Vol.4.Issue.3.2016 (July-Sept.,)

htto://www.bomsr.com

RESEARCH ARTICLE

Email:editorbomsr@gmail.com ||
0520

BULLETIN OF MATHEMATICS
AND STATISTICS RESEARCH

A Peer Reviewed International Research Journal

ISSN:2348

A SINGLE SERVER NON-MARKOVIAN BERNOULLI VACATION QUEUE WITH TWO
TYPE OF SERVICES AND WITH AN OPTIONAL SERVICE

KALYANARAMAN. R

Department of Mathematics, Annamalai University, Annamalainagar-608 002, India.

email: r.kalyan24 @rediff.com

ISSN:2348-0580 &
N

=

» b
4 [
’ 'om’n 4
4 5
- na

ABSTRACT

A single server queue with two type of services and with Bernoulli vacation
has been considered. The type 1 service is a phase type service with two
service phases. Both the service time distributions are generally distributed.
The type 2 service has only one phase of service. In addition the server also
provides an optional service. These service time distributions are also
general. After completion of service, the server takes vacation based on a
Bernoulli process and vacation time distribution is general. For this model the
probability generating function for the number of customers in the queue at
different server's state are obtained using supplementary variable technique.
Some performance measures and particular models are calculated and
numerical results are presented.

Keywords: Phases service — Optional service — Bernoulli process —
Supplementary variable technique — Vacation — Performance measures.
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1. INTRODUCTION
Queueing systems constitute a key tool in modelling and performance analysis of

telecommunication systems and computer systems. Poisson arrivals are in many cases a fairly
realistic model for the arrival process, but exponential service times are not very common in

practice. In many systems the coefficient of variation of the service times will be smaller (or greater)

than 1. Therefore, it is essential to analyze the models with generally distributed service times. Due

to this reason the M /G/1queue has been studied in various forms by numerous authors including
Gaver (1959), Keilson and Kooharian (1960), Bhat (1964), Prabhu (1965) and Cohen (1969), to

mention a few.

Recently there have been several contributions considering queueing system of the

M /G/1 type, in which the server may provide services in phases. The motivation for such type of
model comes from some computer and communication networks, where messages are processed in
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two stages by a single server. The case where both phases of service are exponentially distributed is
the so called coxian distribution. Bertsimas and Papaconstantinou (1988) considered such
distribution to design a multi server queue with application in a transportation system.

The queueing system with two phase service have studied by Krishna and Lee (1990). Doshi
(1991) has extended the two phase queueing system of Krishna and Lee into case of batch. Recently
Artalejo and Choudhury (2004) have studied the steady state analysis of an M /G/1queue with
repeated attempts and two phase service.

In day to day life, one encounters numerous queueing situations in which all the arriving
customers are given the essential service and only some of them may require additional optional
service. Such a model was studied by Madan (1994). The other works to be noted here are Madan
(2000), Medhi (2002), Al-Jararah and Madan (2003), Jinting Wang (2004), Kalyanaraman et al. (2005)
and Jau-Chuan (2008).

In real life, where as soon as the server becomes free, the server shut down the service
facility temporarily for a random period of time and thus the server may not be available when the
customer arrives to an empty queue, the service starts only after the server returns to the queue.
This random period is called vacation period and the queue is called a vacation queue. Miller (1964),
first studied a model, where the server is unavailable for service during some random length of time
for the M/G/1 queueing system. Bernoulli vacation model at each service completion epoch the
decision to take a vacation depends on a Bernoulli distribution. This type of vacation policy was first
introduced by Keilson and Servi (1986).

The paper is organized as follows: The corresponding mathematical model is defined in
section 2 and the governing differential difference equations, the boundary conditions and the
normalizing condition are given in section 3. For this model the probability generating function of
the number of customers in queue irrespective of the server state are derived in section 4. Also
some performance measures related to this queueing model are derived from these probability
generating functions and are given in section 5. In section 6, some particular models are derived. A
numerical study is carried out in section 7.

