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z; spaces by removing the assumption of continuity, relaxing the condition of
compatibility of type (B) to weak compatibility and replacing the
'om,k completeness of the space with a set of alternative conditions.
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1. INTRODUCTION

In 1976, Jungck [3] proved a common fixed point theorem for commuting maps, generalizing
the Banach’s fixed point theorem. Sessa [11] defined a generalization of commutativity, which is
called weak commutativity. Further Jungck [4] introduced more generalized commutativity so called
compatibility , which is more general than that of weak commutativity. The concept has been used
by several authors to prove common fixed point theorems and in the study of periodic points (see
e.g. [4],[5],[7],[9],(10])

Jungck, Murthy and Cho [6] defined compatible mappings of type (A) and pointed out that
under some conditions these two concept are equivalent, and proved common fixed point
theorems. Pathak and Khan [8] defined compatible mappings of type (B) as a generalization of
compatible mappings of type (A). The same authors remarked that under some conditions,
compatible mappings, compatible mappings of type (A) and compatible mappings of type (B) are
equivalent. They derived relations between these mappings and proved a fixed point theorem of
Gregus type for compatible mappings of type (B) in Banach spaces.

103



Vol.4.Issue.4.2016 (Oct-Dec.) Bull.Math.&Stat.Res (ISSN:2348-0580)

In 1998, Jungck and Rhoades [2] introduced the notion of weakly compatible maps and showed that
compatible maps are weakly compatible but converse need not be true.

The aim of this paper is to prove some common fixed point theorems in metric spaces by
removing the assumption of continuity, replacing the condition of compatibility of type (B) by weak
compatibility and replacing the completeness of the space with a set of alternative conditions. We
improve results of Djoudi [1].

2. PRELIMINARIES
Throughout this paper, X denotes a metric space (X,d) with the metric d.
Definition 2.1. A sequence {x,} in a metric space (X,d) is said to be convergent to a point x in X if
lim,_sd(x,,x) = 0.
Definition 2.2. A sequence {x,} in a metric space (X,d) is said to be Cauchy sequence if
liM g n o0 d(Xpm,%n) = 0.
Definition 2.3. A metric space (X,d) is said to be complete if every Cauchy sequence in X is
convergent.
Definition 2.4. [4] Let S and T be mappings from a metric space (X,d) into itself. Then S and T are
said to be compatible, if
lim,_., d(STx,,TSx,) = 0
where {x,} is a sequence in X such that
lim ,_. Sx, =1im ,_,Tx, =z for some ze X.
Definition 2.5.[2] Two mappings Sand T are said to be weakly compatible if they commute at their
coincidence points.
Example 2.1 : Define S,T:[0,3] — [0,3] by

S(x) = X, Xx¢€[0,1) and T(x)= 3-%x, xe€[0,1)
3, xe[13] 3 x€[1,3]

Then for any xe [1,3], STx = TSx and hence S,T are weakly compatible maps on [0,3].

Example 2.2. Let X=R and defineS,T: R — R by Sx =x/3, xeR and Tx = x>, xeR. Hence 0and 1/3
are two coincidence points for the maps S and T. Note that S and T commute at 0, i.e. ST(0) = TS(0) =
0, but ST(1/3) =S(1/9) =1/27 and TS(1/3) =T(1/9) = 1/81 and so S and T are not weakly compatible
maps on R.

Remark 2.1. Weakly compatible maps need not be compatible . Let X =[2,20] and d be the usual
metric on X. Define mappings S,T: X —> XbySx=x if x=2 or x> 5, Sx=6 if 2<x<5, Tx=x if x
=2, Tx=12 if 2<x <5, Tx=x-3if x>5. The mappings S and T are non-compatible since sequence
{x,} defined by x, =5+ (1/n), n > 1. Then Tx, = 2, Sx, = 2, TSx, = 2 and STx, = 6, as n — oo. But they
are weakly cmpatible since they commute at coincidence point at x = 2

