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This paper is concerned with introducing and studying the first new
’;«; approximation operators using mixed degree system and second new

:  approximation operators using mixed degree system which are the core
'om,n concept in this paper. In addition, the approximations of graphs using the
operators first lower and first upper are accurate then the approximations
obtained by using the operators second lower and second upper sincefirst
accuracy less then second accuracy. For this reason, we study in detail the
properties of second lower and second upper in this paper. Furthermore, we

summarize the results for the properties of approximation operators second
lower and second upper when the graph G is arbitrary, serial 1, serial 2,
reflexive, symmetric, transitive, tolerance, dominance and equivalence in
table.
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1. INTRODUCTION AND PRELIMINARIES

The theory of rough sets. Proposed by Pawlak [8], is a good mathematical tool for data
representation. Its methodology is concerned with the classification and analysis of missing attribute
values, we introduce a new definitions of the lower and upper approximation operators using mixed
degree systems, for example in structural analysis [21].We built on some of the results in [1], [3], [6],
(71, (101, [11], [12], [13],[24], [15], [17], [18], [19] [20].

A directed graph or digraph [16] is pair G = (V(G), E(G)) where V(G) is a non-empty set
(called vertex set) and E(G) of ordered pairs of elements of V(G) (called edge set). An edge of the
from(v, v) is called a loop. If vEV(G), the out-degree of vis |[{UEV(G) : (v, u)EE(G)}| and in-degree of v
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is [{ueV(G) : (u, v)EE(G)}|. A digraph is reflexive if (v, v)JEE(G) for each vEV(G), symmetric if (v,
U)EE(G) implies (u, v) EE(G), transitive if (v, u)EE(G) and (u, w)EE(G) implies (v, w)€ E(G), tolerance if
it is reflexive and symmetric, dominance if it is reflexive and transitive, equivalence if it is reflexive
and symmetric and transitive, serial if for all veV(G) there exists u€V(G) such that (v, u)€E(G). A
subgraph of a graph G is a graph each of whose vertices belong to V(G) and each of whose edges
belong to E(G). An empty graph [2] if the vertices set and edge set is empty. The out-degree set of v
is denoted by OD and defined by: OD = {UEV(G) : (v, u) € E(G)} and in-degree set of v is denoted by ID
and defined by:ID = {u € V(G) : (u, v) € E(G)}.Let G = (V(G),E(G)) be a digraph, the digraph inverse G’
[5] is specified by the same set of vertices V(G) and a set of edge E(G) "= {(u, v) : (v, u)€ E(G)}.

2. New Approximation Operators Using Mixed Degree Systems

In the rough set theory, one starts with an equivalence relation. A universe is divided into a
family of disjoint subsets. The granulation structure adopted is a partition of the universe. By
weakening the equivalence relations, we can have more general granulation structures such as
coverings of the universe. Out-degree (resp. In-degree) systems provide an even more general
granulation structures. For each vertex v of graph G, one associate it with a nonempty family of out-
degree (resp. in-degree) granules, which is called an out-degree (resp. in-degree) system of v and is
denoted by OD(v) (resp. ID(v)). From this point of view, rough set theory is a special form of out-
degree (resp. in-degree) system space theorem sees [4, 9 and 17].

2.1. First New Approximation Operators Using Mixed Degree Systems.

The main objective of this section is to propose a set-theoretic framework for granular
computing using mixed degree systems. Some types of degree system based on arbitrary are used.
Consider the generalized approximation space G = (V(G), E(G)), we introduce a new definitions of the
lower and upper approximation operators using mixed degree systems. The properties of the
suggested operators are obtained. Also, we give new definitions of the accuracy of the introduced
approximations. Furthermore, an interesting theorem is proved. The approximation are constructed
using out, in and mixed degree systems. A comparison between these three approaches is
superimposed.

Definition 2.1.1. Let G = (V(G), E(G)) be a generalization approximation space and HEG. Then
(a) the firstlower and upper approximations of H using out degree systems are denoted by L} (V(H))
and U2(V(H)) and defined by
L5(V(H)) = {v €V(H) ; OD(v) SV(H)},
U5(V(H)) = V(H) U{v €V(G) -V(H) ; OD(v) NV(H)=¢},
(b) the first lower and upper approximations of H using in degree systems are denoted by L}(V(H))
and Ul-l(V(H)) and defined by
LY(V(H)) = {v EV(H) ; ID(v) SV(H)},
U{ (V(H)) = V(H) Ulv EV(G) ~V(H) ; ID(v) NV(H)=4},
(c) the first lower and upper approximations of H using mixed degree systems are denoted by
LY (V(H)) and UL (V(H)) and defined by
LL.(V(H)) = {v EV(H) ; for some MD(v) SV(H)},
UL (V(H)) = V(H) U{v EV(G) —V(H) ; for all MD(v) NV(H)=¢}.

Definition 2.1.2. Let G = (V(G), E(G)) be a generalization approximation space and HSG. Then
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(a) the first boundary, positive and negative regions of H using out degree systems are denoted by
Bd}(V(H)), POSL(V(H)) and NEGZ}(V(H)) and defined by
Bdy(V(H))= Ug(V(H)) -Lt(V(H)),
POS5(V(H)) = Ly(V(H)),
NEG}(V(H)) = V(G) ~U3(V(H)),
(b) the first boundary, positive and negative regions of H using in degree systems are denoted by
Bd}(V(H)), POS}(V(H)) and NEG}(V(H)) and defined by
Bd} (V(H)) = U} (V(H)) -L}(V(H)),
POS}(V(H)) = Li(V(H)),
NEG}(V(H)) = V(G) U} (V(H)),
(c) the first boundary, positive and negative regions of H using mixed degree systems are denoted
by Bd},(V(H)), POSL (V(H)) and NEGL (V(H)) and defined by
Bd3,(V(H)) = U (V(H)) ~Lin(V(H)),
POSy(V(H)) = Lin(V(H)),
NEG(V(H)) = V(G) ~Un(V(H)).

Definition 2.1.3. Let G = (V(G), E(G)) be a generalization approximation space. The first accuracy of
the approximations of a subgraphHCSG using (out, in and mixed) degree systems are denoted by

(7X(V(H)),n}(V(H)) andn: (V(H))) and defined by
n1(V(H)) = 1 LBV T

vl
1 _ 1 _|BAiv))
g (V(H) =1-—C

1 _q _IBam V)
M(VH) =1 —

It is obvious that 0 < 7 (V(H))< 1, 0 < p}(V(H))< 1 and 0 < n)(V(H))s 1. Moreover, if
n}(V(H)) = 1 or n}(V(H)) = 1or n2(V(H)) = 1, then H is called H-definable (H-exact) graph. Otherwise,
it is called H-rough.

Example 2.1.4. Let G = (V(G), E(G)): V(G) = {vs, V2, V3, Va, Vs}, E(G) = {(v, v2), (v1, Va), (V2,V2), (Va2, V3), (v2,

Va), (Va, Vs), (s, v3), (Vs, V2), (vs, vs)}.

Figure 2.1.1 : Graph G given in Example 2.1.4.

We get

OD(v1) = {v2, va}, OD(v2) ={vz, v3, va}, OD(vs) = ¢, OD(va) = {vs, vs}, OD(vs) = {v2, vs}}

Also we have

ID(v1) = {@}, ID(v2) ={v1, vz, vs}, ID(v3) = @, ID(va) = {w1, v2}, ID(vs) = {va, vs}

Then we obtain

MDS(v1) = {{vz, va}, @}, MDS(v2) = {{va, vs, va}, {vi, vz, vs}}, MDS(v3) = {@, {v2, va}}, MDS(va) = {{vs, vs}, {v,
v2}}, MDS(vs) = {{vz, vs}, {va, vs}}.

Accordingly, we can obtain the following table
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Theorem 2.1.5. Let G = (V(G), E(G)) be a generalization approximation space and HEG. Then
() Lin(V(H)) = Lo(V(H)) UL;(V(H)),
(b) Un(V(H)) = Us(V(H)) NU{(V(H)),

Table 2.1.1: ) (V(H)), n;*(V(H)) and 7.\ (V(H)) for all H SG.

V(H) n2(V(H)) n}(V(H)) L (V(H))
{vi} 4/5 3/5 1
{v2} 2/5 2/5 4/5
{vs} 3/5 4/5 1
{va} 2/5 2/5 4/5
{vs} 3/5 3/5 4/5
{vi,v2} 2/5 2/5 4/5
{vs,v3} 2/5 2/5 3/5
{vi,va} 2/5 1/5 3/5
{vs,vs} 2/5 2/5 3/5
{vz,vs} 1/5 2/5 3/5
{va,va} 1/5 1/5 2/5
{va,vs} 2/5 1/5 3/5
{vs, va} 2/5 2/5 4/5
{vs, vs} 2/5 2/5 3/5
{va, vs} 1/5 2/5 3/5
{vi, vz, vs} 1/5 2/5 3/5
{vi,v2, va} 2/5 2/5 3/5
{vs, vz, vs} 2/5 2/5 4/5
{v1,v3, va} 2/5 1/5 3/5
{vi,vs, vs} 1/5 1/5 2/5
{vi,va, vs} 1/5 2/5 3/5
{va,vs, va} 2/5 2/5 3/5
{va,vs, vs} 2/5 1/5 3/5
{vz,va, vs} 2/5 2/5 3/5
{vs, va, vs} 2/5 2/5 4/5
{vi,va, v, va} 3/5 3/5 4/5
{v1,v2, v, vs} 2/5 2/5 4/5
{v1,v2, va, vs} 3/5 4/5 1
{vi,vs, va, vs} 2/5 2/5 4/5
{va,vs, va, vs} 4/5 3/5 1
V(G) 1 1
p 1 1

(c) Bdy,(V(H))=Bdg(V(H))NBd}(V(H)) and
(d) 77, (V(H)) 2 max{n}(V(H)),n}(V(H))}.

Proof.

