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ABSTRACT

In the paper it is studied the geometry of submersions which is mapping of
Euclidean space to a orbit Killing vector fields. It is proved that there exists
a Riemannian metric on the orbit with respect to which the submersion will
be Riemannian, and foliation generated by submersion will be

isoparametric.
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1. INTRODUCTION

In this paper we study geometry of some submersions, which arise at study of geometry of
Killing vector fields. Geometry of vector fields is subject of numerous studies in connection its
importance in geometry and other areas of mathematics (Zoyidov A.N., Tursunov B.A., 2015;
Narmanov A.Ya., Saitova S.S., 2014; Gromoll D., Walschap G. 2008).

Let M be a smooth Riemannian manifold of dimension n with the Riemannian metric g, V -
the Levi-Civita connection, (-,") - inner product defined by the Riemannian metric g.

We denote by V(M) the set of all smooth vector fields defined on M, through a [X,Y] Lie
bracket of vector fields X,Y € V(M). The set V(M) is a Lie algebra with Lie bracket.

Throughout the paper, the smoothness means smoothness of a class C.
Definition 1. Differentiable mapping m: M — B of a maximal rank, where B is smooth manifold of
dimension m, n > m, is called submersion.

By the theorem on the rank of a differentiable function for each point p € B the full inverse
image m~1(p) is a submanifold of dimension k = n — m. Thus submersion 7: M — B generates a
foliation F of dimension k = n — m, whose leaves are submanifolds L,, = n 1 (p),p € B.

To the study of the geometry of submersions were devoted numerous papers (Zoyidov A.N.,
Tursunov B.A., 2015 — Reinhart B. L.,1959), in particular in paper (O'Neil B., 1966) derived the
fundamental equations of submersion.
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Let F be a foliation of dimension k, where 0 < k < n (Gromoll D., Walschap G., 2008). We
denote by L, (q) leaf of foliation F, passing through a point q € M, where (q) = p, by T, F tangent
space of leaf L, at the point g € L,, by H, F orthogonal complement of subspace T, F.

As result arise subbundle's TF = {TqF}, HF = {HqF} of the tangent bundle TM and we
have an orthogonal decomposition TM = TF@HF.

Thus every vector field X is decomposable as: X = XV + X", where XV € TF, X" € HF. I
X" =0 (respectively XV = 0), then the field X is called as vertical (respectively horizontal) vector
field.

The submersion m: M — B is said to be Riemannian if differential dm preserves lengths of
horizontal vectors. As it is known those Riemannian submersions generate Riemannian foliation
(Reinhart B.L., 1959).

We remark that foliation F is called Riemannian if every geodesic, orthogonal in some point
to leaves, remains orthogonal to leaves in all points.

The curve is called as horizontal if it's tangential vector is horizontal.

Let y:[a,b] » B is smooth curve in B, and y(a) = p. Horizontal curve ¥:[a,b] - M,
7#(a) € m~1(p) is called as horizontal lift of a curve y:[a, b] = B, if t(#(t)) = y(t) forall t € [a, b].

The map : V(F) X HF — V(F), defined by the formula S(U, X) = V{ X, is called second basic
tensor, where V(F), HF set of vertical and horizontal vector fields respectively, where VX is
vertical component of vector field Vy X.

At the fixed field of normal X € HF, map S(U, X) generates tensor field Sy of type (1,1):

S(U,X) = SxU =V} X.
The tensor field Sy is linear map and consequently it is defined by the matrix A: S(U, X) = AU.
Horizontal vector field X is called basic if vector field [U, X] is also vertical for each vector field
U € V(F). Eigenvalues of matrix A is called the principal curvature of foliation F, when vector field X
is basic. If the principal curvatures are locally constant along leaf, then foliation F is called
isoparametric.
2. MAIN RESULT

Let's consider some set D c V(M), which contains finite or infinite number of smooth
vector fields. For a point x € M through t — X*(x) we will denote the integral curve of a vector field
X passing through a point x at t = 0. Map t - X*(x) is defined in some domain I(x) c R, which
generally depends on field X and point x.

Definition 2. The orbit L(x) of set D, passing through the point x, is defined as set of such points
y € M, such that there exists t; € R, and vector fields X; € D

y =X (X,ﬁ"_-f ( (X{l(x)) ))

In (Sussmann. H., 1973) it is proved that each orbit of a set of smooth vector fields has a
differential structure of the smooth immersed submanifold of M.

Recall that the vector field X on M is called the Killing vector field, if the group of local
transformations x — X‘(x) consists of isometries (Narmanov A.Ya., Saitova S.S. 2014).

