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1. Introduction
Different mathematicians worked on different versions of generalized open maps and related
topological properties. 6-open[23], gpr-open [10], gp-open[14] rw-open [3]mappings were
introduced and studied by Raja Mohammad Latif, Gnanambal Y, T. Noiri, H. Maki and J. Umehara,
Benchalli S.S. and Wali R.S. respectively.
2. Preliminaries

Throughout this paper, (X, t) and (Y, o) (or simply X and Y) represent the topological spaces. For a
subset A of a space X, cl(A) and int(A) denote the closure of A and the interior of A respectively. X\A
or A°denotes the complement of A in X.
We recall the following definitions and results.
Definition 2.1
A subset A of a topological space (X, ) is called
1. a semi-open set[13] if A C cl(int(A)) and a semi-closed set if int(cl(A)) € A.
2. a pre-open set[5] if A € int(cl(A)) and a pre-closed set if cl(int(A)) € A.
3. an a-open set [16]if A C int(cl(int(A))) and an a -closed set if cl(int(cl(A)))E A.
4. a semi-pre open set [1,18](B-open)[10] if ACcl(int(cl(A))) and a semi-pre closed set =B-closed)
int(cl(int(A)))CA.
5. aregular open set [15] if A = int(clA)) and a regular closed set if A = cl(int(A)).
6. 6-closed [23] if A=cl 6(A), where cl&(A) = {xe X : int(cl(U))nAz D, U e tand x € U}
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7. aregular a-open set (briefly, ra-open)[28] if there is a regular open set U such that U c A cacl(U).
8. a generalized closed set (briefly g-closed)[4] if cI(A) € U whenever A € U and U is open in X.

9. a generalized pre regular closed set(briefly gpr-closed)[10] if pcl(A) € U whenever A € U and U is
regular open in X.

10. a generalized semi-pre closed set(briefly gsp-closed)[9] if spcl(A) & U whenever ACU and U is
openin X.

11. a w-closed set [26]if cl(A) € U whenever AC U and U is semi-open in X.

12. a pre generalized pre regular closed set[2] (briefly pgpr-closed) if pcl(A)S U whenever ACU and
U isrg- openin X.

13. a generalized semi pre regular closed (briefly gspr-closed) set [11] if spcl(A )€U whenever ACU
and U is regular open in X.

14. a generalized pre closed (briefly gp-closed) set[20] if pcl(A)SU whenever ASU and U is open in X.
15. a #regular generalized closed (briefly #rg-closed) set [27] if cl(A)SU whenever A € U and U is rw-
open.

16. a g*s-closed [22]set if scl (A)S U whenever AC U, U is gs open.

17. arw-closed [6] if cl(A)SU whenever A €U and U is regular semi-open in X.

18. ag-closed[16] if acl(A)SU whenever A €U and U is open. In X.

19. a wa-closed set[7] if acl(A) € U whenever AC U and U is w-open in X.

20. an a-regular w closed set(briefly arw -closed)[29] if acl(A)SU whenever ACU and U is rw-open in
X.

21. arg-closed set[19] if cl(A) € U whenever AC U and U is regular-open in X.

The complements of the above mentioned closed sets are the respective open sets.

Definition 2.2: Amap f: (X, t) = (Y, o) is said to be

. a-open[16] if f(F) is a—open in Y for every open subset F of X.

. ag-open[16] if f(F) is ag-open in Y for every open subset F of X.

. wa-open[7] if f(V) is wa-open in Y for every open subset V of X.

. w-open[26] if f(V) is w-open in Y for every closed subset V of X.

. rw-open[6] if f(V) is rw-open in Y for every closed subset V of X.

. g*s -open [22 ] if for each open set F in X,f(F) is a g*s- openiny.

. Contra open [3] if f(F) is closed in Y for every open set F of X.

. Contra regular- open[5] if f(F) is r-closed in Y for every open set F of X.

O 00 N O U b W N B

. Contra semi-open[24] if f(F) is s-closed in Y for every open set F of X.

[EEN
o

. Semi pre- open [18] if f(V) is semi-pre- open in Y for every open subset V of X.

=
[N

. g-open[4,21] if f(V) is g-opend in Y for every open subset V of X.

=
N

. ra-open(28) if f(V) is ra-open in Y for every open subset V of X.

[EEN
w

. gpr-open [10] if f(U) is gpr-open in (Y, o) for every open set U of (X, 1).

