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1. INTRODUCTION
In 1993 W.L.Gau and D.J.Buehrer[3] Proposed the theory of Vague sets as an

improvement of theory of Fuzzy sets in approximating the real life situation. Vague sets are higher
order Fuzzy sets. A Vague set A in the universe of discourse U is a Pair (t4, 1 — f4) where t4 and f;
are Fuzzy subsets of U satisfying the condition t,(u) < 1 — f;(u) for all u €U. R.Biswas[1] initiated
the study of Vague algebra by introducing the concepts of Vague groups, Vague normal groups.
H.Khan , M.Ahmad and R.Biswas[6] introduced the notion of Vague relations and studied some
properties of them. N.Ramakrishna[7] continued this study by studying Vague Cosets, Vague
Products and several properties related to them. In 2008, Y.B.Jun and C.H.Park[5] introduced the
notion of Vague ldeals in Substraction algebra. T.Eswarlal[2] had introduced the notion of Vague
ideals and normal Vague ideals in Semirings in 2008. In 2005 K.Hur et.al[4] studied in detail the
notion of intuitionistic Fuzzy Ideals of a ring and established their characterization in terms of level
subsets. Moreover they studied the Lattice structure of intuitionistic Fuzzy Ideals of a ring and their
Modularity. In this Paper we introduce the concept of Vague sublattices and Ideals in a Lattice.
Their characterizations in terms of level subsets are provided and their homomorphic images under
various conditions are obtained.
2.Preliminaries
Definition 2.1: [3]

A Vague set A in the universe of discourse S is a Pair (t,, f4) where t; : S—[0,1]and f, : S —
[0,1] are mappings (called truth membership function and false membership function respectively)
where t4(x) is a lower bound of the grade of membership of x derived from the evidence for x and
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fa(x) is a lower bound on the negation of x derived from the evidence against x and t4(x) + f4(x) <1
VXES.
Definition 2.2: [3]

The interval [t4(x),1- f4(x)] is called the Vague value of x in A, and it is denoted by V,(x).
That is V4(x) = [t4(x),1- f4(x)].

Definition 2.3: [3]

A Vague set A of S is said to be contained in another Vague set B of S. Thatis A B, if and
only if V4(x) < Vg(x). Thatis t4(x)<tp(x)and 1 — f4(x)<1 — fp(x) Vx € S.

Definition 2.4: [3]

Two Vague sets A and B of S are equal (i.e) A = B, if and only if AcB and BcA. (i.e) V;(x)< Vg(x)
and Vi (x)< V4 (x) VXE S, which implies t4(x) = tg(x) and 1 — f4(x) =1 — fg(x).
Definition 2.5 :[3]

The Union of two vague sets A and B of S with respective truth membership and false
membership functions t4, f4 and tg, fz is a Vague set C of S, written as C = A U B, whose truth
membership and false membership functions are related to those of A and B by t. = max{t,, tg} and
1= fe=max{l—fs,1— fpl=1-min{fy, fp}.

Definition 2.6: [3]

The Intersection of two vague sets A and B of S with respective truth membership and false
membership functions t4, f4 and tg, fz is a Vague set C of S, written as C = A N B, whose truth
membership and false membership functions are related to those of A and B by tc =
min{ty, tptand 1 — fc =min {1 — f4 , 1 — fp }=1-max{fy, f5}

Definition 2.7: [3]

A Vague set A of S with t4(x) =1 and f;(x) = 0 Vx€E S, is called the unit vague set of S.
Definition 2.8: [3]

A Vague set A of S with t;(x) =0 and f;(x) = 1 VX€E S, is called the zero vague set of S.
Definition 2.9: [3]

Let A be a Vague set of the universe S with truth membership function t4 and false
membership function f,, for o, € [0,1] with a<p, the (o, B) cut or Vague cut of the Vague set Ais a
crisp subset A(q gy of S given by A, gy ={xe€S: V4(x)= (o, B)}, (i.e) A py =
{xeS: ty(x)=a and 1-f4(x)= S}