Note that the Lie bracket of two fields of the field of Killing gives a field of Killing and a linear
combination of Killing fields over the field of real numbers is also a field of Killing

Therefore, the set of all Killing vector field on the manifold M, denoted K(M), generates a
Lie algebra over the field of real numbers. It is known that the Lie algebra K(M) is finite-
dimensional. We will denote through A(D) the smallest Lie subalgebra of algebra K(M), containing
set D.
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Since the algebra K(M) finite, there exist vector fields X;, X, ..., X;,, that vectors X; (x),
X5(x), ..., X, (x) forms bases for the subspace A, (D) for each x € M.
In (Narmanov A.Ya., Saitova S.S. 2014) proved the following theorem, which shows that each point in
the orbit L(x,) can be reached from x, by finitely many "switches" with the use of the vector fields
X1, X5, ..., Xy, in a certain order.
Theorem 1. Set of points of form

y=xip (x5 (- (x @) )
where (ty, ty, ..., t,;;) € R™, coincides with the orbit L(x).

This theorem allows constructing various submersions : R™ — L(x,) using the vector fields X;, X,,
<y X by the formula

tm tm— t
T[(tl, tz, ey tm) = Xm (Xm—ll ( (Xll(xO)) ))
Now, let us to construct the submersion : R"** — R", where n > 2k, k € N.
Let's consider the Killing vector fields

v = 0 v, = 0 N 0 Ve = 0 v, = 0 4 0 v _ 0
1= 0x1' 2= 7X2 9%, X1 axz' 3= 6x3' 4 = —Xy x5 X3 6x4' ey g1 = aka—f
0 0 0 0 0
Yor = —xi + Xok—1 y Yo = y Vg = A
0x2p—1 0xyp, 0x2k+1 0x21+2 0xp

on R™. It is easy to check that the orbit of vector fields Y;, i = 1,7 is coincides with space R™ and the
basis of subalgebra A(D) consists of following vector fields

X 4 X g X g + g X g X X
=3 =3 = X245 X157 =53 =53
1 axl 2 axz n+1 2 axl 1 axz 3 ax3 4 ax4 n+2
d d
= X4 + X3 )
GX3 ax;;
X X X J + 4
. 1 = , =, =—X Xok—1 75—
X —6 X —6 X —6
2k+1 = r A2k+2 = Y 2k+l =
T 0xgiea T 0xgke2 T Oxgk4

where n = 2k + [, and consequently the orbit L(p) for each point p € R™ coincides with space R".

\

= xln+ |\X§1+k"; | xSk [ gtk | xl2 (th,i":f <...<(X§2 (X{l(O))))...)) -]

)

1) Submersion m: R"*k - R™ is Riemannian submersion and it generates riemannian foliation;

We will define following submersion : R" % — R™ with formula
(ty, ty, s tugk)

where O - origin of coordinates in R™.
Theorem 2. There exists a Riemannian metric § on R" that:

2) Submersion m: R"** — R™ generates on R™**¥ isoparametric foliation;
3) (R™, §) is manifold of nonnegative curvature;
If k = 2, then
4) Submersion : R"*k — R™ generates on R™** a foliation of zero curvature.
Proof of theorem 2.
1) Mapping  has the form

T[(tl, tz, ey tn+k) = (xl,xZ, ...,Xn),

Vol.4.Issue.2.2016 (April-June) 104



TURSUNOV BAYRAMALI AKBAROVICH Bull.Math.&Stat.Res

where ty, ty, ..., ty4r € R"*, x1,x,, ..., x, € R™ and

X1 = t1€0Sty4q — bty SiNt,4q, Xy =ty Sint,q +tycost, 41,
X3 = t3COSt,4p —tySint, 4, X4 = tgsint, ., + 4 cOSt,4o,
Xok—1 = ok—1 COStpyp — Lo SINLy 4y, Xok = tog—1 SiNty 4y + top COSEy 4y,
Xok+1 = L2k+1 Xok+1 = L2k+1

The easy calculation shows, the rank of the Jacobi matrix of mapping 7 at each point ¢ € R™* is
equal n.

Therefore for each point p = (x4, 3, ..., X, ) € R™ the full inverse image m~!(p) is a k-dimensional
submanifold L, in R™* and has the form

7'[_1 (p) = Lp = {(tl,tz, ey tn+k)}

where
ty = x1cosuy + x, sinuy, t, = —xq sinuqy + x; cosuy, the1 = Uq,
t3 = X3 COSUy + X4 SiN Uy, ty = —x3sinuy; + x4 COS Uy, thiz = Uy,
tok_1 = Xgp_1 COSUy + X3 SiNUY, tyr = —Xpp_q1 Sinuy + xy, cosuy, Lotk = Ug,
L2k+1 = X2k+1 Eok+1 = X2k+i

whereu; ER, i =1k 2k+1=n.
It is easy to check that the foliation F, generated by the submersion m: R"*k — R™, consists of k-
dimensional surface in the R"**, and the vector-speeds of curves u; (a vertical fields) on this surface
has the form,
B 0 0
N T Y,

This vector fields is a Killing field. Really, it is known that, the vector field X = Ei% in R™ is the

Killing vector field if and only if the following conditions are satisfied (Narmanov A.Ya., Saitova S.S.
2014):
0¢  0¢&; d¢;
9% + % =0, i#J; 9%
x;  0x; dx;

The vertical fields V; satisfies these conditions and consequently is a Killing field.

