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1.INTRODUCTION

Smarandache [13 ] initiated the concept of neutrosophic set which overcomes the inherent
difficulties that existed in fuzzy sets[14] and intuitionistic fuzzy sets [5,6].Following this, the
neutrosophic sets are explored to different heights in all fields of science and
engineering.l.Arockiarani et al. defined the notion of fuzzy neutrosophic sets [1].In 1989, R.Biswas
[8] introduced the concept of intuitionistic fuzzy subgroups and studied some of their properties . In
this paper we define fuzzy neutrosophic subgroups and discuss their properties.

2.PRELIMINARIES:

Definition 2.1:[1] A Fuzzy neutrosophic set A on the universe of discourse X is defined as

A= (x,Ty(x),I4(x), F4(x)),x € X whereT,I,F:X -[0,1] and O<T,(X) + 1 ,(X) + F,(x)<3
Definition 2.2: [1] Let X be a non empty set, and

A=(X,TA(X), 1,(X), FA(X)), B=(X,T5 (X), 15 (X), F5 (X))
(i) A cB forall xif T,(X) <Tg(X), 1,(X) < 15(X) , Fo(X) = F;(X)
(ii) AU B=(x,max (T, (x), T (X)), max( 1 ,(x), 15 (X)), min(F,(x), F5 (x)))
(iif) AN B=(x,min (T, (), T5 (X)), min(1 ,(x), 15 (X)), max(F, (x), Fg (x)))
(iv) A\B (x)= <X, min (T, (x), Fg (X)), min(1 ,(X),1— 15 (X)), max(F,(x), T, (X))>

Definition 2.3:[1] A Fuzzy neutrosophic set A over the universe X is said to be null or empty Fuzzy

neutrosophic set if Ta(x) =0,Ia(x) =0, Fa(x) =1 forall x €X. It is denoted by ON
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Definition 2.4:[1] A Fuzzy neutrosophic set A over the universe X is said to be absolute fuzzy
neutrosophic set if Ta(x) =1, Ia(x) =1, Fa(x) =0 for all x €X. It is denoted by 1N
Definition 2.5: [1]The complement of a Fuzzy neutrosophic set A is denoted by A and is defined as
A= (X T, (X), 1, (%), Fpe () where T, ()= Fy (%), 1, () =1=1,(x), F,. () =T,(x)
The complement of a Fuzzy neutrosophic set A can also be defined as A°= 1 — A.
Definition 2.6:[2]Let X and Y be two non empty sets and f : X —Y be a function .

(i) If B ={<y,TB(y), I5(y), R (y)) Y eY}is a fuzzy neutrosophic set in Y then the pre

image of B under f ,denoted by f *(B), is the fuzzy neutrosophic set in X defined by
FEB) = {(x, F 1T, (0), F (15 (0), FH(Fy (X)) i xe X |
Where f (T, (X)) =T5(f (X))

(ii) If A= {<X,TB (%), 15(x),F; (X)> ‘Xe X}is a fuzzy neutrosophic set in X then the image
of A under f ,denoted by f(A),is the fuzzy neutrosophic set in Y defined by
A ={y, f T FUL W), F(Fa):y Y]

Sup T,(x) if f*(y)=0,
FTL () =10
0 otherwise

Sup 1,(x) if f(y)=0,
where f(1,(y))=<x"W
0 otherwise

inf Fa(x) if f7(y)=0,
£ (F,(y) =10

1 otherwise
And f_(F,\(y))=@A0-fQA-F,)y
Definition 2.7:[3] Let (X,.) be agroup and let A be fuzzy neutrosophic set in

X .Then A is called a fuzzy neutrosophic group (in short, FNG) in X if it satisfies
the following conditions: (i) T, (Xy) 2T, (X) AT, (), 1 ,(Xy) = 1,(X) Al,(Y) and

Fa(xy) < Fa () v Fi (¥) (i) Ta(x7) 2 Tu (%), 1a(x ) 2 1,(3), Fa(x ) < Fy (%)

Definition 2.8:[3]Let (X,.) be a groupoid and let Aand B be two fuzzy neutrosophic sets in X
.Then the fuzzy neutrosophic product of Aand B, Ao B ,is defined as follows: for any xe X,

v [T (V) AT, (2)] for each (y,z) € X x X with yz = X,
Thp (X) =977 _

0 otherwise

v [ (y) A l4(2)] for each (y,z) € X x X with yz = X,
I AoB (X) =97 .