[E
w

. regular open [15] if f(U) is open in (Y, o) for every regular open set U of (X, T).

=
S

. pre-open [17,24 if f (V) is pre-open in Y for every open set V of X.

=
2]

. gp-open[20] if the image of each open sets of X is gp-openin Y.

[EEN
~N

. gspr—open[11] if f(V) is gspr-open in Y for every open subset V of X.

[EEN
0o

. arw-open [29] if the image of every open set in (X, 1) is arw-openinY, o).

=
O

. 6-open([23] if for every open set Gin X, f (G) is a 6-open setin Y.

N
o

. #irg-open [27] if f(F) is #rg-open in (Y,o) for every #rg-open set F of X,t.
21. gsp-open[9] if f(V) is gsp-open in (Y, o) for every open set V of (X, 1).
The following results are from [31 ]

Theorem: Every pgpr- open set is pgrw- open.
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Theorem: If A is regular closed and pgrw-open, then A is pre-open.

Theorem: If A is closed and gp-open, then A is pgrw-open.

Theorem: If A is both closed and g-open, then A is pgrw-open.

Theorem: If A is regular- closed and gpr-open, then it is pgrw-open.

Theorem :If A is both semi- closed and w-open, then it is pgrw-open.

Theorem: If Ais closed and ag-open, then it is pgrw-open.

The following results are from [31]

Theorem: For any topological space X,

i. Every open (a-open, regular-open, arw-open, #rg-open, pgpr-open ) set is pgrw-open.

ii. Every pgrw-open set is gp—open (gspr-open, gsp-open and gpr-open) .

Definition 2.3: pgrw-irresolute map[32]: A map f: (X, t)=>(Y, o) is called a pre generalized regular
weakly irresolute (pgrw—irresolute) map if f (V) is a pgrw—closed set in X for every pgrw—closed set
VinY.

Definition 2.3: pgrw-closed map[30,31]: A map f: (X, T) = (Y, o) is called a pgrw-closed map if for
every closed set A in (X, t) the image f(A) is a pgrw-closed set in (Y, o).

3. pgrw-open maps:

Definition 3.1: A map f: (X, T) = (Y, o) is called a pgrw-open map if for every open set A in

(X, ) the image f(A) is a pgrw-open setin (Y, o).

Example 3.2 :X={a,b,c,d}, T ={X, o, {a}, {b}, {a,b}, {a,b,c}}.

Y={a,b,c}, o ={Y, o, {a}, {b}, {a,b}}. pgrw-open setsinY are Y, o, {a}, {b}, {a,b}. Amapf: (X, 1) > (Y,
o) is defined by f(a)=b, f(b)=a, f(c)=c, f(d)=a. Then fis a pgrw-open map.

Theorem 3.3: Every open map is a pgrw-open map.

Proof: f: (X, T) = (Y, o) is an open map.

= V open set A of X f(A)is openinY.

= V open set A of X f(A) is pgrw-openin.

= (X, t) = (Y, 0) is a pgrw- open map.

The converse is not true.

Example 3.4: X={a,b,c}, t ={X, o, {a}, {b,c}} and Y={a,b,c,d}, o ={Y, ¢, {a}, {b}, {a,b}, {a,b,c}}. pgrw-
open sets in Y are Y,@,{a},{b},{c},{a,b}, {a,c}, {b,c}, {a,d}, {a,b,c},{a,b,d}. A map f: (X, T) = (Y, 0) is
defined by f(a)=c,f(b)=a,f(c)=a. f is a pgrw-open map, but not an open map.

Theorem 3.5: Every pre-open (regular-open, a-open,5-open, #rg- open, pgpr-open, arw-open) map
is pgrw-open.

Proof: f: (X, t) = (Y, o) is a pre-open map.

= VopensetAinX f(A)is pre-openinY.

= VopensetAin X f(A) is pgrw- openin .

= fis a pgrw-open map.

Similarly remaining statements may be proved.

The converse is not true.

Example 3.6:X={a,b,c }, T={X, o, {a}, {b}, {a,b}}.

Y={a,b,c,d}, o ={Y, @, {a}, {b}, {a,b}, {a,b,c}}.

pgrw-open setsinY areY, o, {a,b,d},{a,b,c},{a,d}, {a,b}, {b,c}, {a,c},{a}, {b}, {c}.

pre-open sets in Y are Y,@,{a},{b},{a,b},{a,b,c},{a,b,d}.

