE(Gy)
and in both cases the image is an edge of G3 U G4 Thus the union map is a graph folding.
To prove the converse, let f U g: Gy U G,=>G3 U G, be a graph folding. Then for all v

e V(G U V (G)

(fugW) ={f @), f veVio)
9(), ifvev (G2)
But (fUg)V) € V(G3U Gy) = V( G3) U V(Gy). Thus each of f and g must map vertices to
vertices.

Now, lete € E(G;) U E(G,), then

(fug)e) ={f@), if e€V(tD)
9() if e€V(G2)
Suppose e = (u1,v1) € E (G1), (f U g)(e) = H{(uy, v1)}. Now, if H{(uy,v1)} € V(G3)
then (fUg) (e) € V(Gz) which contradi the assumption that ( f U g ) is a graph folding. Thus f
and g must maps edges to edges. Hence each of f and g is a graph folding.
Lemma2:
Let G1,G,, G3,G, be graphs. If f: G;> Gzand g : G, > G, be graph folding, then the

intersection map, f N g, is a graph folding.
Proof:

The proof is obious since, f N g, on G; N G, will send vertices to vertices and also edges to

edges as each of fand g do.
Examples(1):

Let G;= (Vy,E1), where Vi={ vy, V9,3, 04, V5,06 and E;={ e, €,, €3, €4, €564, €7, €5}
Let G,= (V,, E), where V,={ vy, s, v6,v7 } and E;= { es, eg, €9, €19, €11}, See Fig.(1).

Let f: G;—=> G, be agraph folding defined by f{ v{, v,} ={ vs, v, } and
f{e1 ez e7,e8} =f{ey 3,66 65}

Let g: G,~> G, be a graph folding defined by g{ v;} =g{ vs} and f { eg, e9} and
g{es e} ={es e}

Y 2 ¥y

2 5 e
Vg v S,
e 95 e
I €4 Vy
G F(G)
3 0 -
Vg —£ s
aj ,
Vs
g(Gz)

Fig. (1)
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Then the unionmap f U g: Gy U G,2>G U G, defined by f U g { vy, v} ={ vs, vy}

andfU g {ej,ez,e7,eg,e9} ={ ey, e3, e €5,e11} 1S a graph folding, see Fig(2) (a).
also, the intersection f N G 2: G; U G,>G; U G, defined by

fng{vi}={vs}andfn g {eg }={ es },is a graph folding, see Fig. (2) (b).

Ly €1 V2 )
ey~ V; 2] Vg
o ¢ € o 26
Ve 0 4 ' gy, U a1 }
) ~ i 85 g &3 Vs ey V4
€1
V. R Vy
G, UG, (FUg)G UG;)
Fig () (a)
Y
& Vs
Vs JTe 3 &;
Vs,
G NG, (fNegNGNG,)
Fig (2)(b)

Theorem(1):
Let Gy, G, G, G4 be graphs. If f: G;> Gzand g : G, = G4 be graph folding. Then the f vg:
n(Gy V G, V G3V Gy)ifff, g are graph folding.

Proof:
Let fand g be graph folding. Then

(fVO){ V1 U V2 } =HV1} U g{V2}}. But HVL} € V(Gs), o{Va} € G-

Thus {f{V13U g {V,}} € V(G3 vV G,) i.e., f Vg maps vertices to vertices.
Now, lete € E(G; V G5). Then either e € E(G1), or e e € E(G>), or e is an edge joining a vertex

of G; to a vetex of G,. In the first two cases and since each of f and g is a graph folding, (f vg) (e) e E
(G3 \ G4) NOW, ife= (171,172), V1 € G1 , Uy €G2, then