(a) Letve(LL(V(H)) UL}(V(H)))
SVELL(V(H)) vV v EL}H(V(H))
&0D(v)SV(H)VID(v)S V(H)
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<3AMD(v) such that MD(v)SV(H)
ovelLl (V(H))
Hence, L, (V(H)) = LY (V(H)) UL}(V(H)).
(b) Let veUL (V(H)), then there are two cases:
(1) VEV(H) =VveUX(V(H)) A\vEUX(V(H))
= v € UL(V(H)) NU}V(H)).
(2) VEV(G)—V(H). Then veU}L (V(H))
=for all MD(v), MD(v) NV(H)=¢
=(0D(v)NV(H) =) A (ID(v)N V(H) =)
=VeE(UL(V(H))) Av € (UM(V(H)))
=ve(UL(V(H)) NUL(V(H))
Conversely, let ve(U(V(H)) NUX(V(H))),
Then there are two cases:
(1) VEV(H)=VEUL (V(H))
(2) VEV(G)-V(H). Then ve(UL(V(H)) NUL(V(H)))
= (OD(v)NV(H) #¢) A (ID(v)N V(H) £¢)
=for all MD(v), MD(v)NV(H)=¢
= veUL (V(H))
Consequently, UL (V(H)) = UX(V(H)) NUX(V(H)).
The proof of (c) and (d) is similar to proof (c) and (d) in Theorem (2.17) in [21].
Some properties of the first approximation operators L., (V(H)) and U},(V(H)) are imposed in
the following properties.
Proposition 2.1.6.Let G = (V(G), E(G)) be a generalization approximation space and H, KCG.
(La) Lin(V(H)) SV(H),
(L2) Lin(V(G)) = V(G),
(Ls) Lin(9)= ¢,
(L) If V(H)SV(K), then LY, (V(H)) €LL,(V(K)),
(Ls) Lin(V(H) NV(K))SLin(V(H)) N Lin(V(K)),
(Le) Lin(V(H) UV(K)) 2Ln(V(H)) ULm(V(K)),
(Ly) Lin(V(H)) = V(G)= [Un (V(G) V(H))],
(U1) V(H)SUz (V(H)),
(U2) Un(V(G)) = V(G),
(Us) Un(9)= ¢,
(U,) If V(H)SV(K), then UL, (V(H)) SUL (V(K)),
(Us) Um(V(H) NV(K)) SUm(V(H)) N U (V(K)),
(Us) Um(V(H) UV(K)) 2Um (V(H)) UUm (V(K)),
(U7) Um(V(H)) = V(G)~ [Lin(V(G) ~V(H))] and
(LU) Lin(V(H)) SUz(V(H)).
Proof.
The proof (L), (L,) and (L3) by Definition(2.1.1).
(Ly) let V(H)SV(K) and vELL, (V(H)), then AMD(v) such that MD(v)SV(H)sov € LY, (V(H)) SV(H)SV(K).
Thus we have v€V(K) and there exist MD(v) such that MD(v)SV(H)SV(K). Hence, v€LL (V(H)) and so
Lin(V(H)) €L, (V(K)).
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(Ls) let v €UL(V(H) NV(K)), then AMD(v) such that MD(v)S(V(H)) N V(K)) so MD(v)SV(H) and
MD(v)SV(K). Thus we have v €UL (V(H)) A v €UL(V(K)). Hence, v €UL(V(H)) N UL (V(K)) and so
Um(V(H) NV(K)) SUz(V(H)) N Uz (V(K)).
(Lg)let V(H) SV(H) U V(K) or V(K) SV(H) UV(K)
then,LL, (V(H)) €LY, (V(H) UV(K)) v L}, (V(K))SLL,(V(H) UV(K)).
Hence, L}, (V(H) UV(K)) 2L}, (V(H)) ULL,(V(H)).
(L) let v€LY, (V(H)) ©VEV(H), AMD(v)SV(H)
SVEV(G)- [V(G)-V(H)], AMD(v): MD(v)N [V(G)-V(H)] = ¢
e v e LY [V(G)-V(H)]
S v € V(G) - [Un(V(G)-V(H))]
& Lin(V(H)) = V(G)- [Up(V(G) —V(H))].
The proof (U;), (U,) and (U;) by Definition(2.1.1).
(U,) let V(H)SV(K) and ve UL (V(H)), we have:
(1) VEV(H)=VEV(H)SV(K)=VEV(K)S UL (V(K))= v € UL (V(K)).
(2) VEV(G)-V(H). Then veUL (V(H))=VMD(v): MD(v)NV(H)#¢ and since V(H)SV(K) thus we
have V MD(v): MD(v)NV(H)=¢$ and hence we have
(1) VEV(K)-V(H)=VEV(K)=VEUL (V(K)).
(2) VEV(G)-V(K). So ¥ MD(v), MD(v)NV(K)zg=veUL (V(K)). Hence, by (1) and (2) we have
Um(V(H)) SUn(V(K)).
(Us) let V(H) NV(K) € V(H) and V(H) NV(K) SV(K)
then,LL, (V(H) NV(K)) SLL,(V(H))ALL, (V(H) NV(K)) SLL,(V(K))
Hence, L}, (V(H) NV(K)) €LY, (V(H)) N LY, (V(H)).
(Ug) let ve&UL (V(H) U V(K)), then vé& (V(H) U V(K)) and veV(G) —(V(H) U V(K)), IMD(v), MD(v)N [V(H)
U V(K)] = ¢, so ve [V(G) —V(H)],3AMD(v), (MD(v) NV(H)) U(MD(v) N V(K)) . Thus, v€ V(G) — V(H),
IMD(v), MD(v) NV(H) = ¢A VE V(G) — V(H), AMD(v), MD(v) NV(K)= ¢ = v €U}, (V(H))Av UL (V(K))=
v &(UL(V(H))UUL (V(K))). Hence, we have UL (V(H) UV(K)) 2UL (V(H)) UUL (V(K)).
(U;) By substituting V(G)-V(H) for V(H) in (L;) we have U}, (V(H)) = V(G)- [LL,(V(G) -V(H))].
(LU) Obviously, by (L;) and (U;) we get LY, (V(H)) SUL (V(H)).

Remark 2.1.7.Let G = (V(G), E(G)) be a generalization approximation space and H, KEG. Then the
following are not necessarily true.

(Lg) Lin(V(H)) = Lin(Lin(V(H)),

(Lo) Lin(V(H)) = Up(Lin(V(H)),

(Lio) V(H) S Lin(Um(V(H)),

(L1z) Lin(V(H)) SLin (L1 (V(H)),

(L12) Lin(V(H) UV(K)) =Lz (V(H)) UL5 (V(K)),
(Us)Um(V(H)) = U, (U (V(H),

(Us) Up(V(H)) = Lin(Um(V(H)),

(Uso) V(H) 2Um (Lin(V(H),

(Uzs) Um(V(H)) 2Um (U (V(H)) and

(Usz) Uy (V(H) UV(K)) =Ug (V(H)) UUz (V(K)).

The following example is employed as a conter example to show this remark
Example 2.1.8.According to Example (2.1.4), we have

Vol.4.Issue.2.2016 (April-June) 128



Dr.Y.Y. YOUSIF & S. S. OBAID Bull.Math.&Stat.Res

(Lg) if H = (V(H), E(H)): V(H) = {v, va, Va}, E(H) = {(v, V2), (1, Va), (v2, V2), (v2, va)}, then L}n(V(H)) = {w,
va), LY, (LY (V(H)) = {v;}. Therefore, LY, (V(H)) =L, (L}, (V(H)).

(Lo) if H = (V(H), E(H)): V(H) = {vi, vs}, E(H) = ¢, then L (V(H)) = {v, vs}, U (Lin(V(H)) = {, V2, v, va}.
Therefore, LY, (V(H)) #UL (LY, (V(H)).

(Lio) if H = (V(H), E(H)): V(H) = {v2, va, vs}, E(H) = {(v2, V2), (v, Va), (va, V5), (vs, V2), (s, vs)}, then
LY (UL (V(H)) = {vs}. Therefore, V(H) €L, (UL (V(H)).

(L) if H = (V(H), E(H)): V(H) = {va, vs}, E(H) = {(vs, v2), (vs, v2), (vs5, vs)}, then L}n(V(H)) = {vs},
LY (LY (V(H)) = ¢. Therefore, LY, (V(H)) €LL, (LY (V(H)).

(Li2) letH = (V(H), E(H)): V(H) = {vi, v2, v3, Va}, E(H) ={(vi, V2), (v1 Va), (V2, V2), (V2, V3), (V2, Va), (va, v3)}and
K = (V(K), E(K)): V(K) = {vi, v2, v3, vs}, E(K) = {(vs, V2), (v2, V2), (v2, V3), (Vs, V2), (s, vs)}then L%n(V(H)) v,
V2, Vs, Vatand Ly (V(K)) = {vi, V5, vs, vs} But, HNK = (V(H)NV(K),E(H)NE(K)): VIH)NV(K) = {v, vz, v},
E(H)NE(K) = {(vs, v2), (v2, V2), (v2, v3)} such that LL (V(H) NV(K)) = {w, vs} and so L}, (V(H) NV(K))
#Lin(V(H)) N Lin(V(H)).

(Us) if H = (V(H), E(H)): V(H) = {, vs}, E(H) =¢, then Un(V(H)) = {vi, va, vs}, Up(Um(V(H))) = {v, vz, v,
vs}. Therefore, UL, (V(H))2UL (UL (V(H))).

(Us) if H = (V(H), E(H)): V(H) = {vs, va}, E(H) = {(va, vs)}, then Up,(V(H)) = {vs, va}, Lin(Up(V(H))) = {vs}.
Therefore, UL (V(H)) =L}, (UL, (V(H))).

(Uno) if H = (V(H), E(H)): V(H) = {v1, V2, s}, E(H) = {(w1, V2), (v2, V), (vs, V2), (vs, vs)}, then Ly, (V(H) = {w,
V2, Vs}, Um(Lin(V(H)) = {w, V2, va, vs}. Therefore, V(H) 2Un, (L3, (V(H)).

(Un) if H = (V(H), E(H)): V(H) = {va, vs}, E(H) = {(va, V2), (vz, vs)}, then Up(V(H)) = {vz, vs, va},
Un(Um(V(H))) = {vz, v, va, vs}. Therefore, Up, (V(H)) U, (Un(V(H))).

(Us2) letH = (V(H), E(H)): V(H) = {va}, E(H) = gand K = (V(K), E(K)): V(K) = {vs}, E(K) = ¢,then Up,(V(H)) =
{va} and UL, (V(K)) = {vs} But, HUK = (V(H)UV(K),E(H)UE(K)): V(H)UV(K) = {va, vs}, E(H)UE(K) = {(va, vs),
(vs, vs)} such that UL, (V(H) UV(K)) = {vs, v4, vs} and so UL (V(H) UV(K)) zUL (V(H)) UUL (V(K)).

2.2, Second New Approximation Operators Using Mixed Degree Systems.

This section is devoted to propose a set-theoretic framework for granular computing using
mixed degree systems. Considering the generalized approximation space G = (V(G), E(G)), we
introduce a new definition of the lower and upper approximation operators using mixed degree
systems. The approximations are constructed using (out, in and mixed) degree systems. A
comparison between these three approaches is given.