otherwise

A [Fa(y) v Fg (2)] for each (y, z) € X x X with yz = X,

Fpop (X) =977 _
otherwise
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Definiion 2.9:[4] Let G be a groupoid and let A€ FNS(G).Then A iscalleda:
(1) fuzzy neutrosophic left ideal (in short FNLI ) of G if for any X,y € G, A(xy) > A(Y) .(i.e.,)

ToA(y) 2T (¥), 1 (xy) 2 1,(y) and F, (xy) < F, ()
(2) fuzzy neutrosophic right ideal (in short FNRI ) of G if forany X,y € G, A(Xy) > A(X) .(i.e.,)
TAOy) 2T (%), 1A (xy) 2 1, () and F,(xy) < F,(X)
(3) fuzzy neutrosophic ideal (in short FNI ) of G ifitis botha FNLI and FNRI
It is clear that A is a FNI of Gif and only if for any x,yeG,
TAOY) 2TA () VT (), 1A 0y) 2 T, (X) v I, (y)and Fu(xy) < F,(X) A FA(Y) .Moreover
,a FNI (respectively FNLI , FNRI )isa FNSGP of G .Note that for any FNSGP A of G
we have T,(X") =T, (X),1,(x") = 1,(X)and F,(x") <F,(X) for each X € G, where X"
is any composite of X’s.
We will denote the set of all FNSGP s of G as FNSGP(G) .
Definition 2.10:[4]Let (G,.) be a groupoid and let 0, # A€ FNS(G).Then Ais called a fuzzy
neutrosophic subgroupoid in G (in short, FNSGP in G )if Ac AcC A.
Definition 2.11:[4]Let (G,.) be a groupoid and let Ae FNS(X).Then Ais called a fuzzy
neutrosophic subgroupoid in G (in short ,FNSGP in G) if for any X,yeG,
T V) 2T )ATA(Y) T,0Y) 2 T, () AT,(Y) and Fu(xy) < F,(X)Vv FA(Y) It is clear that
0, and 1, are both FNSGP s of G.
Definition 2.12:[4]Let A € FNS(G).Then A is said to have the sup property if forany T € P(G)
there existsa t, €T suchthat A(t,) = H A(t) .ie.,

TA(t) zthTA (), 1.(t,) =V I, (1), Fa(ty) =A F,(t),where P(G) denotes the power set of G .
Definition 2.13:[4]Let A be a fuzzy neutrosophic setin X and let A, u,v el with A+ pu+v <3
Then the set X (") = {X eX:AMX)=2C, (X)}: {X eX:T,(X)=2A1,2u,F, < V} is called

a (4, i, v) —level subset of A.

3. FUZZY NEUTROSOPHIC SUBGROUPS

Definition 3.1:

Let G be a group and let Ae FNSGP(G).Then Ais called a fuzzy neutrosophic subgroup (in short
,FNSG ) of G if A(X)>A(X) .(ie.,) TA(X) 2T, (X), 1,(X ) >1,(X) andF,(x ™) < FL(X)
foreach xeG.

Proposition 3.2:

let {A,} _, = FNSG(G).Then (1 A, € FNSG(G).
acpf

Proposition 3.3:

Let A and B be any two FNSG s of a group G .Then the following conditions are equivalent:
(1) AoB e FNSG(G).
(2) AcB=B-A

Proof: Proof is immediate.

Proposition 3.4: Let A € FNSG(G) .Then A(X ') = A(X),

(ie,) TA(X) =T (), 1, (X7) = 1,(X), Fo(x™) = Fo(X) and A(X) < A(e),
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(i.e.,) To(X)<T,(e),1,(x)<1,(e),F,(X)>F,(e) for each xeG,where e is the identity

element of G .
Proof:

let XeG.Then T,(X) =T, ((x*)™)>T,(x"), foreach xeG.

L () =1, ((x)™) = 1,(x™), foreach xeG.