(fvg)fete(fvg) {(vy,vz)}={H{v1}, g {v2})}
={(v3, 1)} € E(G3, Gy).
Thus (f V@) maps edges to edges and hence the join graph map, f Vg, is a graph folding.
The converse is guaranteed by the definition of the join map.
Theorem(2):
Let G4, G, G3, G, be graphs. If f: G; > Gzand g : G, = G, be graph folding. Then the
f Xg: n(G1XG,, Gz % G4 iff fen(Gy,G3)and gene (G, Gy).
Proof:
Let f, g be graph folding, then
(i)For each vertex (vq,v;) € G (Gy, G2) = (V1,V5), where vy e V; , and v, € V,, we have
fxg{ (v, v2)}={f{v1}, glvalt={(v3, va)} € (G3xG4) =V3 %V,
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(ii) Let e ={({v1}i, {v23}; 1, ({v1}i, {v2 310} where vy e V(Gy) and {v,};,{v1}x € V(G1),
Then
f xg{e} = f xg={({v1};, {vo}; ).({v1 }i, {v2 }i)}
=={({v1}i, 8 {v2};1.({v1 }i, 8 {v2 i)}
Since {v,}; is a adjacent {v, }; and g is a graph folding, then g{v, };. Thus
f xg{e}e E(G3%G,), i.e., ( fxg) maps edges to edges and hence ( f xg) is a graph folding.
To prove the converse suppose that ( f xg) is a graph folding and f, or g, is not a graph
folding. In this case f, or g, will map an edge a vertex, say f {(uy, v1)} = { u3},
u3z € V(Gsz). Then
fxg {({u1}, {v2}; 1).({v1, {v23) 3= {Huq}i, 9wz} D (V1 3, o{v2 30}
= {({us}, {v2}; H.({uz, {v2};)}e V(G3%G4)
This contradicts the assumption and thus each of f and g must be a graph foldings
Theorem(3):
Let Gy, G5, G3, G, be graphs. If f: G; > Gzand g : G, = G, be graph folding. Then the
f [0]€e n(G1[G2], G3 [G4]iff, g are graph folding.
Proof:
Let f and g be graph folding, then
(i) for each vertex v = (vy,v;) € V(G1[G2] =V1 x V2.
gl (v1,v2)}= L w1} 802D} eV(G3[Ga}) = Ve x V2,
(ii) let e ={({v1}i, {v2}; H.{vi}k, {v230} If { v1}; and suppose that {v;};, is adjacent to
{v1}k- Then there exists an edge {({v1};, {v2}«}) € Eq,
flal{e} ={(Fui}i, 6{v2}; D). (v} 9{wa}0)}. Since f is a graph folding and edge {({u1}:,
{v2}i}) € E1. Then
flo] {({u1}, {v23: ). ({vr, {v23)3={(H{we )i, o{v23i ). (w1}, o{v23)}
= {({us}i, ¢{v2}i}).(us}i, o{v2};)}
Which is an edge of ( G3[G4].

Theorem(4):
Let Gy, Gy, G3, G4 be graphs. If f: G; > Gzand g : G, = G4 be graph folding. Then the

f og: n(G oG, Gz o Gy iffand gare graph folding.

Proof:
Let f,g be graph folding, then
(i) for each vertex v = (vy,v;) € V(G; ° G;] =V1 X Vo

fogl{ (v, v2)}={(H{v1}, g{v2})} eV(G3 0 Gu}),
(i) let e ={({v1}i, {v2}:}).({v1}k, {v2}}. and suppose that {v1};= {v1}, and {v };is
adjacent to {v; };. Then there exists an edge {({v1};, {v2}:}) € E2, such that
{ (@{v2}i, o{v.})} € E4 because g is a graph folding and edge g{v1}; # {v,};) . Then
fog{e}=fog{({vi}i {v2}; H).({v1}k. {v230}
= {(H{v1}i, g{v2}iH.(Hvi e, w230}
={({u1}i, 9{v2}; D). (w13, o{v230}
Where f{v,}; = f{v1}x =uy. Thusf og {e} e E4(G3 ° Gy).
Similarly we can prove that if {v,}; is adjacentto {v;}; and {v;};={v1}, . Then

f og {e} is an edge of the graph G5 © G,.
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In general if {v,}; is a adjacent to {v;}, and {v,}; is adjacent of {v;},, f og {e} is an edge of
G3 0 Gy.
The converse is not true since if f og is a graph folding and f, or g, is not a graph folding. In
this case
H{(ur,v2)}={ (u3,u3)} uz €V( G3), then
feg{(uy,vp) }j Alv,v2) B =H{(ur, g (v) }j (v1,9 (2) 3k
=H{(u1),9 ) };, f({v1 }, 9 (v2) i
={(u3z,9 (v2) };, (u3z,9 (v2) }k,
Which is an edge of (G3 © Gy).
Theorem(3):
Let Gy, G, G3, G4 be graphs. If f: G; > Gzand g : G, = G4 be graph folding. Then the
f ®g €n(G; Q G,], G3 ®G,] iff f, g are graph folding.
Proof:
Lef f, g be graph foldings, then
(i)for each vertex v ={(v, ,v3) € (G; Q G;)=V1 x V7