Definition 2.2.1. Let G = (V(G), E(G)) be a generalization approximation space and HEG. Then
(a) the second lower and upper approximations of H using out degree systems are denoted by
L2(V(H)) and UZ2(V(H)) and defined by
L5(V(H)) ={v €V(G) ; OD(v) CV(H)},
US(V(H)) = {v €EV(G) ; OD(v) NV(H)=4},
(b) the second lower and upper approximations of H using in degree systems are denoted by
L%(V(H)) and Ul-z(V(H)) and defined by
LZ(V(H)) = {v EV(G) ; ID(v) SV(H)},
UZ(V(H)) = {v EV(G) ; ID(v) NV(H)=4},
(c) the second lower and upper approximations of H using mixed degree systems are denoted by
L%,(V(H)) and UZ(V(H)) and defined by
L2,(V(H)) = {v EV(G) ; for some MD(v) SV(H)},
UZ(V(H)) = {v EV(G) ; for all MD(v) NV(H)=d}.
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Definition 2.2.2. Let G = (V(G), E(G)) be a generalization approximation space and HSG. Then
(a) the second boundary, positive and negative regions of H using out degree systems are denoted
by Bd2(V(H)), POS2(V(H)) and NEGZ2(V(H)) and defined by
Bd3(V(H)) = UZ(V(H)) —L5(V(H)),
POSE(V(H)) = L3(V(H)),
NEGZ(V(H)) = V(G) ~UZ(V(H)),
(b) the second boundary, positive and negative regions of H using in degree systems are denoted by
Bd?(V(H)), POS?((V(H)) and NEG?(V(H)) and defined by
Bd?(V(H)) = UF(V(H)) ~L}(V(H)),
POSE((V(H)) = L;(V(H)),
NEG?(V(H)) = V(G) ~UF (V(H)),
(c) the second boundary, positive and negative regions of H using mixed degree systems are
denoted by Bd?,(V(H)), POSZ,(V(H)) and NEG2,(V(H)) and defined by
Bdf,(V(H)) = U (V(H)) ~Lin(V(H),
POSH(V(H)) = Lin(V(H),
NEGE(V(H)) = V(G) ~UZ(V(H)).

Definition 2.2.3. Let G = (V(G), E(G)) be a generalization approximation space. The second accuracy
of the approximations of a subgraphHCSG using (out, in and mixed) degree systems are denoted by

(n2(V(H)),n?(V(H)) and 52 (V(H))) and defined by
a3V ()|

2 _4 IB

2 (k) = 1 LB CE!
nZ(V(k)) = 1 -ESECED

2 _ 1 BRI
n2(V(H)) = 1 -l

It is obvious that 0 < nZ(V(H))< 1, 0 < pA(V(H))< 1 and 0 < n2(V(H))s 1. Moreover, if
nZ(V(H)) = 1 or n?(V(H)) = 1 or n2(V(H)) = 1, then H is called H-definable (H-exact) graph.

Otherwise, it is called H-rough.

Example 2.2.4.Accordingly, to Example (2.1.4) we have the following table
Table 2.2.1: nZ(V(H)), n?(V(H)) and 1?2 (V(H)) for all H SG.

V(H) nZ(V(H)) n?(V(H)) n2(V(H))
{vq} 1 3/5 1
{v2} 2/5 2/5 4/5
{vs} 3/5 1 1
{va} 3/5 3/5 1
{vs} 3/5 3/5 4/5
{v,v2} 2/5 3/5 4/5
{vi,vs} 3/5 3/5 3/5
{vi,va} 3/5 1/5 4/5
{vi,vs} 3/5 2/5 3/5
{va,vs} 1/5 2/5 3/5
{va,va} 3/5 2/5 3/5
{va,vs} 2/5 1/5 3/5
{vs, va} 2/5 3/5 1
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{vs, vs} 3/5 3/5 3/5
{va, vs} 1/5 3/5 4/5
{vi, vz, vs} 1/5 3/5 4/5
{vi,v2, va} 3/5 3/5 3/5
{vi,va, vs} 2/5 3/5 1
{v1,v3, va} 2/5 1/5 3/5
{vi,vs, vs} 3/5 2/5 3/5
{v1, v, vs} 1/5 2/5 3/5
{v2,v3, va} 3/5 2/5 3/5
{va,vs, vs} 3/5 1/5 4/5
{v2,v4, vs} 3/5 3/5 3/5
{vs, Va4, Vs} 2/5 3/5 4/5
{vi,vz, vs, va} 3/5 3/5 4/5
{vi,v2, vs, vs} 3/5 3/5 1
{vi,v2, v, vs} 3/5 1 1
{vi,vs, v, vs} 2/5 2/5 4/5
{v2,V3, Va4, vs} 3/5
V(G) 1
o 1

Theorem 2.2.5. Let G = (V(G), E(G)) be a generalization approximation space and HEG. Then

(@) LZ,(V(H)) = L3(V(H)) UL (V(H)),
(b) UA(V(H)) = UZ(V(H)) NUZ(V(H)),

(c) BdZ%(V(H))=Bd2(V(H))NBd?(V(H)) and

(d) n2(V(H)) 2 max{nZ(V(H)),n?(V(H))).

Proof.

(a) Letve (L5(V(H)) UL (V(H)))
SVELL(V(H)) Vv E L3(V(H))
&O0D(v)SV(H) V ID(v)SV(H)
<3MD(v) such that MD(v)SV(H)
SVELZ,(V(H))

S0, Lin(V(H)) = L(V(H)) ULE(V(H)).

(b) Letve (UZ(V(H)) NUZ(V(H)))

SVE (UF(V(H)) AUZ(V(H)))

< (0D(v)NV(H) #¢) A (ID(v)N V(H) #¢)

& for each MD(v), MD(v) N V(H) #¢
SVEUZ (V(H))
So, U (V(H)) = UZ(V(H)) NUZ(V(H)).

(c) and (d) is similar to the proof (c) and (d) in Theorem (2.17) in [21].

In the following proposition, we investigate the relation between the approximation

operatorsLL,, U}, which introduced in the previous section and the approximation operators L2,,U2,.

Proposition 2.2.6. Let G = (V(G), E(G)) be a generalization approximation space and HEG. Then

(@) L (V(H))S LZ,(V(H)),
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(b) UZ(V(H))SUm(V(H),

(c) Bd2,(V(H))<Bd},(V(H)) and

(d) 7, (V(H)) <n 2 (V(H)).

Proof.

(a) Let veLl (V(H)), then by Definition (2.1.1), we have vEV(H) and MD(v) ; MD(v)SV(H), so by
Definition (2.2.1), we get v€L2,(V(H)). Hence, L1 (V(H))< L2, (V(H)).

(b) Suppose that veUL (V(H)), then by Definition (2.1.1), we have v&V(H) and vEV(G)-V(H) such that
AMD(v) ; MD(v)NV(H) = ¢. Thus, by Definition (2.2.1), veUZ2(V(H)). Therefore,
UZ(V(H))S U (V(H)).

(c) By using (a) and (b), we have B2 (V(H))SBL (V(H)).

Since B, (V(H)) = U (V(H))-L5(V(H))
CUm(V(H)~Lin(V(H)).

(d) By using (c), we have Bd2,(V(H))SBd%,(V(H))

= |Bd3(V(H))| < |Bdy(V(H))
B (V)| |Bdm(V(H))|

14 146G
|BAZ(V(H)| o 4 _|Bdm(V(H))|
=1 v - 146

= n2(V(H)) 21} (V(H)).

Remark 2.2.7. Let G = (V(G), E(G)) be a generalization approximation space and HEG, then the
following are not necessarily true.
(@) Lin(V(H))=Lin(V(H)),
(b) UZ(V(H))=Um(V(H)),
(c) Bdi(V(H))= Bdm(V(H))and
(d) 77, (V(H)) =12 (V(H)).
(e)
The following example illustrates this remark
Example 2.2.8.According to Examples (2.1.4) and (2.2.4), if H = (V(H), E(H)): V(H) = {va, vs}, E(H) = {(va,
vs), (Vs, vs)}
(a) Li(V(H)) = {us}, L2(V(H)) = {vy, v, vs). Hence, Lk, (V(H))£L2(V(H)),
(b) Up(V(H)) = {va, Va, vs}, U (V(H)) = {v2, vs}. Hence, Up, (V(H))2UZ%,(V(H)),
(c) Bd,(V(H))={va, vs}, Bd2,(V(H)) = {v2}. Hence, Bd}, (V(H))#Bd2,(V(H)),
(d) 7 (V(H)) =4/5, n%(V(H)) = 3/5. Hence, 1, (V(H))£n2 (V(H)).
Consider the generalized approximation space G = (V(G), E(G)), Proposition (2.2.6) proves
that the approximations of graphs using the operators L., and U}, are accurate then the
approximations obtained by using the operators L3, and Uy, since 7, (V(H)) < 12 (V(H)). For this

reason, we study in detail the properties of L2, and U2 in the next section.