Definition 2.10: [3] The a-cut, A, of the Vague set A is the (a,a) cut of A and hence it is given by 4,
={xeS:ty(x) = al}.
Definition 2.11: [4]

Let (X,<) be a Poset, if V a,beS = avb, aab € X. Then (X,<) or (X,v,A) is called a Lattice
where avb = v{a,b}=sup{a,b}, anb = A{a,b} = inf{a,b}.
Definition 2.12: [4]

Let (X,v,A) be a Lattice, if it satisfied following distributivity Laws, then it is called a

distributive Lattice i) av(bAac) = (avb)A(avc) ii) an(bvc) = (aab)v(anc), Va,b,c el
Definition 2.13: [4]
A Fuzzy subset p of L is called a Fuzzy Sublattice of L if i)

(e vy) = min{u(x), u()}
i) p(xay) = min{u(x), u(y)} Vxy el
3. Vague Sublattices and Vague Ideals:
In this section we introduce the concept of Vague sublattices and Ideals and discuss their
properties.
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Definition 3.1 :
Let L be a Lattice A be a Vague set over L. Then A is said to be Vague Sublattice over L if
each x,yel
i) Va(xvy) = min {Vy(x), Va(0)}
i) Vy(xny) = min {V4(x), V4(¥)} Vxy el whereV,=[ty,1- f4].
The set of all Vague Sublattice of L is denoted as VSL(L).
Example 3.2:
Consider the Lattice L of ‘divisors of 10’ thatis L ={1,2,5,10}
Let A = {x, [t4(x),1- f4(x)] >/ x € L} be given by
{<1, [0.5,0.9] >, <2, [.4,.5] >,<5,[.4,.7] >, <10, [.7,.7] > }. Then A is a Vague Sublattice of L.
Definition 3.3 :
A Vague set A of Lis called Vague Ideal of L, if the following conditions hold:
i) VaCxvy) = min {V4(x), Va(y)}
i) Va(xny) = max {V4(x), V4(¥)} Vxy el whereV, =[ty,1- f4l.
The set of all Vague Ideals of L is denoted as VI(L)
Example 3.4 :
Consider the Lattice L=1{1,2,3,4,6,12} of divisors of 12
We define A = {<x, [t4(x),1- f4(x)] >/ x € L} by
{<1, [0.7,0.8] >, <2, [.5,.5] >,<3,[.6,.7] >, <4, [.4,.5] >, <6, [.5,.5] >,<12,[.4,.5] > }. Then A is a Vague
Ideal of L.
Definition 3.5 :
A Vague set A of L is called Vague Prime Ideal , if V4(xAy) =max {V,(x), V4(y)}V x,y €L
Theorem 3.6:
If Aand B are two VSLs (VIs) of a Lattice L then AnB is a VSL(VI) of L.
Proof:
A ={<x, [t4(x),1- f4(x)] >/ x € L} and B ={x, [tg(x),1- fz(x)] >/ x € L} be two Vague sublattice of L.
Then AnB ={x, [ta5(X), 1- fap(X)] >/ x € L},
where ty5(x) = min{t,(x), tp(x)} and 1- f4 - (x) = min {1- f4(x), 1- f(x)}.
So that ty ~p(xvy) = min {t,(xvy), tp(xvy)} = min {min{t(x), t4(y)}, min{tp(x), tp(y)}}=
min{min{t,(x), tg(x)}, min{t4(y), tz(y)=min{ts 5 (x),ta -5 (y)},V x,y€L.
Similarly we get t4 g (xAY)= min{ty p(x),t4,5(Y)}, ¥ X,y L.
Also 1- fy ~p(xvy) = min{1- f4(xvy), 1- fp(xvy) } = min{min{1- f4(x) , 1- fa(y) L, min{1- f5(x) ,1- fz(y) }}
= min{min{1- fo(x) , 1- fp(x) }, min{1- f4(y), 1- fz(y) }} = min{1- f45(x), 1- fa5(y) }, V x,y€L.
Similarly we get 1- f4 -5 (xAy)= min {1- f4 5(X) , 1- f45(Y) }, V X,yeL. Hence AnB is VSL(L). Similarly
we can prove that AnB is VI(L).
Proposition 3.7:
Suppose Ais a VSL(VI) of L if and only if [A] and <A> are VSLs(VIs) of L.
Proof:
We will prove the case of VSL.
Let A be a Vague sublattice of L. We have [A] = {x, [t4(x),1- t4(x)] >/ x € L}.
Then Vx,yel, ta(xvy)=min{ts(x), t4(y)}and ta(xAy) =min{t,(x), t4(y)}. Now 1-t,(xvy)<1-
min{t4(x), t4(y) } = max{1-t4(x), 1-t4(y)} Vx,yelL. Similarly 1- t4(xAy)< max{1l-t4(x), 1-t4(y)} ¥Vx,yeL.
Hence [A] is a Vague sublattice of L. Next to Prove <A> is a Vague sublattice of L. Here <A> = {x,
[f4(x),1- f4(x)] >/ x € L}. Then Vx,yeL 1- f4(xvy) = min {1- f4(x), 1- f4(y)} and 1- f4(xAy) =min{1-
fa(x), 1- fa(y)}
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falxvy) < 1- min{l1- f4(x), 1- f4(y)} = max{ f4(x), faly)}. Hence <A> is a Vague sublattice of L.
Conversely assume that [A] and <A> are Vague sublattices of L. Then A is a VSL(L) follows from the