Regular open setsinY are Y, @,{a}, {b}.

6-opensetsinY areY, ,{a}, {b},{a,b}.

a-open setsinYareY, o,{a}, {b},{a,b},{a,b,c},{a,b,d}.
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pgpr-open sets in Y are Y, o,{a}, {b}{b,c},}{a,b,c},{a,b,d}. #rg-open sets in Y are Y, o,{a},
{b},{a,b},{b,c},{a,c},{b,d},{a,b,c}. A map f: (X, T)=>(Y, o) is defined by f(a)=b, f(b)=c, f(c)=d. fis pgrw-
open. f{a,b} ={b,c} is neither pre-open nor regular open nor 6-open nor a-open and f({b})={c} is
neither pgpr-open nor #rg-open. So f is neither pre-open nor regular-open nor a-open nor d-open
nor #rg-open nor pgpr-open.

Example 3.7: X={a,b,c }, t={X,,{a}, {a,c}}.Y={a,b,c,d}, o ={Y, o, {a}, {b}, {a,b}, {a,b,c}}. pgrw-open sets
inYareY, o, {a,b,d},{a,b,c},{a,d}, {a,b}, {b,c}, {a,c},{a}, {b}, {c}. arw-opensetsinYareY, @, a}, {b}, {c}
.Amapf: (X, t) =2 (Y, o) is defined by f(a)=a, f(b)=c, f(c)=d. f is pgrw-open, but not arw-open.
Theorem 3.8:If f: (X, T) = (Y, o) is a contra-r-open and pgrw-open map, then f is pre-open.

Proof: f: (X, t) = (Y, o) is a contra-r-open and pgrw-open map.

= Vopenset AinX f(A) is regular closed and pgrw-open in Y.

= Vopenset AinX f(A) is pre-openin.

= fis a pre-open map.

Theorem 3.9: If f: (X, T) = (Y, o)is a pgrw-open map, then f is a gp-open(gsp-open, gspr-open, gpr-
open) map.

Proof: f: (X, t) = (Y, o) is a pgrw-open map.

= Vopen setAin X f(A)is a pgrw-opensetin.

= Vopenset AinX f(A)is a gp-opensetin.

= fis agp-open map.

Similarly the other results follow.

The converse is not true.

Example 3.10:X={a,b,c}, T ={X,,{a},{b,c}}. Y={a,b,c}, o={Y, ¢ ,{a}}.

pgrw-open sets in Y are Y, o, {a,c}, {a,b},{a}. gp-open sets in Y are Y,o,{a,c},{a,b} ,{c},{a},{b}. gpr-
open sets in Y are all subsets of Y. A map f: (X, t) = (Y, o) is defined by f :X=>Y as
f(a)=b,f(b)=a,f(c)=c. fis gp-open and gpr-open but, f is not pgrw-open because f({a})={b} is not
pgrw-open.

Example 3.11:X={a,b,c,d}, t ={X, o, {a},{b},{a,b},{a,b,c}}.

Y={a,b,c}, o ={Y, o, {a}, {b}, {a,b}}. pgrw-open setsinY areY,q, {a,b}, {b}, {a}. gsp-opensetsinY are
all subsets of Y. gspr-open sets in Y are all subsets of Y. Amap f: (X, 1) = (Y, o) is defined by f(a)=c,
f(b)=a, f(c)=b, f(d)=c. fis a gsp-open and gspr-open map, but f is not a pgrw-open map.

Theorem 3.12: If a map f: (X, T) = (Y, o) is pgrw-open and A is an open set of X, then

fa: (A, Ta) = (Y, 0) is pgrw-open.

Proof: A is an open set of X. Let F be an open set of (A, ta). Then F = A n E for some open set E of (X,
T) and so F is an open set of (X, t). Since f is a pgrw—open map, f (F) is pgrw-open set in (Y, o). But for
every Fin A, fo(F)=f(F) and .. fa: (A, Ta) = (Y, 0) is pgrw—open.

Theorem 3.13:For any bijective map f: (X, T) = (Y, o), the following statements are equivalent:

i) ' (Y, 0) > (X, 1) is pgrw-continuous.

i) f is pgrw-closed.

i) f is pgrw-open.

Proof:(i) = (ii):f: (X, T) = (Y, o) is bijective.= f (Y, 6)=> (X, T) exists and(f *)*=f

and so fis bijective and f " is pgrw-continuous.