2.3 Properties ofthe Second New Approximation Operators Lfnand Ufn.

The core concepts of classical rough set theory are lower and upper approximation
operators based on equivalence relation. This section studies in detail the properties of the
approximation operators L%,and UZ. In this setting, some of common properties of classical lower
and upper approximation operators are no longer satisfied. So, we investigate conditions for a
relation under which these properties hold for the approximation operators L2,and U2,.
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Some properties of the approximation operators L%n and U,Zn are given in the following
proposition.
Proposition 2.3.1.Let G = (V(G), E(G)) be a generalization approximation space and H, KEG. Then
(L) Lin(V(G)) = V(G),
(Ly) If V(H)SV(K), then L2, (V(H)) SL2,(V(K)),
(Ls) Lin(V(H) NV(K)) L3 (V(H)) N Ly (V(K)),
(Le) Lin(V(H) UV(K)) 215, (V(H)) ULZ,(V(K)),
(L7) L3n(V(H)) = V(G)- (U (V(G) ~V(H))1,
(Us) U (4) = 4,
(U,) If V(H)SV(K), then U2, (V(H)) SUZ(V(K)),
(Us) UZ(V(H) NV(K)) SUZ(V(H)) N U (V(K)),
(Us) U (V(H) UV(K)) 2U%,(V(H)) UUZ(V(K)) and
(UAUR(V(H)) = V(G) — [L3y(V(G) — V(H)).
Proof.
The proof (L,) by Definition(2.2.1).
(L)) let V(H)SV(K) and ve L%, (V(H)), then AMD(v) such that MD(v)SV(H) sov € L2, (V(H))
CV(H)CV(K). Thus we have veV(K) and there exist MD(v) such that MD(v)SV(H)CSV(K). Hence,
VELZ, (V(H)) and so L2,(V(H)) SL?,(V(K)).
(Ls) let V(H) NV(K) S V(H) and V(H) NV(K) SV(K)
then,L2,(V(H) NV(K)) SL%,(V(H))AL%,(V(H) NV(K)) €L, (V(K))
Hence, L2, (V(H) NV(K)) SL2,(V(H)) N L2, (V(H)).
(Lg) let V(H) SV(H) U V(K) or V(K) SV(H) UV(K)
then,L2,(V(H)) SL?,(V(H) UV(K)) v L2,(V(K))SL?,(V(H) UV(K)).
Hence, L2,(V(H) UV(K)) 2L2,(V(H)) UL%,(V(H)).
(L) let vEL?,(V(H)) ©VEV(H), AMD(v)SV(H)
SVEV(G)- [V(G)-V(H)], AMD(v): MD(v)N [V(G)-V(H)] = ¢
S v & L5, [V(G)-V(H)]
S v E V(G) - [UA(V(G)-V(H))]
& L2, (V(H)) = V(G)- [UZ(V(G) -V(H))].
The proof (U;) by Definition(2.2.1).
(U,) let V(H)SV(K) and ve U2 (V(H)), we have:
(1) VEV(H)=VEV(H)SV(K)=VE V(K)S U2, (V(K))= v € UZ(V(K)).
(2) VEV(G)-V(H). Then veUL (V(H))=Y MD(v): MD(v)NV(H)=¢$ and since V(H)SV(K) thus we
have Y MD(v): MD(v)NV(H)#¢ and hence we have
(1) VEV(K)-V(H)=VEV(K)=VveUL (V(K)).
(2) VEV(G)-V(K). So ¥ MD(v), MD(v)NV(K)=g=>veUL (V(K)). Hence, by (1) and (2) we have
Um(V(H)) SU(V(K)).
(Us) let V(H)INV(K)SV(H) and V(H) NV(K)SV(K)
then, L2,(V(H) N V(K))SL3,(V(H))AL%,(V(H)NV(K))SL2,(V(K))
Hence, L2,(V(H) N V(K)) SL?,(V(H))NL%,(V(H)).
(Ug)let V(H)S(V(H)UV(K)) or V(K) S(V(H)SV(K))
then, U2 (V(H)) SUZ(V(H)UV(K))VUZ,(V(K))SUZ (V(H) U V(K))
Hence, UZ(V(H) U V(K)) 2U2 (V(H))UL2,(V(H)).
(U,) By substituting V(G)-V(H) for V(H) in (L,) we have U2 (V(H)) = V(G)— [L?,(V(G) —V(H))].
(LU) Obviously, by (L;) and (U;) we get L2,(V(H)) SUZ,(V(H)).
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Remark 2.3.2.Let G = (V(G), E(G)) be a generalization approximation space and H, KEG. Then the
following are not necessarily true.
(L1) L3, (V(H)) SV(H),
(Ls) Lin(9) = ¢,
(Ls) Lin(V(H)) = L (L3, (V(H)),
(Lo) Lin(V(H)) = UR (L3 (V(H)),
(L1o) V(H) € L3, (UZ(V(H)),
(La2) Lin(V(H)) SLE (L5, (V(H)),
(L12) L3 (V(H) UV(K)) =L3, (V(H)) ULE, (V(K)),
(Us) VIH)SUZ(V(H)),
(U2) U (V(G)) = V(G),
(Us)Uin(V(H)) = Uz (U (V(H)),
(Us) U (V(H)) = L3 (UR(V(H)),
(Uso) V(H) 2UZ (L3 (V(H)),
(U U (V(H)) U (UZ(V(H),
(Uzz) U (V(H) UV(K)) =Uz (V(H)) UUZ (V(K)) and
(LU) L3 (V(H)) < UR(V(H)).
The following example illustrates this remark

Example 2.3.3.According to Example (2.2.4).

(L)) if H = (V(H), E(H)): V(H) = {v2}, E(H) = {(v2, v2)}, then L2,(V(H)) = {vi, vs}. Therefore, L2,(V(H))
ZV(H).

(L5)if H=(V(H), E(H)): V(H) = ¢, E(H) = ¢, then L2,(V(H)) = {w, vs}. Therefore, L?,(¢) #¢.

(Lg) if H = (V(H), E(H)): V(H) = {ws, vz}, E(H) ={(vi, Va), (v2, v2)}, then L3, (V(H)) = {vs, v, va}, Lin (L3 (V(H))
= {vy, vs}. Therefore, L2,(V(H)) #L%,(L2,(V(H)).

(Lo) if H = (V(H), E(H)): V(H) = {vi, vs, vs}, E(H) = {(vs, vs)}, then L%,(V(H)) = {vy, vs, va}, U (L5 (V(H)) =
{va, va}. Therefore, L2, (V(H)) #UZ2,(L,(V(H)).

(L1o) if H = (V(H), E(H)): V(H) = {vi, va}, E(H) = {(vi, va)}, then UZ,(V(H) = {v2}, L3, (U5 (V(H)) = {v, vs}.
Therefore, V(H) €L%,(UZ(V(H)).

(Lya) if H = (V(H), E(H)): V(H) = {vz, vs}, E(H) = {(v2, V2), (vs, V2), (vs, vs)}, then L3 (V(H)) = {w, vs, vs},
L2 (L2,(V(H)) = {1, v3, v4}. Therefore, L2, (V(H)) €L, (L?,(V(H)).

(L12) letH = (V(H), E(H)): V(H) = {vs, va, vs}, E(H) = {(va, v3), (va, V5), (s, vs)}and K = (V(K), E(K)): V(K) = {v;,
Va, Vs, Va), E(K) = {(w1, V2), (i, Va), (V2, V2), (V2, V3), (V2, Va), (va, v3)}then L% (V(H)) = {v;, vs, va, vstand
L?n(V(K)) = {wv, vz, v3, va} But, HNK = (V(H)NV(K),E(H)NE(K)): V(H)NV(K) = {vs, va}, E(H)NE(K) = {(va,
vs)} such that L2, (V(H) NV(K)) = {w, vs}and so L2, (V(H) NV(K)) #L%,(V(H)) N L2,(V(H)).

(Uy)if H = (V(H), E(H)): V(H) = {vi, v}, E(H) = ¢, then UZ(V(H)) = {vs, va}. Therefore, V(H)ZUZ(V(H)).
(Us)if H = (V(H), E(H)): V(H) = V(G), E(H) = {(w1, v2), (v, Va), (V2, V2), (V2, V3), (V2, Va), (Va, V3), (Va, V5), (Vs,
Va), (s, vs)}, then U2 (V(H)) = {vs, va, vs}. Therefore, U2 (V(G))=V(G).

(Us) if H = (V(H), E(H)): V(H) = {v, vs}, E(H) = ¢, then U7, (V(H)) = {vz, va}, Un(Uin(V(H))) = {vz, vs}.
Therefore, U2 (V(H))£U2,(UZ(V(H))).

(Us) if H = (V(H), E(H)): V(H) = {va, vs}, E(H) = {(v2, V2), (v2, v3)}, then U3 (V(H)) = {v;, va}, L5, (U, (V(H))) =
{v, vs}. Therefore, U2 (V(H)) #L2%,(U2,(V(H))).

(Uso) if H = (V(H), E(H)): V(H) = {wi, vz, vs}, E(H) = {(vs, v2), (V2, V2), (v2, v3)}, then L2 m(V(H) = {vi, vs, va},
UZ (L%, (V(H)) = {v2, v4}. Therefore, V(H) DUZ,(L%,(V(H)).
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(U1a) if H=(V(H), E(H)): V(H) = {vs, va, vs}, E(H) = {(va, v3), (va, Vs), (vs, vs5)}, then Uan(V(H)) = {vz, vs},
UZ(UZ(V(H))) = {vs, va, vs}. Therefore, UZ, (V(H)) 2U% (U5 (V(H))).

(Uz2) letH = (V(H), E(H)): V(H) = {va, vs}, E(H) = {(va, vs), (vs, vs)tand K = (V(K), E(K)): V(K) = {v1, V2, va},
E(K) = {(vs, v2), (vi, Va), (V2, V2), (v2, Va)},then U,Zn(V(H)) = {vz, vs} and Urzn(V(K)) = {vz, vs} But, HUK =
(VIH)UV(K),E(H)UE(K)): V(H)UV(K) = {wi, va, va, vs}, E(H)UE(K) = {(vs, v2), (vi, Va), (v, V2), (V2, V4), (Va,
vs), (Vs, V2), (vs, vs)} such that U2 (V(H) UV(K)) = {vs, vs, vs} and so UZ(V(H) UV(K)) U2 (V(H))
UUZ(V(K)).

(LU) if H = (V(H), E(H)): V(H) = {vs}, E(H) = ¢, then L% (V(H)) = {w, vs}, U%(V(H)) = ¢. Therefore,
L3, (V(H))=U%(V(H)).

Proposition 2.3.4.Let G = (V(G), E(G)) be a non-empty finite serial graph. If V(G) = U, ey OD(v) then
the following hold:

(Ls) L2o() = 4,

(U2) UR(V(G)) = V(G).

Proof.

(Ls) Since G is a serial graph and V(G) = U, ey5)OD(v) then MD(v) #¢ for all v €v(G) and hence L%,(¢) =
0.

(Uy) Since Ly (@) = 4= [Lin(P)] = ¢

=V(G) Lz (¢) = V(G) ¢

= V(G) — L2,(V(G) — V(G)) = V(G). But U2(V(H)) = V(G) —L?,(V(G) — V(H)) for all H SG. So U2, (V(G)) =
V(G) — L2,(V(G) — V(G)). Accordingly, U2 (V(G)) = V(G).

Remark 2.3.5.Let G = (V(G), E(G)) be a non-empty finite serial graph. If V(G) = U, ey50D(v),then the
properties (L;), (Ls), (Lo), (L10),(L11),(L12), (U1), (Us), (Us), (Uso), (Uiz), (Uzz) and (LU) are not true in
general for every H, K CG.

The next example illustrates this remark.
Example 2.3.6. Let G = (V(G), E(G)): V(G) = {wi, V2, V3, V4, Vs}, E(G) = {(v1, V1), (Va, V3), (Va, Va), (3, Va), (V3,

Vs), (Va, Vi), (Va, Va),(Vs, V2), (Vs, Vs)}.

A 4

VZ V3

Figure 2.3.1 : Graph G given in Example 2.3.6.
We get
OD(v1) = {w1}, OD(v2) ={vs, va}, OD(v3) = {vs, vs}, OD(vs) = {1, va}, OD(vs) = {v2, vs}
Also we have
ID(v1) = {v1, va}, ID(v2) = {vs}, ID(vs) = {v2}, ID(va) = {v2, v3, va}, ID(vs) = {vs, vs}
Then we obtain
MDS(vi) = {{vs},{vs, va}l, MDS(vz) = {{vs, va}, {vs}}, MDS(vs) = {{va, vs}, {vo}}, MDS(va) = {{ws, va}, {v2, v3,
Va}l, MDS(vs) = {{v, vs}, {vs, vs}}.
Therefore, we have
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(Ly) if H = (V(H), E(H)): V(H) = {w, v, vs}, E(H) = {(w1, Vi), (s, V2), (Vs, Vs)}, then L3 m(V(H)) = {wn, vz, v, vs}.
Therefore, L2, (V(H)) €V(H).