F.(X)=F,(x") ™) <F,(x™"),foreach xeG.

since Ae FNSG(G), T, (X ) =T, (X), 1 ,(x ™) =1 ,(X) andF,(x™") <F,(X) foreach xeG.
Hence T,(X ™) =T, (X), 1 ,(x™) = 1,(X), F,(x™) = F,(X) . (i.e.,) A(X™) = A(X).

On the other hand ,

Ta@ =T, ) 2T, () AT (X) =T (X), 14(€) = 1,0 ) 2 T, () AT (X)) = 1,(%),
Fa(e) = FA(0x ) < Fu(X) v Fo(x) = Fo(X)

Hence T,(X) <T,(e),1,(x) <1,(e),F,(x) > F,(e) foreach x e G .(i.e.,,) A(X) < A(e).

This completes the proof.
Proposition 3.5:I1f A€ FNSG(G) ,then

G, ={xeG:AX)=A(E),1e,T,(X) =T,(€),1,(X) =1,(e), Fo(X) = F,(e)}is a subgroup of
G.

Proof:

Let X,y € G,.Then T,(X) =T,(€), 1 ,(X) =1,(e),F,(X) = F,(e) and

TaA(Y) =Ta(€), 1,(y) = 14(8), FA(y) = F4(€).

Thus T,00 ) 2T, () AT, (y ™)

=T,(X) ATA(Y) (by Proposition 3.4)

=T\ AT,(e) =T,(e).

Similarly , 1,(xy™)>1,(e).

F Oy ™) SF )V FL(Y ™)

=F,(X) v F,(y) (byProposition 3.4)

=F.(e)vF,(e) =F,(e).

On the other hand , by proposition 3.4 T,(xy ) <T,(€), 1 ,(xy ) < 1,(e), Fa(xy ™) = F,(e)
S0 T, (y ) =T,(e), 1,(xy ) = 14(e), Fa(y ) = Fu(€) -li-e.,) Ay ™) = Ae) .Thus
xy " €G,.Hence G, is a subgroup of G.

Proposition 3.6:

Let Ac FNSG(G).If A(xy ™) =A(e) . (i.e,) T,(xy ) =T,(e), 1 ,(xy ) =1,(e),
F.(xy™) =F,(e) forany X,y € G ,then A(X) = A(Y) (i.e.,)

TA0) =T (Y) 1a(X) = 14 (¥), Fa(X) = Fo(Y).

Proof:

Let X,y € G.Then T,(X) :TA((Xyil)y) 2T, (Xyil) ATA(Y) =TA(€) ATA(Y) =TA(Y).
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On the other hand , by Proposition 3.4 T, (X ™) =T, (X) ,then we have

T, 00 = To (X)) =T, (yx ") and thus

Ty () = Ta(OX 0 2 Ta () AT, (0 =T, 092) AT () =Ty (€) AT, () =T, (¥).
So T,(X) =T,(Yy).By the similar arguments, we have | ,(X) =1,(y), F,(X) = F,(y).

This completes the proof.
Corollary 3.7 :

Let Ae FNSG(G) .If G, is a normal subgroup of G, then Ais constant on each coset of G, .
Proof:
Let a€ G and let X € aG,.Then there exists X'e G,such that X = ax'.Since G, is normal and

XeG,,xa=axa’ eG,.Thus T,(xa™)=T,(e), I ,(xa*)=1,(e)and F (xa™)=F,(e) .By
Proposition 3.6, T,(X) =T,(a),l1,(X) =1,(a) and F,(X) =F,(a).So Ais constant on aG, for
each @ € G . By the similar arguments , we can see that A is constant on G,a for each a€G.

Hence Ais constant on each coset of G,.

Note:
Let H be a subgroup of G .Then the number of right [respectively left] cosets of H in G is called
index of H in G and denoted by [G : H]. If G is a finite group ,then there can be only a finite

number of distinct right [respectively left] cosets of H .Hence the index [G : H] is finite .If G is an

infinite group ,then [G X H] may be either finite or infinite.