2. The Model
The arrival follows Poisson with rate A(>0) and a single server provides two type of

services, respectively called type 1 service and type 2 service. Also the server provides an optional
service. The entering customers selects type 1 service with probability p or type 2 service with

probability 1— p. The type 1 service is a phase type service (two phases). After completion of type 1

service, the customer leaves the system, whereas after completion of type 2 service, the customer
leaves the system with probability 1—ror choose an optional service with probability I. After
completion of optional service, the customer leaves the system. The service time distributions are

general, the distribution functions are B, ;(x),for type 1 and j™ phase of service (j=1,2),
B, (X), for type 2 service, B, ,(X), for an optional service. The Laplace- Stieltjes transform (LST)
. * .. th k o
for B, ;(x)is B; ;(6) and finite kK™ momentsare E(B/;),k 21,1, j =12.
After completion of each service the server may go for a vacation of random length with
probability  (0<g<1) or may continue to serve the next customer, if any, with probability
(1—q). If there are no customers in the queue, at the completion of vacation, the server remains in

the system without taking further vacation. Vacation time distribution is also a general distribution
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with distribution function V (X), Laplace- Stieltjes transform (LST) for V(X) is V™ (6) and finite
moments are E(V*),k >1.

It may be noted that B ;(x),V(x),(B;;()=1B;;(0)=0,V(0)=1V(0)=0)are
continuous, so that 4 ; (X)dx, (y(x)dx) are the first order differential functions (hazard rates) of
B, (x), (v (X)).

For the analysis the supplementary variable (the variable is elapsed time) technique has
been used.

Let 44 ;(X)dx be the conditional probability of completion of the jth phase of type 1

service during the interval (X,Xx+dx], given that elapsed service time is X so that

b,;(x) .
(X)) = :Llé—(),(j =1,2) and let u,(x)dx be the conditional probability of completion of
: _B (x ,
L]
the type 2 service and optional service during the interval (X,X+dx], given that elapsed service
o by (x) . . .
time is X so that g, ;(X) = m,(] =1,2) and let ¥(X)dX be the conditional probability of
, _B. (x
2,j
completion of the vacation during the interval (X, X+ dx], given that elapsed vacation time is X so
V(X
that (x) = )
1-V(x)

The following notations are introduced to define the model mathematically:
Pn(l'j)(x, t) = Prifat time t, there are n customers in the queue excluding one in the type 1 service
and is in the jth phase of service and the elapsed service time is x}, j=1,2,n>0, Pn(z’l)(x, t) =
Pri{at time t, there are n customers in the queue excluding one in the type 2 service and elapsed
service time is x},n > 0, Pn(z'z)(x, t) = Prifat time t, there are n customers in the queue excluding
one in the optional service and elapsed service time is x},n = 0 and
V, (x,t) = Prifht time ¢, the server is on vacation with elapsed vacation time is x and the number of
customers in the queue is n},n > 0. Q(t) = Prifat time ¢, there are no customers in the system and
the server is idle}.

et PUP(x)(i,j=12), V,(Xx) and Q denote the corresponding steady state
probabilities.

The probability generating functions for the probabilities {Pn(i’j) (x)}, (i, ] =12), {\/n (X)} are

respectively defined as
POD(x,2) = 2"PI(x) and V (X, 2) = X 2"V, (X).
n=0 n=0

3. The Governing Equations
The differential difference equations related to the model defined in the proceeding section

are
% PO(lYl) (X) + (A + 41,(x)) I:)o(l’l) (x)=0 (1)
£ R0+ (24 4, (ORI () = 2P (0 >1 o
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% P2 (X) + (A + w1y, (X)) PP (x) =0 (3)
% PED(X) + (A + 1, (X)PE? (x) = ARED (x);n > 11 (4)
% P2V (X) + (A + t, (X)) PV (X) =0 (5)
% PEY(X) + (A + 1, (X)) PV (x) = AREY (x);n > 11 (6)
% P2 (X) + (A + 1y, (X)) P2 (x) =0 (7)
% P& (X) + (A + wy, (X)PE? (x) = APE? (x);n =1 (8)
%VG (X)+ (A + (X)), (x) =0 (9)
%Vn () + (A + ()N, (X) = AV, ,(x);n=1 (10)

Q= (- q){T P (Xt 0K + (L 1) [ PP ()41, () + [ P ()11, <x)dx}

+ j V, (X)7 (X)dx (11)
0
The boundary conditions are

P (0) = 20Q + (1-0) P P ()2, (b + - 1) P2 (), ()b + R (), ()