(Lg) if H=(V(H), E(H)): V(H) = {vs, vz, v3}, E(H) = {(v, vi), (v2, v3)}, then L m(V(H)) = {w, vs}, 13 (L (V(H))
= {v;}. Therefore, L2, (V(H)) #L?,(L%,(V(H)).

(Lo) if H = (V(H), E(H)): V(H) = {va, Vs}, E(H) = {(Va, Va), (vs, Vs)}, then L3, (V(H)) = {vz, vs}, U% (L5, (V(H)) =
{vs}. Therefore, L2, (V(H)) U2 (L%, (V(H)).

(Lio) if H = (V(H), E(H)): V(H) = {va, va}, E(H) = {(v2, Va), (Va, Va)}, then UZ(V(H) = {vs, va}, L3 (UZ(V(H)) =
{v2}. Therefore, V(H) €L%,(UZ (V(H)).

(L) if H=(V(H), E(H)): V(H) = {vi, vs, va}, E(H) = {(v1, v1), (3, Vi), (Va, V1), (Va, Va)}, then L2 m(V(H)) =A{wn,
Va, Va}, L2 (L2, (V(H)) = {v;, vs}. Therefore, L2, (V(H)) €L2,(L?,(V(H)).

(L12) letH = (V(H), E(H)): V(H) = {va, vs, va}, E(H) = {(vz, v3), (v2, Va), (3, Va), (va, va)}and K = (V(K), E(K)):
V(K) = {va, vs, vs}, E(K) = {(v2, v3), (vs, Vs), (Vs, V2), (vs, vs)}then L3 m(V(H)) ={vz, vs, va}and L3 m(V(K)) ={v,
vs, vs} But, HNK = (V(H)NV(K),E(H)NE(K)): V(H)NV(K) = {vs, vs}, E(H)NE(K) = {(v2, v3)} such that
L%, (V(H) NV(K)) = {vs}and so L2,(V(H) NV(K)) =L%,(V(H)) N L2,(V(H)).

(Uy) if H = (V(H), E(H)): V(H) = {vs, va}, E(H) = {(vs, Va), (Va, Va)}, then L2 (V(H)) = {vs}. Therefore, V(H)
LUR(V(H)).

(Us) if H = (V(H), E(H)): V(H) = {va, vs}, E(H) = {(va, Va), (vs, vs)}, then UZ(V(H)) = {v2}, U5 (U5 (V(H))) = ¢.
Therefore, U2 (V(H))2U2 (U2 (V(H))).

(Uo) if H = (V(H), E(H)): V(H) = {vs, va, v}, E(H) = {(vs, v1), (v2, v3)}, then U%(V(H)) = {vs, va4, vs},
L2, (UZ2,(V(H))) = {w, V3, vs, va}. Therefore, U2 (V(H)) #L2,(UZ,(V(H))).

(Uso) if H = (V(H), E(H)): V(H) = {w;, vs}, E(H) = {(v1, v4), (vs, vs)}, then L3, (V(H) = {vy, vz}, U (L5, (V(H)) =
{vi, va}. Therefore, V(H) U2 (L%,(V(H)).

(Uss) if H = (V(H), E(H)): V(H) = {vz, vs, Va}, E(H) = {(v2, V3), (V2, Va), (v, Va), (Va, Va)}, then UZ(V(H)) = {vs,
Va, Vs}, UZ(UZ,(V(H))) = {v2, va, vs}. Therefore, UZ (V(H)) DUZ(UZ(V(H))).

(Uy2) letH = (V(H), E(H)): V(H) = {va, vs}, E(H) = {(vs, v2), (vs, vs)}and K = (V(K), E(K)): V(K) = {vs, va}, E(K)
={(vs, va), (v2, va)},then UZ(V(H)) = {vs, vs} and UZ,(V(K)) = {va} But, HUK = (V(H)UV(K),E(H)UE(K)):
VIH)UV(K) = {vz, v3, va, vs}, E(H)UE(K) = {(v2, V3), (V2, Va), (v3, Va4), (va, Va), (s, V2), (vs, Vs)} such that
UZ(V(H) UV(K)) ={va, vs, v4, vs} and so U2 (V(H) UV(K)) zUZ2 (V(H)) UUZ(V(K)).

(LU) if H = (V(H), E(H)): V(H) = {vy, vs, Va}, E(H) = {(vs, v1), (V3, Va), (Va, Vi), (va, Vva)}, then L m(V(H)) = {v,
Va, Va}, UZ(V(H)) = {v, va}. Therefore, L2, (V(H))£UZ,(V(H)).

Remark 2.3.7.Let G = (V(G), E(G)) be a non-empty finite serial graph. If V(G) #U, ey OD(v),then the
properties (Ly), (Ls), (Ls), (Lo),(L10),(L11), (L12),(U1),(U2),(Us),(Us),(Us0),(U11),(Usz) and (LU)are not
necessarily true for every H, K CG.

The next example illustrates this remark.
Example 2.3.8. Let G = (V(G), E(G)): V(G) = {vi, V2, V3, Va, Vs}, E(G) = {(v1, v1), (1, V3), (Va, V3), (V2, Vi), (V3,

Va), (V3, Vs), (Va, v1), (va, Va), (vs, Vs)}.

Y

V2 V3

Figure 2.3.2 : Graph G given in Example 2.3.8.
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We get

OD(v1) ={w, vs}, OD(vz) = {vs, va}, OD(vs) = {va, vs}, OD(va) = {vi, va}, OD(vs) = {vs}

Also we have

ID(v1) ={w1, va}, ID(v2) = @, ID(v3) = {vs, V2}, ID(vs) = {v2, vs, Va}, ID(v5) = {vs, vs}

Then we obtain

MDS(v1) = {{v, vs}, {w, va}}, MDS(v2) = {{vs, va}, @}, MDS(vs) = {{va, vs}, {v, v2}}, MDS(va) = {{vi, va}, {v2,
Vs, Va}}, MDS(vs) = {{vs}, {vs, vs}}.

Consequently, we have

(Ly) if H = (V(H), E(H)): V(H) = {vs}, E(H) = {(vs, vs)}, then L3 (V(H)) = {v, vs}. Therefore, LZ,(V(H))
ZV(H).

(L) if H=(V(H), E(H)): V(H) = ¢, E(H) = ¢, then L2, (V(H)) = {v2}. Therefore, L%, () #4.

(Lg) if H = (V(H), E(H)): V(H) = {w, vs}, E(H) = {(vi, vi), (vi, vs)}, then L3, (V(H)) = {w, v2}, L3 (L3 (V(H)) =
{v2, vs}. Therefore, L2,(V(H)) #L2,(L%,(V(H)).

(Lo) if H = (V(H), E(H)): V(H) = {vs, vs}, E(H) = {(v, vs), (vs, vs)}, then L3, (V(H)) = {v, vs}, UZ (L%, (V(H)) =
{vs, vs}. Therefore, L2, (V(H)) zUZ2,(L%,(V(H)).

(Lao) if H = (V(H), E(H)): V(H) = {va, s}, E(H) = {(va, va), (vs, vs)}, then Uz (V(H) = {va, vs}, L (U (V(H)) =
{vs, vs}. Therefore, V(H) €L2,(U2 (V(H)).

(Ly;) if H = (V(H), E(H)): V(H) = {vs, vz, vs}, E(H) = {(ws, v1), (vs, vs)}, then Lfn(V(H)) = {vz, vs, vs},
L2,(L2,(V(H)) = {v,, vs}. Therefore, L2, (V(H)) €L2,(L?,(V(H)).

(L12) letH = (V(H), E(H)): V(H) = {w, va, vs}, E(H) = {(w1, v1), (va, v1), (Va, Va), (vs, vs)tand K = (V(K), E(K)):
V(K) = {v2, vs, Va}, E(K) = {(v2, V3), (V2, Va), (v3, Va), (va, va)}then L3 m(V(H)) = V(G) and L7 m(V(K)) = {vz, va}
But, HNK = (V(H)NV(K),E(H)NE(K)): V(H)NV(K) = {va}, E(H)NE(K) = {(va, va)} such that L2, (V(H) NV(K))
={vz} and so L2, (V(H) NV(K)) #L2%,(V(H)) N L,(V(H)).

(Uy) if H = (V(H), E(H)): V(H) = {v, v2}, E(H) = {(vi, w)}, then UZ(V(H)) = {w, vs}. Therefore,
V(H)EUrn (V(H)).

(Uz) if H=(V(H), E(H)): V(H) = V(G), E(H) = {(vi, vi), (v1, v3), (V2, V3), (V2, Va), (V3, Va), (3, V5), (Va, V1), (Va,
va), (vs, vs)}, then U2 (V(H)) = {vi, vs, va, vs}. Therefore, U2 (V(G))=V(G).

(Us) if H = (V(H), E(H)): V(H) = {w, v3, vs}, E(H) = {(ws, w), (v, v3), (v2, v3)}, then U%(V(H)) = {vi, va},
UZ(UZ,(V(H))) = {vi, vs, va}. Therefore, U2, (V(H))2U2 (U2 (V(H))).

(Uo) if H=(V(H), E(H)): V(H) = {v2, va, vs}, E(H) = {(v2, va), (va, va), (vs, vs)}, then Urzn(V(H)) = {vs, V4, Vs},
L2,(U2(V(H))) = {vs, vs, vs}. Therefore, UZ2,(V(H)) #L2,(UZ2,(V(H))).

(Uso) if H=(V(H), E(H)): V(H) = {1, va, v}, E(H) ={(w1, v1), (Va, V1), (Va, Va), (Vs, vs)}, then L3 m(V(H) = V(G),
UZ(L%,(V(H)) = {vi, vs, va, vs}. Therefore, V(H) DUZ (L%, (V(H)).

(Usa) if H = (V(H), E(H)): V(H) = {v2, va}, E(H) = {(v2, va), (va, va)}, then U2 (V(H)) = {vs, va}, UZ(UZ(V(H)))
= {vy, v4}. Therefore, U2 (V(H)) 2U2,(UZ(V(H))).

(Uz) letH = (V(H), E(H)): V(H) = {vs, vs}, E(H) ={(vs, vs), (vs, vs)tand K = (V(K), E(K)): V(K) = {va, vs}, E(K) =
{(va, va), (vs, vs)},then UZ(V(H)) = {vs} and UZ(V(K)) = {va, vs} But, HUK = (V(H)UV(K),E(H)UE(K)):
V(H)UV(K) = {vs, va, vs}, E(H)UE(K) = {(vs, Va), (v3, Vs), (Va, Va), (s, vs)} such that U,Zn(V(H) UV(K)) ={w,
v, vs} and so U2 (V(H) UV(K)) zUZ(V(H)) UUZ(V(K)).