Corollary 3.8 :

Let A€ FNSG(G) and let G, be normal .IfG, has a finite index, then A has the sup -property.
Proof:

Let T <G .Since G, has finite index let the index [G:G,]=n,say

A={aG,,...a,G,}where a €G(i=1,...n) and a,G,Na,G, =¢ forany i # j.let teT Since

n
G=UA = L_JaiGi ,there exists 1 €{1,2,...n} such that t € 3,G, .Since G, is normal ,by corollary

i1
37, To(0) =Ta(@), 1a(t) = 1,(&), Fa(t) = Fa(&;) on &G, say To(t) = &, 1a(1) = £, Fa(t) = 7,
,where a;, f,,7; €| and a; + S, +7; <3.Thus there exists a t, €T such that

TA(tO):t\e/TTA(t):Vai’IA(tO):t\E/T IA(t):\/ﬂi’FA(tO):tQ_ FA(t)z/\yi.Hence A has the

i=1 i=1 i=1
sup- property.
Proposition 3.9 :

Ae FNSG(G) ifand only if T,(xy ) =T,(X) ATL(Y), 1.(xy ™) = 1,(X) A T,(Y),
FA(xy‘l) <F,(X)vF,(y) forany x,yeG.

Proof:

Proof follows from Definition 3.1 and Proposition 3.4.

Proposition 3.10 :

A group G cannot be the union of two proper FNSGS.

Proof:

Let Aand B be proper FNSG s of a group G suchthat AUB=1,A#1  and B#1,.
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AuB=1,=>T,vT;=L1,vI;=LF, AR, =0.ThenT, =1or T, =1,1, =1or I; =1,
F,=0or F; =0.Since A=1,and B#1,,T, #1lorl, #lorF, #0 and

Tg #lor I #1or F; # 0.In either cases,this is a contradiction.This completes the proof.

Proposition 3.11:
If Aisa FNSGP of agroup G,then Aisa FNSG of G.
Proof:

Let X € G .Since G is finite , X has the finite order say n.Then X" =€ ,where € is the identity of G
.Thus X = X"" Since Aisa FNSGP ofagroup G, T,(x ") =T, (X"") =T,(x"?x) > T,(X)
1,07 = L) = 1,(¢%) = 1,()

Fax™) = Fu(x™™) = F,(X"*X) < F, (%)

Hence Aisa FNSG of G.

Proposition 3.12:
let Abe aFNSG of a group G and let xeG.Then A(xy)=A(Y),lie.)

T, O) =T, (%), 1 ,(xy) = 1,,(X), Fo(xy) = FA(X) for each ¥y €G if and only if A(X)=A(€).(i.e.,)
T,(X) =T,(€),1,(X) =1,(e), F,(x) = F,(e) ,where e is the identity of G .

Proof:
Suppose A(xy) = A(Yy) for each Yy € G .Then clearly A(x) = A(e).

Conversely, suppose A(X) = A(€) .Then by Proposition 3.4,
TA(Y)STA(), 14 (V) < 1,(X), Fo(Y) £F,(X) for each Y €G Since A isa FNSG of G ,then

TA(Xy) ZTA(X)/\TA(y)! IA(Xy) 2 IA(X) A IA(y)l FA(Xy) < FA(X)VFA(y) .Thus

TA09) 2 TA(Y), 1a(xy) 2 1,(Y), Fa(xy) <F ,(y) foreach y €G.
On the other hand ,by Proposition 3.4,

TA(Y) :TA(X_le) 2T ) ATLOY) TA(Y) Z 1) ATA(XY), Fa(Y) S FA(X) VF A(xy).
Since T,(X) 2T, (), 1,(X) 2 1,(y),FA(X) <F ,(y) foreach yeG.

TA)ATA(Y) =T 9), L) AT (XY) = 1,(xy), FA(X) v Fo(xy) = FA(Xy) .So

Ta(Y) 2T, 00), 1Y) 2 14 (xy), Fo(y) <F 5(xy) for each y € G .Hence

TAOY) =TA () LA (y) = 1,(Y), Fa(xy) =F ,(y) foreach y e G .

Proposition 3.13:
Let f:G — G'be a group homomorphism, let A€ FNSG(G) and let B € FNSG(G') .Then the

following hold:
(i) If A has the sup- property, then f (A) € FNG(G').
(i) f(B) e FNSG(G).
Proof:
(i) By Proposition 5.4 in [4],(i.e.,)Llet T :G — G"be a groupoid homomorphism and let

A e FNS(G) have the sup property .
(1) If Ae FNSGP(G), then f(A)e FNSGP(G").
(2) If Aisa FNI(FNLI,FNRI)of G,then f(A)isa FNI(FNLI, FNRI)of G".
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Since f(A) € FNSGP(G), itis enough to show that

T (YD) 2T ) Loy (V) 2 iy (9) Frny (¥ ) < Fy gy () foreach y € (G).