= (f ')"=f and Vclosed set F in X,(f )*(F) is pgrw-closed in Y.

=Vclosed set Fin X,f (F) is pgrw-closed in Y.

=fis a pgrw-closed map.

(ii) =(iii): Uis an open set in X, f: (X, T) = (Y, o) is a pgrw-closed map and f is bijective.
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=f(U°) is pgrw-closed inY and f(U)=(f(U))".

=(f(U))" is pgrw-closed inY.

=f(U) is pgrw-open inY. Hence f is a pgrw-open map.

iii) =(i): Amap f: (X, t) = (Y, 0) is bijective and pgrw-open.

=inverse map f " exists,(f !)'=f and V open set U in X, f(U) is pgrw-open.

=V open set Uin X, (f *)*(U) is pgrw-open in Y.

=f" (Y, 6) = (X, T) is a pgrw-continuous map.

Theorem 3.14:A map f: (X, t) = (Y, o) is pgrw-open if and only if for any subset S of

(Y, o) and for any closed set F containing f*(S) in X, 3 a pgrw-closed set K in Y such that ScK and f*(K)
CF.

Proof: i)f: X = Y is amap, SSY and f *(S)SF, a subset of X.

=50 f(X-F) =p=>SCY-f(X-F).

i) f: (X, t) = (Y, o) is a pgrw-open map and F is a closed set in X.

=f(X-F) is a pgrw-open set in Y. =Y-f(X-F)=K(say) is a pgrw-closed setin Y.

= f(K)=X-f *(f(X-F)) EX-(X-F) =F. From (i) and (ii) if f: (X, T) = (Y, o) is a pgrw-open map, then VS &Y
and V closed set F containing f (S)in X, 3 a pgrw-closed set

K=Y-f(X-F) such that SSK and f*(K) SF.

Conversely

Suppose that f: (X, T) = (Y, 6) is a map such that ¥V SCY and for every closed set F containing f *(S) in
X, 3 a pgrw-closed set K in Y such that S €K and f™(K) SF.

YV UCX, fY((f(U))) SUS. If U is an open subset of X, then UCis closed in X. Take S =(f(U))° and F=U“.
Then by the hypothesis 3 a pgrw- closed set K in Y such that (f(U))® €K and

f 1K) CUC. =K°cf(U) and US( f (K))*= K°Sf(U) and f(U)SF(( f *(K))°) SK°©.

= K°Sf(U) SK=K" =f(U). As K is pgrw-closed , K° is pgrw-open. Thus V open set U in X, f(U) is
pgrw-open in Y. Hence f is a pgrw-open map.

Theorem 3.15: If a map f: (X, T) = (Y, o) is pgrw-open, then f*(pgrwcl(B)) Scl(f'(B)) V subset B of (Y,
o).

Proof: For any map f: X = Y and for any subset B of Y, f “(B)Scl(f*(B)) and cl(f*(B)) is closed in X. So
f: (X, T) = (Y, o) is a pgrw-open map , B is any subset of Y and cl( f *(B)) is a closed set containing f -
'(B)inX. = 3 a pgrw-closed set K of Y such that BSK and

f1(K) Scl(f*(B)). =pgrwcl(B) S pgrwcl(K)=K and f(K) Scl(f*(B)).

=f(pgrw-cl(B)) Scl(f*(B)).

Theorem 3.16: If a map f: (X, T) = (Y, o) is pgrw-open, then f(int(A)) S pgrw-int(f(A)) for every subset
A of (X, T).

Proof: Let f: (X, t) = (Y, o) be a pgrw- open map and A be any subset of (X, T). Then int(A) is open in
(X, T) and so f(int(A))is pgrw-open in (Y, o). As int(A)< A, f(int(A)) € f(A). ..by Theorem in [32],
f(int(A)) Spgrw-int(f(A)).

Theorem 3.17: If a map f: (X, T) = (Y, o) is pgrw-open, then for each neighbourhood U of x in (X, 1),
there exists a pgrw-neighbourhood[32] W of f(x) inY such that W Sf(U).