(LU) if H = (V(H), E(H)): V(H) = {w, va, va, vs}, E(H) = {(vs, v1), (v2, Va), (va, Vi), (Va, Va), (vs, Vs)}, then
L2,(V(H)) = V(G), U%(V(H)) = {vi, vs, va, vs}. Therefore, L2, (V(H))2UZ(V(H)).

Proposition 2.3.9.Let G = (V(G), E(G)) be a non-empty finite reflexive graph, then the following
properties holds for every H €G.
(L1) Lin(V(H)) SV(H),

Vol.4.Issue.2.2016 (April-June) 137



Dr.Y.Y. YOUSIF & S. S. OBAID Bull.Math.&Stat.Res

(Ls) Lia(9) = ¢,

(Us) V(H)SUZ(V(H)),

(Uz) UZ(V(G)) = V(G) and

(LU) L3, (V(H)) € U (V(H)).

Proof.

(L) Since G is reflexive graph, then v EMD(v) for all v EV(G). Now, let v EL2,(V(H)) =3MD(v), MD(v)
CV(H). But v EMD(v) for all v EV(G), so, v EV(H). Therefore, L2,(V(H)) SV(H).

(L3) Since any non-empty finite reflexive graph is serial withV(G) #U, ey)OD(v),then the proof (L;) is
immediately derived from Proposition (2.3.4).

(Uj) let v €V(H) and since v EMD(v)for all v €V(G) then for all MD(v), MD(v) N V(H)~¢. So, v
€UZ,(V(H)) and hence V(H)SUZ(V(H)).

(U,) Since any non-empty finite reflexive graph is serial withV(G) #U, ey5)0D(v),then the proof (U,) is
immediately derived from Proposition (2.3.4).

(LU) By Using (L;) and (U;) we have L2,(V(H)) SUZ (V(H)).

Remark 2.3.10, Let G = (V(G), E(G)) be a non-empty finite reflexive graph, then the properties
(Ls),(Lo),(L10),(L11),(L12),(Us),(Us),(Uso), (U11) and (Uy;) are not true in general for every H, K CG.

The following example illustrates this remark.
Example 2.3.11. Let G = (V(G), E(G)): V(G) = {vi, vz, Vs, Va, Vs}, E(G) = {(w, Vi), (w1, V3), (2, V2), (V2, Va),

(vs, v3), (V3, Va), (Va, Vi), (Va, Va), (Vs, v2), (vs, Vs)}.

Vi Vi vy

vz 4

Figure 2.3.3 : Graph G given in Example 2.3.11.
We get

OD(vi) ={vy, vs}, OD(v2) ={vz, va}, OD(v3) = {v3, va}, OD(va) = {vs, va}, OD(vs) = {v2, vs}

Also we have

ID(v1) = {vi, va}, ID(v2) = {va, vs}, ID(v3) = {vi, v3}, ID(v4) = {va, V3, Va}, ID(vs) = {vs}

Then we obtain

MDS(vi) = {{vs, v}, {vs, va}}, MDS(v;) = {{v2, va}, {v2, vs}}, MDS(vs) = {{vs, va}, {vi, vs}}, MDS(va) = {{v1, va},
{v2, vs, va}}, MDS(vs) = {{va, vs}, {vs}}.

Therefore, we have

(Ls) if H = (V(H), E(H)): V(H) = {vs, va}, E(H) = {(v2, V2), (v2, Va), (Va, Va)}, then L3, (V(H)) = {vz},
L2,(L2,(V(H)) = ¢. Therefore, L2, (V(H)) #L%,(L2,(V(H)).

(Lo) if H = (V(H), E(H)): V(H) = {w, vs}, E(H) = {(vi, v1), (vs, v3), (v3, vs)}, then Lfn(V(H)) = {vs, vs},
UZ(L%,(V(H)) = {vi, vs, va}. Therefore, L2, (V(H)) U2 (L3,(V(H)).

(Lso) i H = (V(H), E(H)): V(H) = {vs, vs}, E(H) = {(vs, Vs), (vs, Vs)}, then U2 (V(H) = {vs, vs}, L2, (UZ,(V(H)) =
{vs}. Therefore, V(H) €L2,(UZ (V(H)).

(Lya) if H = (V(H), E(H)): V(H) = {vs, va}, E(H) = {(vs, V3), (V5, Va), (Va, Va)}, then L3 (V(H)) = {vs},
L2,(L%,(V(H)) = §. Therefore, L2, (V(H)) £L%,(L2,(V(H)).

(L12) letH = (V(H), E(H)): V(H) = {w, va, vs}, E(H) = {(vs, vi), (w1, v3), (v2, V2), (v3, vs)tand K = (V(K), E(K)):
V(K) = {vs, v2, va}, E(K) = {(v1, v1), (v2, V2), (V2, Va), (Va, Va)}then Lfn(V(H)) ={w, vs}and L?n(V(K)) ={vs, vz,
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va} But, HNK = (V(H)NV(K),E(H)NE(K)): V(H)NV(K) = {vi, v}, E(H)NE(K) = {(v5, v1), (v2, v2)} such that
L%, (V(H) NV(K)) = ¢and so L2, (V(H) NV(K)) #L%,(V(H)) N L2, (V(H)).

(Us) if H=(V(H), E(H)): V(H) = {w, vz, vs}, E(H) ={(vs, v1), (v2, V2), (v2, Vs), (vs, vs)}, then Urzn(V(H)) ={wv,
Vs}, Ug (U5, (V(H))) = {vs}. Therefore, UZ, (V(H))2U% (U (V(H))).

(Uo) if H = (V(H), E(H)): V(H) = {w, vs}, E(H) = {(vi, va), (vs, vs)}, then Uz (V(H)) = {w, vs}, L5, (U5, (V(H))) =
{vs}. Therefore, U2 (V(H)) #L2,(UZ,(V(H))).

(Uso) if H = (V(H), E(H)): V(H) = {vz, vs, va, vs}, E(H) = {(vz, V2), (V2, Va), (v3, V3), (V3, Va), (Va, Va), (5, V2),
(vs, vs)}, then L2, (V(H) = {va, vs, va, vs}, U2 (L%,(V(H)) = V(G). Therefore, V(H) 2UZ,(L?,(V(H)).

(U1a) if H=(V(H), E(H)): V(H) ={v, v, vs}, E(H) ={(v2, V2), (v, v3), (vs, V2), (s, v5)}, then U%(V(H)) ={v,
Va, V3, Va}, UZ(UZ(V(H))) = V(G). Therefore, UZ (V(H)) 2UZ(UZ(V(H))).

(Uso) letH = (V(H), E(H)): V(H) = {vy, va}, E(H) = {(v1, v1), (va, V1), (va, va)}and K = (V(K), E(K)): V(K) = {w,
vsl, E(K) = {(wv, vi), (vs, vs)},then Urzn(V(H)) = {vs, vs, v4} and U%(V(K)) = {w, vs} But, HUK =
(V(H)UV(K),E(H)UE(K)): V(H)UV(K) = {1, va, vs}, E(H)UE(K) = {(vi, v1), (Va, Vi), (Va, Va), (Vs, vs)} such that
Uin(V(H) UV(K)) ={v;, va, vs} and so Us,(V(H) UV(K)) =Us,(V(H)) UUR (V(K)).

Proposition 2.3.12.Let G = (V(G), E(G)) be a non-empty finite symmetric graph, then the following
properties holds for every H, K €G.

(Lao) V(H) € LE,(UZ(V(H)),

(Laz) Lo (V(H) NV(K)) =LZ,(V(H)) NLE(V(K)),

(Uso) V(H) 2UF, (L3, (V(H)) and

(Usz) U (V(H) UV(K)) =U%(V(H)) UUZ(V(K)).

Proof.

(L10) since G is a symmetric graph, then G= G™" and consequently we have MD(v) = OD(v) = ID(v) for
all v eV(G). Now, let v €V(H). Since G is symmetric, then for all x € MD(v) we have v € MD(x).Hence
MD(x) NV(H) #¢ because v € V(H). Thus by Definition (2.2.1), we get x € U2 (V(H) for all x € MD(v)
which implies MD(v) SUZ(V(H). So, by Definition (2.2.1), we have v € L%,(UZ%(V(H)). Therefore,
V(H)S L3, (U (V(H)).

(L1,) since G is a symmetric graph, then MD(v) = OD(v) = ID(v) for all v € V(G). Now, let v € L2, (V(H))
NL2,(V(K)) =v €L2,(V(H)) Av €EL%,(V(K))= AMD(v): MD(v) SV(H) AMD(v) SV(K)=>3MD(v): MD(v)
CV(H)NV(K) =v €L%,(V(H) NV(K)). Hence L2 (V(H))NL2,(V(K))SL%,(V(H) NV(K)) . By using (Ls) in
Proposition (2.3.1), we have L2, (V(H) NV(K))SL%,(V(H)) NL%,(V(K)) so L%, (V(H) NV(K)) =L2,(V(H))
NL5,(V(K)).

(Uyo) let v €UZ (L2, (V(H)), then YMD(v), MD(v) NL2%,(V(H)) #¢. Hence there exists u EMD(v) such that
u €L%,(V(H). Since G is a symmetric graph, then u € MD(v) implies v € MD(u). Now since u €
L2,(V(H)) then by Definition (2.2.1), we have MD(u) SV(H). But v €EMD(u) and so v EV(H).
Consequently, V(H) 2UZ (L2, (V(H)).

(Uy,) Firsty, we need to show that U2 (V(H) UV(K)) SU2(V(H)) UUZ2(V(K)). Now, let v & U2 (V(H))
UUZ(V(K))= v & UZ(V(H))Av & UZ(V(K)). Then, by Definition (2.2.1), we obtain MD(v) NV(H) =
#MD(v) NV(K) = ¢. So, MD(v) N(V(H) NV(K)) = ¢ and hence v & UZ2,(V(H) UV(K)). By using (Ug) in
Proposition (2.3.1), we have U2 (V(H) UV(K)) 2U2,(V(H)) U UZ,(V(H)). Therefore, UZ(V(H) UV(K)) =
UZ(V(H))UUZ (V(K)).