+ PV, 007000 (12
0
P (0) = -0 p{j PP ()t 0K+ (L 1) PED (041, () + [ P ()11, (x)dx}
0 0 0

+ pTle(X)]/(X)dX, n 2 1 (13)
0

PE2(0) = [ P (Xt (), > 0 (19
0

P9 (0) = (- )L - p){T P2 ()41, (90K + (L 1) P (¥t 0K + [ P (0t (x)dx}
+ (L= P)Q+(- PV, (7 (x)x (15)

P9 (0) = (- )L p){T P2 ()4t ()0 + (L= 1) [ PED ()13, (00 + [ PED (0t (x)dx}

+ (1= P) [Vt (07 (dx,n 21 (16)
0
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P22(0) = r [ P (X)u,, (X)dx,n = 0 17)
0

V4 (0) = af B2 (x) 24, () dx + (L= 1)Q [ P (X) 1, 0+ 0 [ BE? ()pty , ()X, N 20 (18)
0 0 0
and the normalization condition is

Q+ [P 00+ P2 (9 + P2 (9 + P2 (%) +V, (0 P =1 (19)

n=0 o
4. The Analysis
Multiplying equations (2), (4), (6), (8) and (10) by z", summing from N =1 to coand then
adding (1), (3), (5), (7) and (9), we get
d

— PUI(x,2)
)I;(T(X,Z) :_S_:ui,j(x) (20)
:XV(X, z) )

V(X,2) A .

where S=A(1—2) and i, j =12.
Integration of the equations (20) and (22) leads to

pty (x,2) = Ci,j - Bi | (x))e™ (23)

V(x,z)=C@A-V(x))e™ (24)
Taking X =0 in equations (23), (24), the constants Ci i (i, j =1,2), C are obtained as

C= P(i’j)(O, Z) (25)

C=V(0,2) (26)
Using equations (25), (26) in (23), (24), we get

PP (x,2) = PP(0,2)(L- B, ; (x))e™ (27)

V(x,z) =V (0,2)1-V(x))e ™ (28)

Multiplying equations (13), (16) by z", summing from n=1 to oo, adding (12), (15), using (11),
(27) and (28) with the corresponding equation, we get
ZPY(0,7) = Ap(z—1)Q + pV "(sV (0, 2) + pL— ) {B;, (5)P*?(0,2) + (L 1)B; , (S)P?? (0, 2)
+B;,(s)P??(0,2)} (29)
[z- (1~ p)A-0a)(1-1)B,,(8)IP*?(0,2) = AL~ p)(z-1)Q+ (L~ p)V " (s)V (0, 2)
+(1- P)A-9){B;,(5)P*?(0,2) + B, ,(5)P??(0,2)} (30)

Now multiplying equation (14) by 2", summing from N =0 to coand using equation (27),

P®?(0,2) =B;,(s)P*?(0,2) (31)
Performing similar operation on equations (17) and (18), we obtain

P®?(0,2) = rB,,(s)P*”(0,2) (32)

V(0,2) =B, (s)P“?(0,2) +q(1-r)B;, ()P (0,2) + 9B, ,(s)P**? (0, 2) (33)

KALYANARAMAN. R 65



Vol.4.Issue.3.2016 (July-Sept.,) Bull.Math.&Stat.Res (ISSN:2348-0580)

Using equations (31)-(33) in (29), (30), we get
[z - PB.;(5)B,, (S)L—q+aqV (s)IP*?(0,2) = Ap(z ~D)Q+ pB,, ()L~ +B;,(s))

x(1-gq+qV (s))P®?(0,2) (34)
[z-(1-p)B,,(S)A—T +rB;,(s))A—a+aV (s)IP?(0,2) = A(1- p)(z-1)Q+(1- p)B;,(5)
x By, (s)L-q+aV (s))P*?(0,2) (35)
From equations (34) and (35), we get
@y _Ap(z-1)Q
P*7(0,2) = —D(z) (36)
@1 _AQ-p)(z-1)Q
P*¥7(0,2) = D(2) (37)

where D(2) =~ (1~ q+QV " ($))[PB; (S)B],(5) + (L~ P)B;, (S)(L—r + 1B}, (s))]
Using equations (36), (37) in (31), (32), we get
p(z-1)B,,(s)Q