=0, i,j=12..,n

Thus foliation F is a Riemannian.

Let ¥: [a, b] = R™, y(a) = p a smooth curve. Then for each point g € =~ (p) there is it's horizontal
lift #: [a, b] = R™** such that #(a) = q (Zoyidov A.N., Tursunov B.A. 2015).

Let X,Y vector fields on R™, and X*, Y* - horizontal lifting of the vector fields, i.e. X*, Y* are
horizontal vector fields on R*** and dn(X*) = X, dn(Y*) = Y. Since the vector field V; are Killing
fields, a inner product (X*,Y*) is constant along L, = =1 (p) (O'Neil B., 1966). Hence, if we will put
(X,Y)(p) = (X", Y*)(q), where q € L,, (X,Y) is correctly defined inner product, and we get
Riemannian metric § on R™. Concerning this Riemannian metric submersion m: R*** — R™ will be

Riemannian.
2) Vector fields
0 d 0 0 d
Hl=t,,_ —+ ty;—, H? = —ty; —— 4+ ty;,_ 1 —+ (t%, + t2._ , 3
i 2i—1 axZi—l 2i axZi i 2i axZi—l 2i—1 axZi ( 2i 2i 1) axn+i J

0
= (tzz + t22'—1)_:
L L ax]
wherei =1, .., k,j =2k + 1, ...,n are basic fields, as:
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[v.H]=0, [V,H]=0, [v;H]=0.
We calculate the second fundamental tensor SH!- with respect to fields Hl.j:

vy H> =t g +t
V; i 2i—1 ale_l 21 ale’

1_
Vv Hi =ty Fr tai—1 oy, ;
1— L

3 _
W H =0,

respectively,

Vi Wy Hi) —— thi +t5
v L g+l

and others tensors S(V;, H?), S(V;, H?) are equal zero.

In this case eigenvalues /1} corresponding matrixes A} are equal:

s t5io1 +t5

bttt 4T
respectively others eigenvalues are equal zero.

S(Vl,Hll): Vi!

It is easy to check that V;(4;) = 0. Thus foliation F is isoparametric.

3) We will calculate sectional curvature of manifold (R™,§) in the two-dimensional direction,
defined by vectors V;"(p), ;" (p) at the point p € R™.

By the formula O'Neill (O'Neil B., 1966), for the Riemannian submersion m: M — B, sectional
curvatures K, K, of manifolds M and B are connected by the relation

3[x,Y]"|?

4l XAy

where — X, Y are horizontal vector fields of M, X A Y-bivector constructed on vectors X, Y.

K(X,Y) = K.(X",Y") —

As an Euclidean space R™** is space of zero sectional curvature K(X,Y) = 0 for any arbitrary two-
dimensional direction. Therefore

K. (X" Y*)—§M>O

T4 XAY|E T

Thus manifold (R™, §) is n-dimensional manifold of nonnegative curvature.
Really, consider the vector fields H; = dm(H;) on (R", §). By the fact that the mapping m: Rtk
R™ has maximum rank, vector fields H; are linearly independent in each point of manifold (R", §).
In this case we can calculate sectional curvature. As K(Hl-,H]-) =0,i,j=1,..,n, i #j we will
receive following expression for the curvature

K.(H;, H)(®) = 0.

4) By the formula O'Neill (O'Neil B., 1966), for the Riemannian submersion m: M — B, sectional
curvatures K, K of manifold M and the foliation F are connected by the relation
(Wb, vy — |vhv ]’
lUAV|? '
where - U and V are vertical vector fields, U A V-bivector constructed on vectors U, V, UY and U"

KU, V)=KU,V) -

vertical and horizontal complement of vector U.
As an Euclidean space R™** is space of zero sectional curvature K(U,V) = 0 for any arbitrary two-
dimensional direction. Therefore
2
A i
lUAV|?

KU,V =

Thus, Lp is manifold of zero curvature.
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The simple calculation shows that V}V = 0, (V&U, VEV) = 0. Thus, K(U,V) = 0 and the foliation F
is k-dimensional manifold of zero curvature. The theorem 2 is proved.
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