Example 2.3. Let X = [0, 2] with the metric d, defined by d(x, y) = |[x—y| for all x,y € X. Clearly (X,d) is
a metric space . Define S, T: X — X by Sx=xifx € [0, %), S(x) = % if x> Y% and Tx = x/(x+1) for all x
€ [0, 2]. Consider the sequence {x, = (%) + () :n>1}in X. Then limy 50 SXo= %, liMy o0 TXe = %
But lim, . » d(STx,, TSx, ) = | 1/3 - 1/4| # 0. Thus S and T are non compatible. But S and T are
commuting at their coincidence point x = 0, that is, weakly compatible at x = 0. lim,_,,, d(STx,, TTx, )
= | 1/3-1/4 | #0and lim,_, ., d(TSx,, SSx,) = | 1/4-1/3 | # 0. Thus A and B are not compatible of
type (A). Further, lim, _, ., d(SSx,, TTx, ) = | 1/3-1/4 | 0. Thus A and B are not compatible of type
(B).

In view of the above examples, we observe that

(i) weakly compatible maps need not be compatible,

(ii) weakly compatible maps need not be compatible of type (A),
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(iii) weakly compatible maps need not be compatible of type (B).
3. MAIN RESULTS
Let R, be the set of non-negative real numbers and let ¢ : (R, )> —> R, be a function
satisfying the following conditions: for any t > 0, @ is upper semi continuous in each coordinate
variable and non-decreasing, and ¢(t) = max{ ¢(0,t,0,0,t), o(t,0,0,t,t), ¢(t,t,t,2t,0), ¢(0,0,,t,0) }
For our main result we need the following lemmas ;
Lemma 3.1. [12] Forany t>0, ¢(t) < tif and only if lim,_, .. ¢"(t) =0 where ¢" denotes the n-times
repeated composition of ¢ with itself.
Lemma 3.2. [1] Let |, J, S and T be mappings from a metric space (X,d) into itself satisfying (1) and
(2). Then lim,_  d(Yn,Yns1) = 0, where {y,}is the sequence constructed in X and described by (7).
Lemma 3.3. [1] Let |, J, S and T be mappings from a metric space (X,d) into itself satisfying the
conditions (1) and (2). Then the sequence {y,} defined by (7) is a Cauchy sequence in X.
Djoudi [1] proved the following
Theorem A. Let |,J,S and T be mappings from a complete metric space (X,d) into itself satisfying
(1) S(X) < JX) and T(X) < I(X),
(2) d(Sx,Ty) < o (d(IxJy), d(Ix,Sx), d(Jy,Ty), d(Ix,Ty), d(Jy,Sx)) for all x,y € X,
(3) oneof I,J,SorTis continuous,
(4) the pairs {S,I} and {J,T} are compatible of type (B).
Then |,J,S and T have a unique common fixed point z.
Now, we prove the following
Theorem 3.1. Let |, J, S and T be mappings from a metric space (X,d) into itself satisfying the
conditions (1) and (2) and
(5) one of I(X), J(X), S(X) or T(X) is a complete subspace of X, then
(i) Sand I have a coincidence point,
(i) J and T have a coincidence point.
Further if
(6) The pairs {S,I} and {J,T} are weakly compatible,
(iii) 1,J, Sand T have a unique common fixed point in X.
Proof: By assumption (1), since S(X) < J(X), for an arbitrary xo € X there exists a point x; € X such
that Sx, = Jx;. Since T(X) < I(X), for this point x; we can choose a point x, € X such that Tx; = Ix,.
Continuing this way, we can construct a sequence {y,}in X such that
(7) yan = JXona1 = SXon and  Yonu1 = o2 = TXone,
forevery n = 0,1,2,...
Thus in the view of Theorem 2 in [1], {y, } is a Cauchy sequence in X. Now suppose that [(X) is
complete. Note that the subsequence {y,..1} is contained in I(X) and has a limit in I(X). Call it z. Let u
= "z. Then lu = z. We shall use the fact that the subsequence {y,.} also converges to z. By (2), we
have
d(Su, yans1) = d(SU, TXzn41)