P2(0,2) =
0,2) D(2) (38)
D(2)
Using equations (37)-(39) in (33), we get
V(0,2) = 24(z=1)[pB;; (5)By,(s) + (1~ p)B,,(s)(L~r +rB,,(s))IQ 0)

D(2)
Integration of equations (26) and (27) by parts with respect to x and then using equations (36)-
(40), we get

PEY (2) = [P (x,2)dx
0

_ p(B;(9)-1Q

O (41)

P12 (7) = T P& (x,z)dx
_ péiﬁl(S)(BI,z (s)-1)Q (42)

D(2)

P (7) = T P2 (x, 7)dx

O _@-p)(B,,(5)-1Q (43)
D(2)

P@2(z) = T P®2 (x, z)dx

_ r(;— P)B;.(s)(B;,(s)-1)Q (44)

D(2)
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V(z) = TV(X, 2)dx

_qv "(8) =DIPBy,(s)B;,(5) + (1- p)B,, ()L - +1B;,(s))IQ
D(2)

The idle probability Q is obtained using the equation (19) as
Q=1-p (46)
where
p=2p[E(B,) +E(B,,)]+ 11— p)[E(B,,) + rE(B,,)]+ AE(V).

The utilization factor () <1 is the stability condition under which steady state solution exists.

(45)

Equations (41)-(45) together with equation (46) are respectively, the probability generating
functions of the number of customers in the queue when the server is, serving phase 1 service,
serving phase 2 service, serving type 2 service, serving an optional service and the sever is on
vacation.

The probability generating function for the number of customers in the queue irrespective of server
state is

U(z) = Q+22:22: PO (2)+V (2)
_(z-1)@~p)
D(2)

5. The Performance Measures

(47)

Using straightforward calculations the following performance measures have been obtained:
(i) The mean number of customers in the queue is

L, = Iirq diU (z) where U (2) is given in equation (47).
7 Z

L, =lim D)= (z-)D (@) |, (48)
e (D(2))
Since this limit gives 9 form, so applying L'Hospitals rule twice, we get
L _-D'@Q
q ' 2
2(D (@)
A°C,
.= (49)
2(1-p)

where C, =qE(V 2) + ZqE(V)[p(E(Bl,l) + E(Bl,Z)) +(1- p)(E(Bz,l) + rE(Bz,z))] + p[E(Blz,l)
+ E(Blz,z) + 2E(Bl,1)E(Bl,2)] +(1- p)[E(BZZ‘l) + rE(Bzz,z) + ZrE(Bm)E(Bz,z)]

(ii) The mean waiting time in the queue is

where Lq is given in (49).

(iii) The variance of the number of customers in the queue is
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L= |imd—22U(z)+IimiU(z)— IimiU(z) 2 (50)
71 0z -1z -1z
Now equation (48) differentiating with respect to Z, we get

(z-1)D(2)D’(z) - 2D (2)[D(2) - (z - 1)D(Z)]}( ~p)
(D(2))*

2

lim j—ZU (2)= lim {

0
Since this limit gives 6 form, so applying L'Hospitals rule three times, we get

94 (2) = [3(D°(1)° -2D D" MR

M2z 6(D' )’
3 2
_ A[34AC] + 2(1; £)C,] (51)
6(1-p)

where

C,= p[E(Bfl) +3E(B12,1)E(Bl,2) +3E(Bl,1)E(Blz,2) + E(Bls,z)] +(1- p)[E(sti) + rE(BS,z)
+3rE(BZ,)E(B,,) +3rE(B,,)E(BZ,)] + 3qE(V)(p[E(BZ) + 2E(B,,)E(B,,) + E(B3,)]
+(L- P)[E(BZ,) +2rE(B,,)E(B,,) + FE(BZ,)])+ 3qE(V *)[P(E(B,,) + E(B,,))

+ (@~ P)(E(B,,) +rE(B,,))]+qE(V )
Using equations (49) and (51) in (50), we get
ﬁf‘Cf N 5 [24C, +3C,]

= (52)
TAl-p)? 6(L-p)
(iv) The variance of the waiting time in the queue is
VL
Y =

where VLE| is given in (52).

6. Some Particular Models
In this section, two particular models are derived by taking known distributions to service

times and vacation time. The service rates are y,, for phase 1 service, 4, , for phase 2 service, u,,
for type 2 service, f4,, for an optional service and the vacation rate is 0.