definition.
Remark 3.8:
The Union of two VSLs need not be a VSL which may be seen by the following Example.
Consider the Lattice given in example 3.2, we define
A={<1,[0.7,0.8] >, <2, [.4,.5] >,<5,[.1,.5] >, <10, [.2,.6] > } and
B ={<1, [0.6,0.7] >, <2, [.1,.5] >,<5,[.3,.7] >, <10, [.2,.7] > }. Here A and B are Vague sublattice of L.
Also AUB ={<1, [0.7,0.8] >, <2, [.4,.5] >,<5,[.3,.7] >, <10, [.2,.7] > }
ta p(10) = t4. 5(5v2) = 0.2 < min {t4 5(5), t4 p(2)} = .3. Hence AUB need not be a Vague
sublattice of L.
Proposition 3.9:
Every VI(L) is a VSL(L) but not conversely.
Proof: Follows from definitions
Example 3.10:
Consider the Lattice given in Example 3.2.
Define A = {1, [0.5,0.9] >, <2, [.4,.7] >,<5,[.4,.5] >, <10, [.7,.7] > }.
Then A is a Vague sublattice of L but not a Vague ideal of L because
t4(2) = t4(2A10) = .4<max{t4(2), t4(10)} = 0.7.
Remark 3.11:
The union of two Vague ideal of L need not be a Vague ideal, which follows from Remark 3.8 and
3.10.
Proposition 3.12:
If Ais a VI(L) and B a VSL( L) then AnB is a VSL but not a VI by the following example.
Proof:
Consider the Lattice given in example 3.4.
LetA= {<1,[0.7,0.8] >, <2,[.5,.5] >,<3,[.6,.7] >, <4, [ .4,.5] >, <6, [.5,.5] >,<12,[.4,.5] > } and
B ={<1,[0.2,0.3] >, <2, [.4,.6] >,<3,[.2,.5] >, <4, [.3,.4] >, <6, [.5,.5] >,<12,[.6,.7] > }
here Aiis a VI(L) and B is a VSL(L).
Then AnB = {<1, [0.2,0.3] >, <2, [.4,.5] >,<3,[.2,.5] >, <4, [.3,.4] >, <6, [.5,.5] >,<12,[.4,.5] > }. Clearly
ANB is a VSL(L) but not a VI(L) because t4 (1) = t4,5(2A3) =.2 < max{ty 5(2), t4,5(3)}=0.4.
Proposition 3.12:
Let AeVS(L). Then AeVI(L)[VSL(L)] if and only if all non empty level sets A@#) is an ideal
[sublattice] of L for each (a,3) €[0,1] with a+B<1.
Proof:
Firstly, suppose that AcVI(L). Letx,y €A@P)  Then t,(xvy) =min{ts(x), t4(y)}= a and 1- fy(xvy)
> min {1- f4(x), 1- f4(y)}= B, since AcVI(L). Hence xvyeA@h),
Also t,(xAy) =max{t,(x), t4(y)}= @ and 1- fy(xAy) =max{1- f4(x), 1- f4(y)} = B. Hence xayeA@F),
Thus A@#) s a Vague ideal of L. Conversely, assume that A@P) is an ideal of L. Let X,y €L such that
[t4(x),1- f4(x)] =[o,B] and [t4(y),1- fa(y)] = [s,t] such that a<s and B<t. Then we have the following
cases.
Case 1:
Suppose a=0 and =1. Then obviously, t,(xvy) = a = min{t4(x), t4(y)} and 1- f4(xvy) = B = min {1-
£4(x), 1- f4(y)}. Now yeAGD implies xaye AGH) since AC is a Vague ideal of L. Hence t4(xAy)
=>s = max{ty(x), t4(y)} and 1- f4(xAy) = t = max{1- f4(x), 1- f4(y)}. Thus AeVI(L).
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Case 2:
o # 0 and B # 1, Choose >0 such that e<a, Then we have t,(y) > s-€ > a-g, 1- f4(y) > t+& > B+e and
ty(x) > o-g, 1- fy(x) > p+e. Thus x,yeA@=% B+ By our assumption A(*~4 £+9 is 3 Vague ideal of
L. soxvy € A(@=% A9 and xaye AC~% ©+9 Thus t,(xvy) > o -g, 1- f4(xvy) > B+e and t4(xAy) >s-g
and 1- f4(xAy) > t+e. Since >0 is arbitrary, we obtain t4(xvy) > o = min{t(x), t4(y)}, 1- falxvy)>p =
min {1- fa(x), 1- f4(v)} and ta(xay) =s = max{ts(x), t4(y)} and 1- fy(xay) = t = max{L- fa(x), 1- fa(y)}
Vx,yel. Hence AeVI(L). Proof is similar for VSL(L).
4. Vague ideals and Homomorphism:
Definition 4.1:
If ¥ :L— L be a mapping from a Lattice L to another Lattice L and A= {<x, [t4(x),1- fa(X)] >/ x €
L} be Vague set of L then the image W(A) is defined by
P(A) = {<y,[¥(V4)(y)]>/yeL} where W¥(Vy)(y) = Sup {(Va(x) /x € ¥' )}, ¥ () # 6
=0, () =0
where Vy = [t4, 1-f4]. Similarly if A" = {<y, [ty (y)1-f (W) >/y e L} is a Vague set of L then
WA = {<x, [ (b, (0, Q- £ )X >/ x € L,
where ¥ (t,r (%)) =t, (¥(x) and ¥ (1- £, )(0) = (1- £, )¥(x)
Proposition 4.2:

Let A be a Vague ideal of L then W(A) is a Vague ideal of L .

Proof:
Let A be a Vague ideal of L. Then W(A) = {<y, [P(V4)(y)]>/yeLl} Lety,z eL’. Then ¥(V,)(yvz)
= Sup {V4(x) / x € ¥ 1(yvz)= Sup (Va(uw) [ u € P H(y), ve ¥ 1(2)} = Sup {min{( V,(u),

Vi)Y u e ¥y, ve P (2)} = min{Sup Vy(u) / u e 1), SupVylv) / ve ¥ l(2)} =
min{P(VA)y) , (V@) Also W(Va)lyaz) = Sup {Valx) / x € P L (yaz)}> Sup (Vu(urw) / u
Y (y), ve ¥ (2)} 2Sup {max{(Va(u), Vav)l/ u € ¥ (), ve ¥ ' (2)} = max{Sup Vy(u) / u
1 (y), SupVy(v)/ ve l}rl(z)} = max{¥( V,)(y), ¥(V4)(z)}. Hence ¥(A) is a Vague ideal of L.
Theorem4.3:

If ¥ : L= Lis a Lattice homomorphism and A" is a Vague Lattice of L', then 1 (A is a Vague
ideal of L.
Proof:

Let A'be a Vague ideal of L. Then ¥ 1 (A" = {<x, [¥" (V,)(x)]>/xeL}.