Proof: Let f : (X, T) = (Y, o) be a pgrw—open map. Let x € Xand U be a neighbourhood of x in (X, 1).
Then 3 an open set G in (X, T) such that x eG CU. Now f(x) € f(G) Sf(U) and f(G) is a pgrw-open set in
(Y, o), because f is a pgrw-open map. By Theorem 6.7 in [33], f(G) is a pgrw-neighbourhood of each
of its points. Taking f(G) = W, W is a pgrw-neighbourhood of f(x) in (Y, o) such that W <f(U).
Theorem 3.18: If f: (X, T) = (Y, 0) is a contra open and gp-open map, then f is pgrw-open.

Proof : f: (X, T) = (Y, o) is a contra open and gp-open map.
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=V openset VinX f(V)isaclosed and gp-opensetiny .

= V openset VinX f(V) is pgrw-openin .

= fis a pgrw-open map.

Theorem 3.19: If f: (X, T) = (Y, o) is a contra-open and ag-open map, then f is pgrw-open.

Proof: f: (X, t) = (Y, o) is a contra-open and ag-open map.

=V openset VinX f(V)isaclosed and ag- opensetiny .

= V openset VinX f(V) is pgrw-openin Y.

= fis a pgrw-open map.

Theorem 3.20: If f: (X, T) = (Y, o) is a contra regular- open and gpr-open map, then f is a pgrw-open
map.

Proof: f: (X, t) = (Y, o) is a contra regular- open and gpr-open map.

=V openset VinX f(V)is aregular-closed and gpr- open setiny .

= V openset VinX f(V) is pgrw-openin.

= fis a pgrw-open map.

Theorem 3.21: If f: (X, T) = (Y, 0) is a contra semi-open and w-open map, then f is a pgrw-open map.
Proof: f: (X, T) = (Y, o) is a contra semi-open and w-open map.

=V openset VinX f(V)is a semi-closed and w-opensetiny .

= V openset VinX f(V) is pgrw-openin.

= fis a pgrw-open map.

Theorem 3.22: If f: (X, T) = (Y, o) is a contra open and g- open map, then fis pgrw-open.

Proof: f: (X, t) = (Y, o) is a contra open and g- open map.

=V openset VinX f(V)isaclosed and g-opensetiny .

= V openset VinX f(V) is pgrw-openin.

= fis a pgrw-open map.

The following examples illustrate that the pgrw-open map and rw-open map (g s-open map , ra-
open map and wa- open map, B-open map,semi- open map) are independent.

Example 3.23: To show that pgrw- open map and rw- open map are independent.

i) X={a,b,c}, t={X, o, {a}, {a,c}}. Y={a,b,c,d}, o ={Y, o, {a,b},{c,d}}.

pgrw-open sets in Y are all subsets of Y. rw-open setsin Y areY,q,{a,b},{c,d}. Amap f: (X, T) = (Y, o)
is defined by by f(a)=b, f(b)=c, f(c)=a. f is pgrw- open, but f is not rw- open.

ii) X={a,b,c},t ={X, o, {a}},Y={a,b,c}, o ={Y, o, {a}, {b}, {a,b}}.

pgrw-open setsinY areY, ¢, {a,b}, {a}, {b}. rw-open sets in Y areY,o,{a},{b},{c},{a,b}. Amap f: (X, T) >
(Y, o) is defined by f:(X, t) = (Y, o) by f(a)=c, f(b)=a, f(c)=b. f is not pgrw-open, but f is rw-open.
Example 3.24:To show that pgrw-open map and g s-open map are independent.

i)X={a,b,c,d}, t={X, o, {a}, {a,c}}. Y={a,b,c}, o ={Y, o, {a},{b,c}}.

pgrw-open sets in Y are all subsets of Y. g*s-open setsin Y are Y,,{a}, {b,c}. A map

f: (X, T) = (Y, o) is defined by f(a)=c, f(b)=a, f(c)=b,f(d)=b. f is pgrw-open, but fis not g*s-open.
ii)X={a,b,c,d}, T ={X, o, {b,c},{b,c,d}{a,b,c }}. Y={a,b,c,d}, o ={Y, o, {a}, {b},{a,b}, {a,b,c}}. pgrw-open
sets in Y are Y,9,{a,b,d}, {a,b,c}, {a,d}, {a,b},{b,c}, {a,c}, { a}, {b}, {c}. g*s—open sets in Y are Y,
o,{b,c,d},{a,c,d},{a,b,d},{a,b,c}, {a,d}, {a,b}, {b,c}, {b,d}, {a},{b}. A map f: (X, T) = (Y, o) is defined by
f(a)=c, f(b)=d, f(c)=b, f(d)=a. f is not pgrw-open, butfis g's-open.