Let Y e f(G).Then ¢= f*(y) = G.Since A has the sup- property , there exists X, € f'(y)
suchthat T,(X,) = v TA(),1,(X) = tef\_{(y) [,(),Fa(X) = A F.().

tef(y) tef(y)

Thus Tf(A)(y_l) = f (TA)(y_l) = tef’\l/(y’l)TA(t) Z-I-A(X(;l) >Th (%) =Tf(A)(y)'

L) =TI =Y a2 LA (%) 2 10 (Xo) = T (ay (¥).

ef 1y ™)
Ff(A)(yil) = f(FA)(yil) = tef’{}y’l) FA(t) < FA(XSI) < FA(XO) = Ff(A)(y)'
Hence f(A) e FNSG(G).
(ii) By Proposition 5.1 in [ ],(i.e.,) Let f :G — G"be a groupoid homomorphism and let
B e FNS(G")

(1) If B e FNSGP(G"), then f *(B) € FNSGP(G).
(2) If Bisa FNI(FNLI,FNRI)of G" then f*(B) is a FNI(FNLI,FNRI) of G. Since
f *(B) e FNSGP(G), it is enough to show that f*(B)(x™)> f *(B)(X) for each

xeG.
Let X € G.Then

Ty (C) =TT =To (FOC) =Ty (FOD) ) 2Ty (F0) =T, ) (9,
oy X = F 200 = 1, (FX) = L (FO) ) 2 1 (F () =1, (%) ,and
P ) = TR = Fp (F(x ) = Fy (F(0) ) < P (FOO) = F, ) (9).

Hence f(B) e FNSG(G).
Proposition 3.14:
Let G, be the cyclic group of prime order p.Then AeFNSG(G,) if and only if

AX) = AD) < A(0), (i.e.) TA(X) =T (@) <TA(0) , 1,0 =1,0) <1,(0), Fy(x) = F,(@) > F,(0)
foreach 0= xeG,.

Proof:
Suppose A€ FNSG(G ) and let 0 x € G, .Then

TAOY) 2To(X) ATL ), LA Oy) 2 1, () AT 00), FA(xy) S Fu(X) v Fo(xy) forany X,y €G,
.Since Gp is the cyclic group of prime order p, Gp ={0,12,....p—1}.Since Xisthe sumof 1's and
listhesumof X'S, T,(X) 2 T,(1) 2T, (X), 1,(X) 2 1,(1) = 1,(X) and F,(X) <1, <1,(X)
Thus T,(X) =T, (D), 1,(X) = 1,(1), FA(X) = F4(1). Since 0 is the identity element of G,

To(X) <T,(0),1,(x) <1,(0), F,(x) = F,(0) .Hence the necessary conditions hold.

Conversely, suppose the necessary conditions hold, and let X,y € Gp .Then we have four cases : (i)
x#0,y=0and x=y (i) x=0,y=0 (i) x=0,y#0 (iv)x#0,y=0and x=y .

Case (i) Suppose X # 0,y =0 and X =y .Then by the hypothesis, T,(X) = T,(y) =T, (1) <T,(0),
1,00 = 1, (1) = L@ < 1,(0) and F\(x) = Fo(y) = F (1) 2 F, 0) 50
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Ta(x=y) =TL(0) 2T,(X) AT, (Y), 1a(x = y) = 1,(0) 2 1, () A TA(Y)

Fa(x=Yy) = FA(0) < Fo(x) v FA(Y).