Remark 2.3.13.Let G = (V(G), E(G)) be a non-empty finite symmetric graph, then the properties
(L1),(L3),(Lg),(La),(L11),(U1),(U2),(Us),(Us),(U11) and (LU) are not true in general for every H SG.
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The following example shows this remark.
Example 2.3.14. Let G = (/(G), E(G)): V(G) = {v, V2, Vs, Va, s}, E(G) = {(v1, V), (v1, Va), (V2, Vi), (V2, Vs),
(v3, V3), (Va, 1), (Va, Vi), (Vs, V2), (Vs, Vs5)}

v
Vq V., 5

Vs oV,

Figure 2.3.4 : Graph G given in Example 2.3.14.
We get
OD(v1) ={vz, va}, OD(v2) = {vy, vs}, OD(vs) = ¢, OD(vs) = {v1, va}, OD(vs) = {v2, vs}
Also we have
ID(v1) = {vz, va}, ID(v2) = {w1, vs}, ID(v3) = @, ID(va) = {1, Va}, ID(vs) = {va, vs}
Then we obtain
MDS(v1) = {{vz, va}l, MDS(v2) = {{vz, vs}}, MDS(vs) = {¢}, MDS(vs) = {{w1, va}}, MDS(vs) = {{v, vs}}.
Therefore, we have
(Ly) if H = (V(H), E(H)): V(H) = {w, v2}, E(H) = {(w, V2), (v2, v1)}, then L2,(V(H)) = {vs}. Therefore,
LE(V(H)) EV(H).
(L) if H=(V(H), E(H)): V(H) = ¢, E(H) = $, then L2,(V(H)) = {vs}. Therefore, L2,(¢) .
(Lg) if H = (V(H), E(H)): V(H) = {vi, va}, E(H) = {(w, Va), (Va, V1), (Va, Va)}, then L%q(V(H)) = {vs, va},
L2, (L%,(V(H)) = {vs}. Therefore, L2, (V(H)) #L2,(L?,(V(H)).
(Lo) if H = (V(H), E(H)): V(H) = {vs, vs}, E(H) = {{vs, vs)}, then L3,(V(H)) = {vs}, UR(L},(V(H)) = ¢.
Therefore, L2, (V(H)) U2 (L?,(V(H)).
(L12) if H = (V(H), E(H)): V(H) = {w, vs, vs}, E(H) = {(vs, vs)}, then L5, (V(H)) = {vz, vs}, L3 (L3 (V(H)) = {vs}.
Therefore, L%, (V(H)) L%, (L%, (V(H)).
(Uy) if H = (V(H), E(H)): V(H) = {vi}, E(H) = ¢, then U2 (V(H)) = {v2, vs}. Therefore, V(H)ZUZ (V(H)).
(Uz) if H=(V(H), E(H)): V(H) = V(G), E(H) = {(ws, V2), (vi, Va), (v2, Vi), (V2, V5), (Va, V1), (Va, Va), (Vs, V2), (Vs,
vs)}, then UZ(V(H)) = {vi, v3, va, vs}. Therefore, U2 (V(G))=V(G).
(Us) if H = (V(H), E(H)): V(H) = {w, vs}, E(H) = ¢, then U (V(H)) = {va, va}, U (Uz(V(H))) = {v, va, vs}.
Therefore, U2 (V(H))£U2,(UZ(V(H))).
(Ug) if H = (V(H), E(H)): V(H) = {va, vs}, E(H) = {(va, va), (vs, vs)}, then UZ(V(H)) = {vi, vz, va, vs},
L2,(UZ(V(H))) = V(G). Therefore, UZ,(V(H)) L%, (UZ,(V(H))).
(Ugg) if H = (V(H), E(H)): V(H) = {vs}, E(H) = §, then U%(V(H)) = ¢, UZ(UZ%(V(H))) = {vs}. Therefore,
UR(V(H)) 2UZ (U (V(H)).
(LU) if H = (V(H), E(H)): V(H) = {v2, Vs, Va}, E(H) = {(va, va)}, then LZ,(V(H)) = {vi, vs}, U%(V(H)) = {vi, Va,
vs}. Therefore, L2, (V(H))=UZ,(V(H)).

Lemma 2.3.15.Let G = (V(G), E(G)) be a non-empty finite transitive graph and MD(v) be a mixed
degree set of a vertex vEV(G), then for each u € MD(v) there exists MD(u) such that MD(u) SMD(v).

Proof.Firsly, if MD(v) = OD(v) then we want to show that for each x € OD(v) we have OD(x) SOD(v).
Now, let x € OD(v) and y € OD(x). Since G is a transitive graph, y € OD(x) and x € OD(v) then y €
OD(v). So, OD(x) €0OD(v) for all x € OD(v). On the other hand, if MD(v) = ID(v) then we need to show
that for each x € ID(v) we get ID(x) SID(v). So, let x € ID(v) and z € ID(x). Since G is transitive graph
then G7lis also transitive. Since R7"is transitive, z € ID(x) and x € ID(v) then z € ID(v). Hence, ID(x)
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CID(v) for all x € ID(v). Consequently, for each x € MD(v) there exists MD(x) such that MD(x) C
MD(v).

Proposition 2.3.16.Let G = (V(G), E(G)) be a non-empty finite transitive graph, then the following
properties holds for every HCG.

(Lyz) L3y (V(H)) SL3, (L3 (V(H)),

(Usz) UR(V(H)) 2U% (U5 (V(H)).

Proof.

(Ly7) let v € L2 (V(H)), AMD(v), MD(v) SV(H). Now, let u € MD(v) by Lemma (4.3.15), there exist
MD(u) such that MD(u)SMD(v). Thus, AMD(u), MD(u)SV(H)=u € L2%,(V(H)). So, MD(v)SL2,(V(H)).
Therefore, IMD(v), MD(v) €L%,(V(H)) =v € L%,(L2,(V(H)). Hence, L%,(V(H)) SL2,(L%,(V(H)).

(Uyy) let v € UZ,(UZ(V(H))=YMD(v), MD(v) NUZ,(V(H)) #4=> ¥ MD(v) there exists u such that u €
MD(v) and u € U2 (V(H)). Now, since u € U2,(V(H)) then for all MD(u), MD(u) NV(H) #gsince u €
MD(v), then by Lemma(4.3.15), there exists MD(u) such that MD(u)SMD(v). But, for all MD(u),
MD(u)NV(H)=¢. Consequently, we have for all MD(v), MD(v) NV(H) #¢. Hence v € UZ/(V(H)).
Therefore U2 (V(H)) UZ(UZ(V(H)).

Remark 2.3.17.. Let G = (V(G), E(G)) be a non-empty finite transitive graph, then the properties (L;),
(L1), (Lg), (Lo), (L10), (L12), (Us), (U1), (Us), (Us), (Uso), (U12) and (LU) are not true in general for every H, K
CG.

The following two examples illustrate this remark.

Example 2.3.18. Let G = (V(G), E(G)): V(G) = {vi, V2, V3, Va, Vs}, E(G) = {(v1, V1), (V2, Va), (V3, V2), (V3, V3),

(vs, Va), (Va, Va), (s, V1), (Vs, V5)}.

Vy V4 V5

V2 < \&]

Figure 2.3.5 : Graph G given in Example 2.3.18.
We get
OD(v;) = {v1}, OD(v3) = {va}, OD(vs3) = {vs, v, Va}, OD(vs) = {va}, OD(vs) = {wy, vs}
Also we have
ID(v1) = {vi, vs}, ID(v2) = {vs}, ID(v3) = {vs}, ID(va) = {v2, V3, va}, ID(vs) = {vs}
Then we obtain
MDS(v1) = {{va}, {vs, vs}}, MIDS(v2) = {{va}, {vs}}, MDS(v3) = {{vz, v3, va}, {vs}}, MDS(vs) = {{va}, {v2, v3, val}},
MDS(vs) = {{w, vs}, {vs}}.
Example 2.3.19. Let G = (V(G), E(G)): V(G) = {vs, vz, V3, Va, Vs}, E(G) = {(w1, v1), (V2, Va), (V2, V5), (Va, V5)}.

Vy
Vi Vs

V2 oVs
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Figure 2.3.6 : Graph G given in Example 2.3.19.
We get
OD(v1) = {v1}, OD(v;) = {va, vs}, OD(vs3) = ¢, OD(v4) = {vs}, OD(vs) = ¢
Also we have
ID(v1) = {w1}, ID(v2) = @, ID(vs) = @, ID(vs) = {v2, v3, Va}, ID(vs) = {vs}
Then we obtain
MDS(v1) = {{vi}}, MDS(vz) = {{vz, va}, @}, MIDS(vs) = {4}, MDS(va) = {{vs}, {vz, v, va}}, MDS(vs) = {g, {vs}}.
Consequently, we have
(Ly) if H = (V(H), E(H)): V(H) = {vs}, E(H) = {(vs, v3)}, then L% (V(H)) = {vs, vs}. Therefore, L2, (V(H))
ZV(H).
(L5) if H=(V(H), E(H)): V(H) = ¢, E(H) = ¢, then L2,(V(H)) = {v2, vs, vs}. Therefore, L2, (¢)=4.
(Lg) if H = (V(H), E(H)): V(H) = {v, vz}, E(H) = {(v, )}, then L2, (V(H)) = {vi, V2, vs, Vs}, L2, (L2, (V(H)) =
V(G). Therefore, L2, (V(H)) #L%,(L%,(V(H)).
(L) if H = (V(H), E(H)): V(H) = {va, va}, E(H) = {(v2, va)}, then L2 (V(H)) = {vs, 3, Va, s}, UZ(L%,(V(H)) =
{va}. Therefore, L2,(V(H)) U2 (L%,(V(H)).
(Lio) if H = (V(H), E(H)): V(H) = {vz, vs, vs}, E(H) = {(vz, vs)}, then UZ(V(H) = {va}, L, (UZ(V(H)) = ¢.
Therefore, V(H) €L2,(UZ/(V(H)).
(L12) letH = (V(H), E(H)): V(H) = {vz, vs}, E(H) = {(v2, vs)}and K = (V(K), E(K)): V(K) ={vs, v}, E(K) = ¢, then
L2,(V(H)) = {va, vs, Va4, vs}and L2, (V(K)) = {va, vs, Va4, vs} But, HNK = (V(H)NV(K),E(H)NE(K)): V(H)NV(K) =
{vs}, E(H)NE(K) = ¢ such that L2,(V(H) NV(K)) = {vs, vs, vs} and so L%,(V(H) NV(K)) =L2,(V(H)) N
L5(V(H)).
(Uy) if H = (V(H), E(H)): V(H) = {v, v}, E(H) = {(v1, vi)}, then UZ(V(H)) = {w}. Therefore, V(H)ZUZ(V(H)).
(Uz) if H=(V(H), E(H)): V(H) = V(G), E(H) = {(v1, v1), (v2, Va), (V2, V5), (va, v5)}, then Urzn(V(H)) ={v, va}.
Therefore, U2 (V(G))%V(G).
(Us) if H = (V(H), E(H)): V(H) = {2, vs, s}, E(H) = {(v5, vs)}, then U3, (V(H)) = {va}, UL (UZ(V(H))) = ¢.
Therefore, U2 (V(H))£UZ2,(UZ/(V(H))).
(Us) if H = (V(H), E(H)): V(H) = {vi, v, s}, E(H) = {(v, vi), (v, vs)}, then UZ(V(H)) = {w, va},
L2,(U2(V(H))) = {1, V3, v3, vs}. Therefore, U2 (V(H)) #L%,(UZ(V(H))).
(Uzo) if H = (V(H), E(H)): V(H) = {w, vs}, E(H) = {(vi, w)}, then L3, (V(H) = V(G), U (L (V(H)) = {vi, va}.
Therefore, V(H) 2U2,(L%,(V(H)).
(Usz) letH = (V(H), E(H)): V(H) = {w, vs}, E(H) = {(v1, v1), (vs, v1), (vs, vs)tand K = (V(K), E(K)): V(K) = {v,,
vs}, E(K) = {(vs, v2), (vs, vs)hthen UZ(V(H)) = {w, vs} and UZ(V(K)) = {vs} But, HUK =
(V(H)UV(K),E(H)UE(K)): VIH)UV(K) = {vi, v2, v, vs}, E(H)UE(K) = {(vs, vi), (v3, v2), (v3, V3), (5, V1), (Vs, vs)}
such that U2, (V(H) UV(K)) ={vi, v3, vs, vs} and so U2 (V(H) UV(K)) #zUZ2,(V(H)) UUZ(V(K)).
(LU) if H = (V(H), E(H)): V(H) = {va, v, va, vs}, E(H) = {(v2, Va), (v2, Vs), (va, vs)}, then L m(V(H)) = {vz, v,
Va, Vs}, UZ(V(H)) = {va}. Therefore, L2, (V(H))zUZ(V(H)).