(f ®9) {(vy,v2)}={(f{v1}, g {v2D)} €V(G3 @ G4
(i)let e = {({v1};, {v2};).({vi}k, {v2}1)}, and suppose that {v;}; is adjacent to {v;}, and
{({v1}; is adjacent to {({v1 };. Then there exist edge e = {({v1 };, {({v1}x)} € E1and

er={{v1};, {{vi})} € E2

such that f{e;}< E3 and g{e,}< E4 This isdue the fact that each of f and g is a graph
foldings,i.e., f{v;};# f{vi}rand g{v,};# o{v.}:.

Now,

(f ®9){e}=(f {er1}® o{ e} =H{{vi}i, {vi i)} ® o{{ w2}y, { v2})}

=t{{vi} ol w2y} {{vike, A v2})}

But since f{{ v, }; is adjacent to f{ v}, and g{{ v,}; is adjacent to g{ v, },, then thee exist an
edge of E(Gz @ G,) joining these two vertices, i.e.

(f ®9){e} E(G; ® G,4. Hence, f @ g, is a gaph folding.

To prove the converse suppose that (f @ g) is a graph folding and f, or g, is not a graph

folding. In this case f, or g, will map an edge to a vertex, say f{( u; , v1)={(usz ,u3)},
uz € V(G3). then
(f ® g) {e}=H{(uy,v1) QH{{v2};, {v2}1)}

=f{{w} ol v}y, {{vid ol v })}

={(uz, o{ v2};, uz, g{v2})}
Which is not an edge of (f @ g) then f, g must be graph foldings.

Examples?2):

Let G; = (V1, E1), G2 = (V2, E) be graphs where V1= (uq, vy, wy, 1 },
E1={(vi,v2), (v, wy), (wy,x1), K (1, u1)}, Vo= (uz, v2, wo }, and
E2 ={(uz,v2), (v2,w), Fig(3).

Now, let f: G; > G, be the graph folding defined by

o{ uz} = {w,} and g{w,, v,)}.
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&y
G, g(G,)

Fig (3)
Then,

1.The join graph map (f vg) : G; V G, is a graph folding. This map is defined as follows:
(D) (V) (xg, uzt={vy, wy},
(i) V e € E( G1), e € E( Gy), then
(fVvg){e} € E(Gy), E(Gy), ie., (fVQ){e} €E(Gy V Gy),

(|||)|et e= {(xl,uZ)}, X1 € Vl, Uy e Vz. Then

(fvadet= (fva) {Cxr,u2)}= {(f {x1}, g {u2})}

=={(vp,wy)} €eE[ (fVvg) (G1 V G;)1=E(G; V Gy),

If e = {(xq,uz)} x1,up € V4. Then

(fvaiel=(fvg) {(xr,u)}= {(f {x1}, 9 {w1})}

= {(vi,u1)} € E(G; VvV G;)and so on see Fig (4).

1y

| “
.-"--d- L s
xll"'-'- K _———::"_ Vv, j"vg 3

L
G, v G, (fvENG VvGy)

Fig (4)
2. The Cartesian product mapfx g: Gy X G, = G; X G, is a graph folding. This map is defined as
(f x g {Cxr, w2)} = {(f {x1}, g {W2})} - {(x1, w2)},
(f x g{{Cq,v2)}={(f {21}, g {v2})} - {(v1, 1)},

And so on

Also,

(f x o){{(wy, u2), {(up, uz} = {(f {w1}, g {22} . (f {21}, 9 {w2)},
= {(wy, wy), {(v1, w2},