Example 3.25: To show that pgrw-open map and ra-open map are independent.

i)X={a,b,c}, ©=={X,,{a},{a,c}}and Y={a,b,c},0 ={Y, o, {a},{b,c}}. Pgrw-open sets in Y are all subsets of Y.
ra-open setsin Y are Y,@ ,{a},{b,c}. Amap f: (X, t) = (Y, o) is defined by f(a)=c, f(b)=a, f(c)=b. f is a
pgrw-open map, but f is not ra-open .
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ii)X={a,b,c,d}, T={X, o, {a}, {c,d}, {a,c,d}}. Y={a,b,c,d}, o={Y,,{a}, {b}, {a,b}, {a,b,c}}. Pgrw-open sets in
YareY, ¢ {a,b,d},{a,b,c},{a,d},{a,b},{b,c},{a,c},{a},{b},{c}.

ra-open sets in Y are Y,,{b,c,d},{a,c.d}, {a},{b},{b,c},{a,c},{b,d},{a,d}.

A map f: (X, t) = (Y, o) is defined by f(a)=d, f(b)=a, f(c)=c, f(d)=d. f is not a pgrw-open map, but fis
ra-open.

Example 3.26:To show that pgrw- open map and wa- open map are independent.

i)X={a,b,c,d}, T={X,®,{a,b}, {c,d}}. Y={a,b,c,d},o ={Y, @,{b,c},{b,c,d},{a,b,c}}

Pgrw-open setsinYareY, ¢, {b,c,d}, {ac,d}, {a,b,d}, {a,b,c}, {c,d}, {b,d}, {a,b}, {b,c}, {a,c}, {b}, {c}.
wa-open sets in Y are Y, o, {b,c,d}, {a,b,c}, {b,c}, {b}, {c}. A map f: (X, T) = (Y, o) is defined by f(a)=c,
f(b)=d, f(c)=a,f(d)=b. fis pgrw-open, but fis not wa-open.

ii) X={a,b,c}, T ={X,p,{a},{b}, {a,b}}. Y={a,b,c,d} o ={Y, o@,{ a},{b}, {a,b},{a,b,c}}

Pgrw-open sets in Y are Y,,{a,b,d},{a,b,c},{a,d}, {a,b},{b,c},{a,c}, {a},{b,},{c}.

wa-opensetsinY areY,o, {b,c,d}, {a,c,d}, {a,b,d}, {c,d}, {a,d}, {b,d}, {d}, {c}.

A map f: (X, t) = (Y, o) is defined by f(a)=d, f(b)=c, f(c)=b. f is not pgrw-open ,but it is wa-open.
Example 3.27: To show that pgrw-open map and -open map are independent.

i) X={a,b,c,d},=={X,,{a},{b},{a,b},{a,b,c}} and

Y={a,b,c,d}, o={Y,o,{a},{b},{a,b},{a,b,c}} pgrw-open sets in Y are Y, ¢, {a,b.d}, {a,b,c}, {a,d}, {a,b},
{b,c}, {a,c}, {a}, {b}, {c}. B-open sets in Y are Y, o,{b,c,d}{a,cd}, {a,b,d}, {a,b,c}, {a,d}, {b,d}, {a,c},
{a,b}, {b,c}, {a},{b}. A map f: (X, T) = (Y, o) is defined by f(a)=c,f(b)=b,f(c)=a,f(d)=d. f is pgrw-open
map, but not 3-open.

i) Amapf: (X, t) 2 (Y, o) is defined by f(a)=b, f(b)=b, f(c)=d, f(d)=c in the above example. fis j3-
open, but not pgrw-open.

Example 3.28: To show that pgrw-open map and semi-open map are independent.

i) X={a,b,c}, T ={X,,{a}} and Y={a,b,c,d}, o={Y,¢,{a},{b},{a,b},{a,b,c}}

Pgrw-open sets in Y are Y,,{a,b,d},{a,b,c},{a,d}, ,{a,b},{b,c},{a,c}, {a},{b},{c}.

Semi-open sets in Y are Y, o, {b,c,d}{a,c,d},{a,b,d},{a,b,c},{a,c},{b,c},{a,d},{a,b}, {b,c},{a},{b}. A map f:
(X, T) = (Y, 0) is defined by f(a)=c f(b)=a,f(c)=b. fis pgrw-open, but f is not semi-open.

i) Amap f: (X, t) = (Y, o) is defined by f(a)=b, f(b)=c, f(c)=d in the above example. f is semi-open, but
not pgrw-open.