Let x,y €L . Then 1 (Vy)xvy) = V¥ (xvy)] = V[ P(x)VP(y)] = min{V,(¥(x), V, (Y (y)} =
min{ ¥~ ((V,)0x), 7 (V) Also 70 (V,)(xay) = VI (xay)]
= VTP )AP(Y)] = max {V, ((x), V, (@)} = max {77 ((V)(x), P71 ((V4)(v)}. Hence ¥'(A)
is a Vague ideal of L.
Theorem 4.4:

If ¥ : L> L is an onto mapping and A, A" are Vague set of the Lattices L and L" respectively.
Theni) Y[P 1(A)]=4" i) AcP I [¥(A).
Proof:

i)Let yeL'. Then we have LR Viy)l = Sup{‘l’f1 (Vy)(x) / xe ‘lfl(y) } = Sup{V,(¥(x) / xeL,
W(x) =y} = V,1y). Since ¥ is an onto mapping for every yeL’ there exist xel such that ¥(x) = y.
Hence W[¥ 1(4)]=4"

ii) Let xeL. Then we have i ( AVY)(X)) = PV4)(F(x)) = Sup{V,4(x) / xe ! ( Z(x)} = Vy(x).
Hence A Vl[‘P(A)]

m

m
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Definition 4.5:

If ¥ :S—T be any function from a set S to another set T and {<x, [t,(x),1- f4(x)] >/ x € S} be a
Vague set of S. Then A is said to be W- invariant if x,yeS such that ¥(x) = W(y) =  V4(x) = V4ly).
Proposition 4.6:

If a Vague set A is W- invariant then 1 [W(A)] =A.

Proof: follows from theorem 4.4 and Definition 4.5.
Theorem 4.7:

If ¥ :S—>T be any function from a set S to another set T and A,B are Vague sets of S, A, B’ are
Vague sets of T then i) AcB = W(A)c¥(B) and i) AcB = ¥ 1A )< ¥ 1(B).

Proof:

Let A ={<x, [t4(x),1- f4(x)] >/ x € L} and B ={x, [tg(x),1- fp(x)] >/ x € L}. Then AcB = Vy(x) <
Vp(x). Also W(A) = {<y,[V(V4)(y)]>/yeT} and W¥(B) = {<y,[¥(VE)(y)]>/yeT}. Now V yeS, we have
P(Va)ly) = Sup{Va(x) / xe ¥ (y)}< Sup{Vz(x) / xe P (y)} = ¥(Valy)). Hence P(A)¥(B). Similarly
we can prove ii.

Theorem 4.8:

If ¥ : L> Lis a Lattice epimorphism,then there is one to one order preserving correspondence
between the Vague ideals of L and those of L which are W-invariant.
Proof:

Let I(L) denote the set of all Vague ideals of L and I(L) denote the set of all Vague ideals of L which
are - invariant. Define 3} : I(L) =I(L) and ¥": I(L)~I(L) such that 5(A) = ¥(A) and 3(4) = ¥ 1(4)
by theorem 4.2 and 4.3 >,V are well-defined. Also by theorem 4.4 and 4.6, > and Y inverse to each
other which gives the one to one correspondence. Also by theorem 4.7 we have AcB =
WY(A)cW(B). Thus the correspondence is order preserving.

Definition 4.9:
Let AeVS(L) . Then A is said to have Sup —Property if for each subset ScL there exist x5 €S such

that, 2“2 V,(x)} = Vi (xo)-
Lemma 4.10:

Let ¥ : L— L’ be an onto mapping and Let A be a Vague Lattice with Sup-Property in L. Then
U(W(ty),a) = Y (U(ty, o)) and L(W (1 — f4),B) = P(L(1 — f4, B)), Va,B[0,1] with a+B<1.