Case (i) Suppose X # 0 and y =0.Since x—Y # 0,by the hypothesis,

Ta(X=y) =To(¥) =T, <T,0) =To(Y), 1a(X=y) =1,(x) =1,(2) < 1,(0) = 1,(y) and
Fa(x=y) = Fo(x) = F,(1) 2 F,(0) = F,(y) S0

T (X=Y) 2T, () ATA(Y) LA (X=Y) 2 T,() AT, (Y), Fa(X=Y) S FL(X) v F,(Y).
Case (iii) is the same as Case (ii).
Case (iv) Suppose X =0,y =0 and x # y .Since X—Y # 0, by the hypothesis,

TA(X=Y)=TA(X)=TA(Y) =Ta@D <TA0), I, (x=y)=1,(X)=1,(V)=1,D <1,(0),
Fa(x=y)=F.(x)=F,(y) =F.() 2 F,(0) .o

T, Y) 2T, 00 ATA W), Ly (K= ¥) = 1,00 A L (Y), Fa(X—Y) < Fu () v Fy(y) dnal,
T, ) 2T, AT, (X = Y) 2 1,00 A L(Y), Fy(X—Y) < o (v F (y) Hence by
Proposition 3.5, A€ FNSG(G,).

Proposition 3.15:

The FNI(FNLI, FNRI) in a group G are just the constant mappings.

Proof:

Suppose A is a constant mapping and let X,y € G.Then T,(xy) =T, (X)=T,(y) ,

LLOy)=1,()=1,(y), Fa(xy)=F,(X)=F,(y).So Aisa FNI of G.

Now suppose A isa FNLI of G.Then T,(Xy)=T,(y), I,(xy) > 1,(y), Fa(xy) <F,(Y)
forany X,y € G .In particular, T,(X) =T, (€), 1 ,(X) = 1 ,(€), FA(X) < F,(e) foreach xeG.
Moreover, T, (8) =T, (X X) =T, (X), 1 ,(€) = 1 ,(X*X) > 1 ,,(X), F,(€) = F, (X *X) < F,(X)
Foreach X € G.So T,(X)=T,(e),1 ,(xX)=1,(e), F,(X) = F,(€) foreach X € G.Hence A isa

constant mapping.
Proposition 3.16:

Let A bea FNSG of a group G .Then for each (A4, 11,v) € 1® with (4, 11,v) < A(e),

(e, ) A<T,(6), u<1,(e),v>F(e), G{*” isasubgroup of G ,where € is the identity of G .
Proof:

Clearly, G = @.Let X,y € G Then A(X)> (A, z,v) and A(Y) = (4, i1,v) (i.e.,)
T,(X) =24, 1,(X) 2 1, F,(X)<vand To(Y) 2 A, 1,(Y) = 1,F,(y) v .Since Ae FNSG(G),
T 0 2T ) ATA(Y) 24, 1,00) 2 1, () A Ta(Y) 2 1, Fa(xy) <FL(X) v Fo(y) <V Thus
A(Xy) = (4, ,v) .So Xy € G{*") .0n the other hand,

T,(X) 2T, ()22, 1, (X)) 21 ,(X) > 1, Fy (X)) <F,L(X) <v.Thus A(X™) > (4, 1,v) .So
xt GG,(S’”"’) .Hence Gf\l‘”‘y) is a subgroup of G .

Proposition 3.17:

Let A be a fuzzy neutrosophic set in a group G such that fo"”) is a subgroup of G for each
(A, 1,v) € 1° with (4, 1,v) < A(€) .Then A isa FNSG of a group G.

Proof:
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Forany X,y € G let A(X)=(t,,s,,1,) and let A(Y)=(t,,S,,r,) .Then clearly,x € G{*"%) and
y € Gl suppose t, <t, , S, <S,and I, >T,.Then G{2*%) = G Thys y e G,
since G{**" s a subgroup of G, Xy € G Then A(xy) = (t,,s,.1,).

(i) TA(xy) 2>t 1, (xy)=>s,, F,(xy) <r,.

S0 T, (9) =T 00 AT, (1,10 09) > 1,00 A 1Y), Fo09) < F (9 v Fo (y) For each X <G,
let A(Xxy) = (4, 1,v) .Then x € G{*7) Since G{**7) is a subgroup of G,x ' eG{*” S0
AXY) = (A, 1) (e )T (X)) S TL(X), (X7 = 1, (X), Fo(X™Y) < F,(X) .Hence A isa

FNSG ofagroup G.
Proposition 3.18:

Let A be a fuzzy neutrosophic setin X and let (4, 14,v4), (A, 1t,,v,) € Im(A) .If

A < Ay iy <y, vy >V, then ALr#) o AUz

Result 3.19: Let A be a fuzzy neutrosophic set in a group G .Then A isa FNSG of G if and only if
A% s a subgroup of G for each (A, u,v) € Im(A).