Model 1: In this model the service times and the vacation time distribution are negative

exponential.
L /1203
*C 2O 1 o 1 1 1
B /13(1C2 +3C,C ) /12C3
L
! Czezﬂlllul 2/“21/-‘22 C40ﬂ1,1ﬂ1,2ﬂ2,1ﬂ2,2
where

C; = lu22,11u22,2 [ pez (/U12,1 + /le,z + /Ul,l/vﬁ,z) + qluiz,lﬂlz,z] +1- p)ezlulz,llLLlZ,Z (ﬂzz,z + rll'lzz,l + r/uz,lzuz,z)
+q 9#1,1#1,2#2,1#2,2 [ PLLy 1 125 5 (/41,1 + /Ul,z) +(1- p)/'ll,llul,Z (/Jz,z + rluz,l)]
C,= kb Mo Mo (©—-49)-Ap ‘9#2,1/42,2 (,Ul,l + ILL.L,Z) - A(1- p)‘gﬂl,l/ul,z (luz,z + rll'lz,l)
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G = ﬂ2,1ﬂ23,2 [ p93 (M,l + lul,Z)(lulZ,l + /112,2) + qﬂflﬂfZ] +(1- p)ﬂflﬂfzg3[ﬂ22,2 (15, + rﬂz,l)
+ r:u22,1 (/uz,z + i, IR! 6”1,1#1,2#2,1#2,2 [ p,uzz,l/uzz,z [/u12,1 0+ ﬂl,z) + /U12,2 0+ :ul,l) + 9/11,1/11,2]
+(1- p)ﬂ12,1/v‘12,2 [ﬂzz,z 0+ luz,l) + r:u22,1 0+ ,uz,z) + reﬂz,lluz,z]]

Model 2: In this model the service times and vacation time distribution are Erlang K.

B A’C,
v 2KOC 1 11 5 1 1 1 2
_ 2 (3AC¢ +4C,C,) N AC,
- leZCjazﬂlz,lﬂfzﬂzz,lﬂzz,z 2KOC g1 s iy 1 12
where

Cs = PO pagy 1t LK+ D) (pay + p15) + 2Kpsy 1 111, 1+ (A= P)O° afy 1 [(K +1) (i3 , + Y 113,)
+ 2Kty 1ty o 14 Oty s o 1 1, [2KOCD L, 11, 5 (1 + 14,,) + (L= P) g1 4, )Vl + 145,))
+ (K+2) gty 14 54051405 ,]
_ 3 3 3, 3 3 3 3 3.3 3 3 3
C,=k+Dk+2) [ﬂz,lﬂz,z (po (lul,l + ﬂl,z) + qlLli,l/’ll,Z) +1-p)o Mot (r,uz,l + /uz,z)]
+3 peﬂl,l/'ﬁ,zﬂg,lﬂg,z [(K+2) (et + 14 )6 + Koy 1141,,) +kaO(k + 1)(/“12,1 + /112,2) +2k*q0
x lu”_l.,llul,Z] +3(1- p)eﬂflﬂfzﬂz,lﬂz,z [‘92 (k +1)(/U2,1 + ,uz,z) +kga(k +1)(1“22,2 + rIL‘22,1)

+ KAty 114, 5 (2KIO + (K +1)(rpty + 145,))]
7. The Numerical Study
In this section, some numerical results have been calculated. The service rates, the
probability are fixed as py1 = 2,11, = 5,21 = 6,122, =3, =0.6,r=0.7,p =04 and k=7.
The arrival rate (1) and the vacation rate () has been varied from 0.1 to 1.0 and 3.2 (0.2) 4.0. The
system performance measures the mean number of customers in the queue (L,), the mean waiting

time in the queue (%), the variance of the number of customers in the queue (VLq) and the
variance of the waiting time in the queue (VWq) have been calculated and are presented in figures

and tables.