< @ (d(lu, IXzne1), d(lu,Su), d(IXons1, TXone1), d(IU, TX2p41), d(IX2ne1,5U))
= @ (d(z, yu), d(z,5u), d(Yan,Y2ne1), A(Z, Yanis), d(Y2n,Su))
which implies that as n — oo,
d(Su,z) < ¢(0,d(z,5u),0,0,d(z,Su)) < d(Su,z),
which is a contradiction . Thus we have Su = z. Since lu = zthus Su = z = lu,i.e. uisa
coincidence point of Sand I. This proves (i), since S(X) < J(X),
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Su=7z impliesthat z € J(X).Let v € J'z. ThenJv =1z It can be easily verified by using similar
arguments of the previous part of the proof that Tv =z.
If we assume J(X) is complete, then argument analogous to the previous completeness argument
establishes (i) and (ii). The remaining two cases pertain essentially to the previous cases. Indeed, if
T(X) is complete, then by (1), z € T(X) < I(X).
Similarly if S(X) is complete, then z € S(X) < J(X). Thus (i) and (ii) are completely established.
Since the pair {S,} is weakly compatible therefore S and | commute at their coincidence point i.e.
Slu = ISu or Sz =Ilz. Similarly JTv=Tlv or Tz =Jz. Now we prove that Sz =z.
By (2), we have
d(SZ, y2n+1) = d(SZ, 7-XZn+1)
< @ (d(lz, Ixzni1), d(12,52), d(IXans1, TXane1), A(12, TXzn41), A(IX2041,52))
= @ (d(Sz, yan), d(52,52), d(y2n,Y2n41), A(SZ, Yans1), A(Y20,52))
Proceeding limit as n — o, we have
d(Sz,z) < ¢(d(Sz,z),0,0,d(Sz,z),d(z,5z)) < d(Sz,z),
which is a contradiction. Thus we have Sz =z and therefore Sz=z=Iz.
Similarly , we have Tz =z =Jz. This means that z is a common fixed point of I, J, Sand T.
For uniqueness of common fixed point let w (w # z) be another common fixed point of I, J, Sand T.
Then by (2), we have
diw,z) = d(Sw, Tz)
< @ (dllw, Jz), d(lw,Sw), d(Jz,Tz), d(Iw, Tz), d(Jz,5Sw))
< ¢ (d(w,z),00,d(w,z) dz,w))
< d(w,z),
hence w = z. This completes the proof of the theorem.
4. REFERENCES
[1]. Djoudi, A., 2003, A common fixed point theorem for compatible mappings of type (B) in complete
metric spaces, Demonstratio Math. 36, 463-470.
[2].  Jungck G., 1976, Commuting mappings and fixed points, Amer. Math. Monthly 83, 261-263.
[3].  Jungck G., 1986, Compatible mappings and common fixed points. Internat J. Math. Math. Sci. 9, 771-
779.
[4].  Jungck G., 1988, Compatible mappings and common fixed points (2), Internat J. Math. & Math. Sci. 11,
285-288.
[5].  Jungck G., Murthy P., Cho Y.L., 1993, Compatible mappings of type (A) and common fixed points, Math
Japonica 38,381-390.
[6]. Jungck G., Rhoades B.E., 1993, Some fixed point theorems for compatible maps, Internat. J. Math. &
Math. Sci. 16, 417-428.
[7]1.  Jungck G., RhoadesB.E., 1998, Fixed point for set valued functions without continuity, Ind. J. Pure &
Appl. Math. 29, 227-238.
[8]. Kang M.S., Cho Y.J., Jungck G., 1990, Common fixed points of compatible mappings, Internat. J. Math.
& Math. Sci. 13, 61-66.
[9]. Kang M.S.,. Rye J., 1990, A common fixed point theorem for compatible mappings, Math. Japonica 35,
153-157.
[10]. Pathak H.K., Khan M.S., 1995, Compatible mappings of type (B) and common fixed point theorems of
Gregus type, Czechoslovak Math. J. 4, 685-698.
[11]. Sessa S., 1982, On weak commutativity condition of mappings in fixed point consideration, Publ. Inst.
Math. 32,149-155.
[12]. Singh S.P., Meade, B.A., 1977, On common fixed point theorems, Bull. Austral. Math. Soc. 16, 49-53.

SERVET KUTUKCU et al., 106