Definition 3.20:

Let A bea FNSG of group G and let (A4, 1,v) € IM(A).Then the subgroup A”*") is called a
(4, 1, v) — level subgroup of A.

Lemma 3.21:

Let A be any fuzzy neutrosophic set in X.Then T, (X) = \/{A X e AhA) },

I,(X) = v{y x e Ab#Y }, F.(X) =/\{V X e A%e) } where X e X and (4, 11,v) € I® with
A+u+v<3.

Proof: Let @ = v{ﬂ, :x e As) },,B = v{,u :x e A }, y = /\{V ‘X e A(M"V)} andlet £>0 be
arbitrary. Then o —&< \/{l X e A } p—e< v{,u :x e A%s) } y+e> /\{v :x e A }
Thus there exist A, 21,V € | with A+ g+ v <3 such that x e A%#"),
a—-s<Af—e<uy+e>v.Since xe AP T (X)=A,1,(X)=u, Fy(X)<v.Thus
T.(X)>a—¢&1,(X)>p—¢&,F,(X) <y+e¢.Since £ >0 isarbitrary,

T (021,002 B F(0<7.

We now show that T, (X) < e, | ,(X) < B, F,(X) = 7 .Suppose T, (X) =t,, 1 ,(X) =t,, F,(X) =t
Thent, +t, +t,<3.Thus x e A% so t, € {ﬂ :x e A% } b, e {,u: x e Ahs) },

t, e {v 1Xe A(Z’”‘V)}.Thus,tl < v{ﬂ, X e A% }tz < v{,u X e A% },ts Z/\{V IXe A(l"“v)}
(e ) TA(X) <, 1 ,(X) < B, Fa(X) 2.

This completes the proof.

We shall denote by (A) the FNSG generated by the fuzzy neutrosophicset A in G .We shall use

the same notation (AM""V)) for the ordinary subgroup of the group generated by the level subset
A(Mw)_
Theorem 3.22:

Let G be a group and let A e FNS(G).Let A" € FNS(G) be defined as follows :for each

xeG,T,.(x)= v{l 1Xe A(’i”“’)} - (X) :v{,u :x e A }, F-(X)= /\{V ;X e Ah#) },where
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A, i,vel with A+ u+v<3.Then A" isa FNSG of G such that
A = ﬂ{B e FNSG(G): Ac B}.In this case, A" is called the fuzzy neutrosophic subgroup
generated by A in G and denoted by (A)

Proof:

« 1 1 1
Let (t,,t,,t;)eIm(A’) andlet o =t, ——, B =t, — =,y =t; + = where n is any sufficiently
n n n

large positive number .Let X € G .Suppose X € A"@*2%) Then T.02t,1.(x)=2t,,F.(X)<t,
.Thus there exist A, g,v el with A+ p+v <3 suchthat A>a,u>p,v<y and Xe ALY
(a,B8,7)<(A,i,v) and a+ f+y <3, ABHY) = A@BD) 5o x e AP (ie.) X e (A(“‘ﬁ’y))
.Now suppose X € (A(“'ﬂ’” ).Then

ae {/”t ‘Xe (A(ﬂ"’”"”) )},,B € {,u ‘Xe (A(’i’”"’) )}, y e {v 'Xe€ (A(’I’”"”) )}.Thus a< v{/”t ‘Xe (A(’I’”'V) )}
P < v{,u X e (AM'W) )}, y > /\{V IXe (A(l""v) )}.So

t, —% <T,(X)t, —% <1,.(X)t +% >F,. ().

(ie,) t, <T,.(X),t, <1,.(X),t; 2 F,.(x).