—8—3.2 ——34 —=w—36 ——38 —e—4
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Arrival rate
Figure 1: Arrival rate versus mean number of customers
in the queue for model 1

Mean number of customers in the queue

From the figures 1 and 2, it is clear that the mean number of customers in the queue for
both models are increasing functions of arrival rate. The waiting time also increases for increasing
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values of arrival rate. In table 1 and 2, the variance of number of customers in the queue and the
variance of waiting time in the have been presented. The variances increases for increasing values of

arrival rate.

o o
N
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Mean waiting time in the queue

Mean waiting time in the queue
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Figure 2: Arrival rate versus mean number of customers in

the queue for model 2
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Figure 3: Arrival rate versus mean waiting time in the
queue for model 1
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Figure 4: Arrival rate versus mean waiting time in the

queue for model 2
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Table 1: The variance of number of customers in the queue for model 1

Pia = 7,12 = 5,11 = 6,1, =3, = 0.6,

A k=7r=02,p=04

6 =32 6=34 6 =36 6 =38 6=4.0
0.1 0.0048 0.0046 0.0045 0.0043 0.0042
0.2 0.0228 0.0219 0.0212 0.0206 0.0201
0.3 0.0617 0.0593 0.0572 0.0554 0.0539
0.4 0.1336 0.1279 0.1230 0.1189 0.1153
0.5 0.2575 0.2454 0.2353 0.2266 0.2191
0.6 0.4659 0.4417 0.4214 0.4043 0.3896
0.7 0.8162 0.7686 0.7291 0.6960 0.6677
0.8 1.4186 1.3240 1.2465 1.1820 1.1275
0.9 2.5046 2.3086 2.1507 2.0210 1.9129
1.0 4.6268 4.1862 3.8397 3.5611 3.3329

Table 2: The variance of number of customers in the queue for model 2

M1 =72 =51 = 6,1z, =3,9 =06, r=02p=04

A 0=32 6=34 60 =36 6 =38 6 =40
0.1 0.0034 0.0033 0.0032 0.0031 0.0030
0.2 0.0158 0.0152 0.0147 0.0142 0.0139
0.3 0.0414 0.0398 0.0384 0.0371 0.0361
0.4 0.0872 0.0835 0.0803 0.0775 0.0751
0.5 0.1640 0.1563 0.1497 0.1441 0.1392
0.6 0.2901 0.2749 0.2622 0.2513 0.2419
0.7 0.4978 0.4687 0.4444 0.4237 0.4061
0.8 0.8490 0.7924 0.7455 0.7063 0.6729
0.9 1.4738 1.3583 1.2646 1.1872 1.1223
1.0 2.6813 2.4257 2.2235 2.0600 1.9255

Table 3: The variance of the waiting time in the queue for model 1

M1 = 7,12 =5, Uz, = 6,442 =3,q = 0.6,

A k=7r=02,p=04

6 =32 6 =34 6 =36 6 =38 6 =40
0.1 0.4752 0.4592 0.4454 0.4336 0.4232
0.2 0.5689 0.5481 0.5305 0.5152 0.5019
0.3 0.6858 0.6587 0.6357 0.6160 0.5989
0.4 0.8349 0.7991 0.7688 0.7429 0.7205
0.5 1.0302 0.9817 0.9410 0.9063 0.8765
0.6 1.2942 1.2269 1.1706 1.1230 1.0822
0.7 1.6658 1.5685 1.4880 1.4203 1.3627
0.8 2.2166 2.0688 1.9476 1.8468 1.7618
0.9 3.0921 2.8501 2.6551 2.4951 2.3616
1.0 4.6268 4.1862 3.8397 3.5611 3.3329

Table 4: The variance of the waiting time in the queue for model 2

Pia =7y =51 = 6,U2 =3,9 =06, r=02p=04
A 0 =232 0 =234 0 =236 0 =238 0 =40
0.1 0.3405 0.3287 0.3186 0.3097 0.3019
0.2 0.3939 0.3794 0.3668 0.3559 0.3463
0.3 0.4605 0.4422 0.4264 0.4128 0.4008
0.4 0.5453 0.5218 0.5017 0.4843 0.4691
0.5 0.6561 0.6252 0.5989 0.5763 0.5567
0.6 0.8057 0.7637 0.7283 0.6980 0.6719
0.7 1.0158 0.9565 0.9068 0.8648 0.8287
0.8 1.3266 1.2381 1.1649 1.1036 1.0514
0.9 1.8194 1.6770 1.5613 1.4657 1.3856
1.0 2.6813 2.4257 2.2235 2.0600 1.9255
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