(f x g {(x1, v2), {Cer, ua} = {(f {x1}, g {v2})} , (f {1}, g9 {w2)},

= {(Uli U), {(Ulr wy }/
And so on see fig. (5)
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(. uz2)
[Hl-. Uz )1C%-_-__-_ .[1,-1_ ﬂz) __-_-}' (@1- ﬂ:}
{ﬂ]f ‘.’2) {':Jl. Va2 :I
(vi.va) A
\“{111’3:' . e
(- V2 :“\‘x;_____ (v.v3) _F’;)":ml- v,) —L5
[ . __ﬂ_f/.
e ) T
{uy. @4 )k\‘_‘H (V. ) _‘_/_,.,-J":ff‘l-mz}
Gy =G, (f=g)(G=Gy)

Fig .5
3. The composition f [g]: G; [ G2] = G; [ G lis a graph folding. This map is defined as

(f [91{{(ur, u2)} = {(f {w1}, g {w2D)}- {(ur, W)},

(f [l {{Cxq,v2)} ={(f {x1}, g {v2})} - {(v1, 1)},

And so on

Also,

(f [91{ {(ur, u2), {(uy, v2} = {(f {w1}, 9 {w2D)} , (f {wi}, g9 {v2)},
= {(ur, w), {(ug, w},

(f L9 D{{Cur, v2), {(e, v2} = {(f {w1}, g (w2}, (f {21}, g {v2)}
= {(uy,v), {(v1,v,},

And so on see fig. (6)

(qu)

P (@1 1)

iy, v
(v,

bl:fl’]l. 1-'2 )&}

(g V2 )4

(. @3 X

G[G:] Flel(G G D)

Fig (6)
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And, the compositionf[g]: G, [G1] = G, [ Gy lis a graph folding. This map is defined as
g [f1 {{(uz, w1)} = {( g {wa}, FluaD}-{(wr, wy)},
9 [fI{{(w,x1)}={(g w2}, f 21D} - {(wy, 1)},
and so on
also,
gl {{(uz,u1) {2, v1}={(g {uz}, f{uad)} , (g {v2}, fF{v1)},
= {(wy, wy), {(v2,v1)}
gl {{(vz, x1) {(wp, x1}={(g {v2}, f {x:1}, (g {w2}, F{x1)},

= {(v2, 1), {(wz, 1)}
And so on see fig. (7)

»(@y.0)

glr NG (G D

Fig. (7)

4. The normal product map fogl: G; o G;] = G; o G, lis a graph folding. This map is defined as
(f og] {{(ur, u2)} ={(f {u1} g {w2h)}- {(ug, W)},
(f o gl {{(xr, u2)t={(f {x1}, g {w2h)} - {(v, w2)},

And so on
Also,

(f o gl{{(uy, u2), {(vy, 2} ={(f {w1}, g {wD} , (f {v1}, g {v2)},

= f {(ug, wo), {(v1, v2},

={(f {wi}, w2), (f {v1}, v2) } = {(ug, w2),(v1, v2)},
(f o gl{(Cxr,v2), {(wr, wa} ={(f (x1, g {u2}) , (w1, g {w2)},

= f {(x1, v2), {(wq, wy)}

={(f () v2), (f {fwi}, wa) }= {(v1,  2). (Wi, w2},

And so on see fig. (8)
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(. a1y b (@.2;)

(v.@,)
Gy oGy (feog)(GeGy)
Fig .8
5. The tensor productmap f®g:G; ® G, = G; ® G, lis a graph folding. This map is defined as

(f @9l { {(ur, wx)}={(f {w1}, g (w2}~ {(u1, W)},
(f @ gl {{Cx1,u)t={(f {21}, g {w2})}-{(w1, w2)},

And so on
Also,

(f ® gl {{(ur, u2), {(vy, v2} ={(f { (w1, u2)} ® g { (uz,v2)}
=f{(u1}, g {uz}, (f {v1}, 9 {v2})}
= {(ug, w),(v1, v2)},

(f ® gl {{(x1, uz), {(up, v2} ={(f { Cx1, N} ® g { (uz,v2)}
=f {1}, g {w2}, (f {w}, g {v2})}
= {(ur, w),(ug, v2)},

And so on see fig. (9)

(1. ua

(F@g)(G,28G6G;)
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