Hence xe A" @24 (e ) (A(“’ﬁ’y) )C At

Hence A"%%) = (A(“’ﬁ‘y) ).Since (A(“‘M)) is a subgroup of G, A" js 3 subgroup of G.By

Result 3.19, A" isa FNSG of G .
Now , we show that A A”.Let X € G.Then by Lemma 3.21, T,(X) = \/{ﬂ 'Xe (A(Z’”'V) )},

1,(X) = \/{,u X e (A(“"V) )} Fo(X) = /\{v Xe (AW"”) )} Thus
T,(x) < v{ﬂ, 1Xe (A(“"V))}, I,(x) < v{y ‘Xe (AM""V))}, Fa(X) > /\{v IX € (A(“"V) )}.So Ac A

Finally, let B be any FNSG of G such that A B.We show that A" = B.Let X € G and

« . 1 1 1
A (x) = (t,t,,t;) . Then A (tat) — (A(“‘M)),where a=t—-——,p=t,——,y=t,+— ,and nis
n n n

any sufficiently large positive integer. Thus X € (A(“’ﬂ’y)).So X=aa,.....a, ,where aor afl belongs
to AP (i =1,...m).

On the other hand, T;(X) =T, (a,a,......a,)

>Ty (@) AT (a,) AT (&)...... AT (a,,)

1
>T(a) AT (@) A ATy(a) 2=t S

Similarly 15 (X) = 15 (a,a,......a,,)
> lg(@) Al (a) Alg(ay)......n 1g(ay)

>, (@a)Al, (@) A.onl,(@,) Z,B:tz—% and

F(X) =R (aa,....a,)
<Fs(a) Vv F(a,)vF(@;)...vF(a,)
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1
<F.(a)vFi(a,)v...vF.(a,) <y =t +H.

Since N is sufficiently large positive integer , Ty (X) >t 15(X) >t,,F;(X) <t;.S0 A" < B.Hence

A = ﬂ{B e FNSG(G): Ac B}.This completes the proof.

Lemma 3.23:
Let G be afinite group.Suppose there exists a FNSG A of G satisfying the following
conditions:forany X,y € G,

(1) A(X) = A(y) = (x) = ()

(ID)TL) >TA(Y), 14(X) > 1,(y), FA(X) < Fo(Y)= (X) = (Y).Then G is cyclic.

Proof:

Suppose A is constant on G .Then A(X) = A(Yy) for any X,y € G .By the condition (i), (X) = (Y)

.50 G =(X) .Now suppose A is not constant on G .Let

IM(A) = {(ty, S5, 1), (&, 8, 1) seveenna (X, 8., T, ) L where

t,>t >....>t,5, >S5 >....>S,,I, <I <....<[I, .Then by Proposition 3.18 and Result 3.19, we
obtain the chain of level subgroups of A: Aloo®) — Attt —  — Alsh) — G

Let X €G — A5 e show that G = (X) .Let g €G — Alr+™159) gince

t, >t > >t 8>S > >8,1 <F <...<T,,A(g) = A(X) = Abr*2=3) By the condition
(i), (9) = (x).Thus G — Alr+++09) — (x) Now let g & Al 12) Then

T, (@)=t >t =T,(X),1,(9) =S, ,>s, =1,(X), Fa(9) <r,, <1, =F,(X) .By the condition (i),
(9) = (x) .Thus Alrrsf2) = (x) So G = (X) .Hence in either case , G is cyclic.

Lemma 3.24:

Let G bea cyclic group of order p",where p is prime .Then there existsa FNSG A

of G satisfying the following conditions: forany X,y € G,

(1) AX) = Aly) = (x) = (¥)

(INTA() >Ta(y), 1. () > T4(Y), Fa(X) < FA(Y)= (X) = (y).

Proof:

Consider the following chain of subgroups of G :

€)=G,cG, c...cG, ; =G, =G ,whereG;is the subgroup of G generated by an element of
order p',i=0,1,...n andeis the identity of G . We define a complex mapping
A=(T,,1,,F):G— I asfollows: for each xe G, A(e) =(t,,S,., ;) and

AX)=(t,s,,r) If xeG, -G, , forany i=12,..n, wheret,,S,,I; €l suchthatt +s, +1, <3,
t,>t >....>1,8,>8 >...>S,,I, <I <....<I, .Then we can easily check that A isa FNSG

of G satisfying the conditions (i) and (ii).
From Lemma 3.23 and Lemma 3.24 we obtain the following :
Theorem 3.25:

Let G be a group of order p".Then G is cyclic if and only if there existsa FNSG A
of G suchthat forany X,y €G,
(1) AX¥) = A(y) = (x) =(Y)
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(I TLA(¥) >Ta(¥), 1. () > 14(Y), Fa(X) < Fo(y)= (X) < (y).
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