Proposition 2.3.20.. Let G = (V(G), E(G)) be a non-empty finite tolerance graph, then the properties
(L), (Ls), (L1o), (L12), (U1), (U2), (Uso), (Us2) and (LU) hold for every H, KEG.
Proof.By using Propositions (2.3.9) and (2.3.12) the proof is obvious.

Remark 2.3.21.Let G = (V(G), E(G)) be a non-empty finite tolerance graph, then the properties(Ls),
(Lo), (L11), (Usg), (Us) and (Uy;) are not true in general for every HCG.
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The following example shows this remark.
Example 2.3.21. Let G = (/(G), E(G)): V(G) = {vs, V2, Vs, Va, Vs}, E(G) = {(vs, Vi), (1, V2), (V2, V2), (V2, V2),

(Vz, V3), (V3, Vz), (V3, V3), (V4, V4), (V5, Vs)}.
Vy V4

O

Figure 2.3.7 : Graph G given in Example 2.3.21.
We get
OD(v1) ={w, v2}, OD(vz) = {w1, vz, vs}, OD(v3) = {v3, vs}, OD(va) = {va}, OD(vs) = {vs}
Also we have
ID(v1) = {vi, v2}, ID(v2) = {w1, v, v3}, ID(v3) = {v2, vs}, ID(va) = {va}, ID(vs) = {vs}
Then we obtain
MDS(v1) = {{w, v2}}, MDS(vz) = {{vi, vz, vs}}, MDS(vs) = {{va, vs}}, MDS(va) = {{va}}, MDS(vs) = {{vs}}
Therefore, we have
(Lg) if H = (V(H), E(H)): V(H) = {vi, vz, va}, E(H) = {(vs, v1), (vs, V2), (V2, V1), (V2, V2), (Va, Va)}, then L12n(V(H))
= {v, va}, L%, (L%,(V(H)) = {va}. Therefore, L2, (V(H)) #L%,(L?,(V(H)).
(Lo) if H = (V(H), E(H)): V(H) = {vi, Vs, vs}, E(H) = {(ws, V1), (vi, V2), (v2, V1), (V2, V2), (vs, vs)}, then LZ, (V(H))
= {vy, vs}, Un (L% (V(H)) = {wi, v, vs}. Therefore, L3, (V(H)) #Us5, (L, (V(H)).
(Li2) if H = (V(H), E(H)): V(H) = {va, vs, vs}, E(H) = {(vz, V2), (v2, V3), (vs, V2), (vs, V), (vs, vs)},then L3, (V(H))
= {vs, vs}, L%, (L%,(V(H)) = {vs}. Therefore, L%, (V(H)) £L%,(L%,(V(H)).
(Us) if H = (V(H), E(H)): V(H) = {vi, va}, E(H) = {(wi, vi), (va, va)}, then UZ(V(H)) = {w, Vs, va},
U (U (V(H)) ={v, v2, vs, va}. Therefore, Uz (V(H))=Uz, (Ui (V(H))).
(Us) if H = (V(H), E(H)): V(H) = {w, vs}, E(H) = {(v, vi), (vs, vs)}, then UZ(V(H)) = {w, v, vs},
L3 (Ui (V(H))) = {vi, vs}. Therefore, U (V(H)) £L3, (U (V(H))).
(Uy) if H=(V(H), E(H)): V(H) = {vi, va, vs}, E(H) = {(v1, v1), (Va, va4), (vs, vs)}, then Urzn(V(H)) ={w, vz, va},
Ui (U (V(H)) = {vi, vz, Vs, va}. Therefore, U3, (V(H)) DU (U5 (V(H))).

Proposition 2.3.23. . Let G = (V(G), E(G)) be a non-empty finite dominance graph, then the properties
(Ll)l (L3)I (Lg)l (Lll)l (U1)I (UZ)I (Ug)l (Ull) and (LU) h0|ds for every HEG.
Proof.By using Propositions (2.3.9) and (2.3.16) the proof is obvious.

Remark 2.3.24. . Let G = (V(G), E(G)) be a non-empty finite dominance graph, then the properties
(Lo), (L10), (L12), (Ug), (U1p) and (Uy) are not true in general for every H, KEG.
The following example illustrates this remark.

Example 2.3.25. Let G = (V(G), E(G)): V(G) = {v1, V2, V3, V4, Vs}, E(G) = {(w1, vi), (V2, V2), (V2, Va), (V2, Vs),

(vs, V3), (Va, Va), (Va, V), (Vs, Vs)}.
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O Q.

V1 V5

5

Figure 2.3.8 : Graph G given in Example 2.3.25.

V2

We get

OD(v1) = {w1}, OD(vz) = {vs, va, vs}, OD(vs) = {vs}, OD(vs) = {va, vs}, OD(vs) = {vs}

Also we have

ID(v1) = {w1}, ID(v2) = {v2}, ID(vs) = {vs}, ID(va) = {vz, va}, ID(vs) = {v2, Vs, vs}

Then we obtain

MDS(vi) = {{vi}}, MDS(v2) = {{v2, va, vs}, {v2}}, MDS(vs) = {{vs}}, MDS(va) = {{va, vs}, {vz, va}}, MDS(vs) =
{{vs}, {vz, v4, vs}}.

(Lo) if H = (V(H), E(H)): V(H) = {v2, vs}, E(H) = {(v2, v2), (v, vs), (vs, vs)}, then Lfn(V(H)) = {vz, vs},
U2 (L2, (V(H)) = {v2, Va4, vs}. Therefore, L2, (V(H)) #U2,(L%,(V(H)).

(Lso) if H = (V(H), E(H)): V(H) = {vs, Va), E(H) = {(v3, V3), (va, Va)}, then U2 (V(H) = {v, va}, L, (UZ,(V(H)) =
{vs}. Therefore, V(H) €L%,(UZ (V(H)).

(Li2) letH = (V(H), E(H)): V(H) = {vy, v2, va}, E(H) = {(v, vi), (V2, V2), (V2, Va), (va, va)}and K = (V(K), E(K)):
V(K) = {v, va, vs}, E(K) = {(vs, vi), (va, Va), (va, Vs), (vs, vs)}, then Lfn(V(H)) ={vi, vz, va}and Lfn(V(K)) ={w,
Vs, Vs} But, HNK = (V(H)NV(K),E(H)NE(K)): V(H)NV(K) = {vs, va}, E(H)NE(K) = {(vs, v1), (va, Va)}such that
L2,(V(H) NV(K)) ={vi} and so L2,(V(H) NV(K)) #L%,(V(H)) 0 L2,(V(H)).

(Uo) if H=(V(H), E(H)): V(H) = {wi, vs, va}, E(H) = {(v1, v1), (v3, V3), (va, V4)}, then U,zn(V(H)) ={v, v3, va},
L3 (Ui (V(H))) = {vi, vs}. Therefore, U (V(H)) #L3, (U (V(H))).

(Uso) if H = (V(H), E(H)): V(H) = {w, va, vs, vs}, E(H) = {(vs, vi), (v2, V2), (V2, Vs), (v3, V3), (s, Vs)}, then
Lia(V(H) = {v, vz, Vs, vs}, UG (L3, (V(H)) = V(G). Therefore, V(H) U (L, (V(H)).

(Uzo) letH = (V(H), E(H)): V(H) ={vz}, E(H) ={(v2, v2)}and K = (V(K), E(K)): V(K) = {vs}, E(K) = {(vs, vs)},then
Un(V(H)) = {v2} and UZ(V(K)) = {vs} But, HUK = (V(H)UV(K),E(H)UE(K)): V(H)UV(K) = {vs, vs},
E(H)UE(K) = {(v2, v2), (v2, Vs), (s, vs)} such that U2 (V(H) UV(K)) = {va, va, vs} and so UZ(V(H) UV(K))
#Uf (V(H)) UUZ(V(K)).

Proposition 2.3.26.. Let G = (V(G), E(G)) be a non-empty finite equivalence graph, then the
properties (L1), (Ls), (Ls), (Ls), (L10), (L11), (L12), (U1), (U2), (Us), (Us), (U1o), (U11), (Uz2) and (LU) holds for
every H, KCG.

Proof.By using Propositions (2.3.9), (2.3.12) and (2.3.16) the proof is obvious.

Table (2.3.1)
Prop. Arbt. Ser.1 Ser.2 Refl. Sym. Trans. Tole. Dom. Eque.
L, * * * *
L, * * * * * * * * *
Ls * * * * * *
Ly * * * * * * * * *
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Ls * * * * * * * * *
L * * * * * * * * *
Ly * * * * * * * * *
Lg * *
Lg *
I—l[) * * *
Lig * * *
Ly, * * * *
U; * * * *
U, * * * * * *
U; * * * * * * * * *
U, * * * * * * * * *
Us * * * * * * * * *
Us * * * * * * * * *
U, * * * * * * * * *
Ug * *
Ug *
Uqo * * *
Ui * * *
Ui * * *
LU * * * *

In Table(2.3.1), we summarize the previous results for the properties of approximation

operatorsL?, and UZwhen the graph G is arbitrary, serial with V(G) #U, ey 0D(v),serial with V(G) =
U, evis)0D(v), reflexive, symmetric, transitive, tolerance, dominance and equivalence respectively.
A star (*) indicate that property is satisfies. The first column contains the list of properties. The next
ninth columns assign the properties which are satisfied for the above mention Kinds of G. Also, in
table (2.3.1), ser.1 mean serial with V(G) #U, eyOD(v) and ser.2 mean serial with V(G) = U,
evic)OD(v).
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