Proof:

Let ye U(P(ty),a). Then P(t4)(y) = xdrfg/p)tA(x) >a. Since A has Sup property, there exist
xo € ¥ (y) such that t,(xo) = xéy,{gélyp)tA(x) and W(xy) =y. Hence t4(xg) 2a. So xyeU(ty, a) and

ye'¥(U(ty, a)). Thus U(Y(ty),a) = W(U(ty, o).
For reverse inclusion , Let ye W (U(t,, o)), then there exist xo e W (U(t,, o)), such that W(xg) = y.
conversely, Let ye'W(U(t4, a)), then there exist xo€(U(ty, a)) such that W(xg) =y. Now t4(xg )= a

= Y(ty)ly) = JCealrfg/p)tf;(x) >a. Therefore ye U(W(t,),0). Hence W(U(t,, o)) < U(W(ty), o).

Therefore U(W(t,),a) = W(U(t,, a)). Similarly we can Prove that if A has sup property, then
L(W(L — fa),8) = (L(1 — f4, B)).
Theorem 4.11:
¥ :L—> L be a Lattice epimorphism and Let A be a WP-invariant Vague Prime Ideal of L, then
Y(A) is a Vague prime ideal of L.
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Proof:

Suppose W(A) is not a Vague Prime ideal of L. Then for some P(a), ¥(b) €L, we have ¥(t,)[
(@AW (b)] = W(t4)[ (@)l and W(t4)[ P(@)A¥(b)] = Y(ta)[ F(b)], ¥(1 — fu)l P(@)a¥(b)] # ¥(1 -
£ ¥(a)] and (1 — f1)[ ¥(a)AP(b)] = P(1 — f4)[ P(b)]. Since P(A) is Vague ideal of L, P(t,)l
(@AW (b)] >W(t4)[ W (a)l and W(t4)[ Y (@)AW(b)] >W(t4)[ W(b)], W(1 — f4)[ Y(@)A¥(b)] > (1 — fy)l
W(a)] and Y(1 — fy)[ Y(a)AW(b)] > Y(1 — f4)[ ¥(b)]. Now by definition of Pre-image and the fact
that WV is a Lattice homomorphism we get, T_l(T(tA))[a/\b] > le(‘P(tA))[a] and S‘rl(‘P(tA))[aAb] >
PP (ta))b), PHP(L — fa)lanb]l > ¥ (P(1 — fy))la] and PHP(L — fa)llanb] > ¥ (P(1 —
fa))[b]. Since A is W-invariant by Proposition 4.6 we get V,(aAb)>V, (a) and V4(anb)>Vy (b) . This
contradicts the fact that A is a Vague Prime ideal of L.

Theorem 4.12:

Let W : L= L’ be a Lattice homomorphism then 7 14)isa Vague Prime ideal of L if A”is a Vague
Prime ideal of L.
Proof:

Let A" is a Vague Prime ideal of L. Then we have Va,bel, T'l(VAf)(a/\b) = V,¥(anb) =
V, [¥(a)A¥(b)], Since A’is a Vague Prime ideal of L, V,[Y(@)A¥(b)] = V,[P(a)] (or) ¥(b). This
implies W’l(VA/)(a/\b) = W'l(VAf)(a) (or) W'l(VAf)(b). Hence Y’l(A/) is a Vague Prime ideal of L.
Theorem 4.13:

Let ¥ : L= L be a Lattice epimorphism . Then P(a) is a Vague prime ideal of L, if A is a Vague
Prime ideal of L with Supremum Property in L.
Proof:

Let A be a Vague Prime ideal with Supremum Property in L, then W(A) is a Vague ideal of L by
theorem 4.2. This implies W(A) is Vague Prime ideal of L', if each nonempty upper and lower level
sets of W(A) are Prime ideals of L. Now let o, €[0,1] with a+B<1 and U(¥(t4),0) = P(U(t4, a)) and
L(¥(1 — £41),8) = P(L(1 = f4, B)). But U(ts,a) and L(1 — f4,B) are Prime ideals of L. So W(U(t4, o))
and ¥(L(1 — f4), B)) are prime ideals of L". Therefore U(¥(t4),0) and L(¥(1 — f,),B) are prime ideals
of L. Hence W(A) is a Vague prime ideal of L
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