In the diagram,

A —— B means‘lf A thenB.

A <«—“>» B means ‘AandBareindependent.’

Sp-open map

open map gpr-open map B-open map
S-open map #ospr-open map semi-open map
pre-cpen map gsp-open m ro-open map
Regular-open ma)j rw-open map
C-Open map \‘ Wo-Open map
PEgrw-open map
#rg- open map g s-open map

pEPr-open map

>
/' r Y
crw-open map/

contra-open & gp-open map

contra-open & cg-open map

contra r-open & gpr-open map contra open and g- open map

contra semi-open & w-openmap
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4. Composition of maps:

Remark 4.1:The composition of two pgrw-open maps need not be a pgrw-open map.

Example 4.2:X={a,b,c},t ={X,p,{a},{a,b}} . Y={a,b,c}, o={Y, ¢ ,{a}}. pgrw-open sets in Y are Y,q,
{a,c},{a,b},{a}. Z={a,b,c}, n ={Z,,9,{a},{c},{a,c}}. pgrw-open sets in Z are Z,¢,{a,c},{c},{a}. Let f: (X, T) >
(Y, o) and g: (Y,0) = (Z, n) be the identity maps. Then f and g are pgrw-open maps. The composition
g°f:(X, 1) > (Z, n) is not a pgrw-open map, because {a,b} is open in X and g°f({a,b})= {a,b} is not
pgrw-open in Z.

Theorem 4.3: If f: (X, T) = (Y, o) is an open map and g: (Y,0) = (Z, n) is a pgrw-open map, then the
composition gof:(X, T) = (Z, n) is a pgrw-open map.

Proof: f: (X, t) = (Y, o) is an open map and g: (Y,0) = (Z, n) is a pgrw-open map.

=V openset Fin X f(F)is an opensetin (Y, o) and g(f(F)) is a pgrw-open setin (Z, n).

= V openset FinX gof(F) =g(f(F)) isa pgrw-open setin (Z, n).

= gof:i(X, T) = (Z, n) is a pgrw-open map.

Remark 4.4: If f: (X, T) = (Y, o) is a pgrw-open map and g:(Y, o) = (Z, n) is an open map, then the
composition gof need not be a pgrw-open map.

Example 4.5:X={a,b,c}, t={X,0,{a},{b},{a,b}}, Y={a,b,c}, o={Y, @ ,{a},{b,c}}, Z={a,b,c}, n ={Z,¢,
{b},{c},{b,c}}. pgrw-open sets inY are all subsets of Y. pgrw-open setsinZ are Z, ¢,{b,c},{c},{b}. Let
f:X->Y be the identity map. Then fisa pgrw-open map. A map g :Y->Z is defined by g(a)=a, g(b)=3,
g(c)=b, then gis open. {a}is open in X and (g°f)({a})={a} is not pgrw-open in Z. gof: (X, T) >(Z, n) is
not a pgrw-open map.

5. pgrw*-open map:

Definition 5.1: A map f: (X, t) = (Y, o) is said to be a pgrw*-open map if for every pgrw-open set A in
(X, T) the image f(A) is a pgrw-open set in (Y, o).

Example 5.2: X={a,b,c}, t={X, o, {a}, {a,,c}}. pgrw-open sets in X are X, ®,{a,c}, {a,b},{a}.Y={a,b,c}, o
={Y, o, {a}, {b,c}}. pgrw-open sets inY areY, ¢, {b,c},{a,c},{a,b}, {a},{b},{c}. Amap f: (X, T) > (Y, o) is
defined by f(a)=b, f(b)=c, f(c)=a. fisa pgrw*-open map.

Theorem 5.3: Every pgrw*-open map is a pgrw-open map.

Proof : Let f: (X, T) = (Y, o) be a pgrw*-open map. Let A be an open set in X. Then A is pgrw-open. As
fis a pgrw*-open map, f(A)is pgrw-open in Y. Hence fis a pgrw-open map.

The converse is not true.

Example 5.4: X={a,b,c} , T ={X, o, {a}, {b,c}}. pgrw-open sets in X are X, o,{b,c}, {a,c},
{a,b,},{a},{b},{c}. Y={a,b,c}, o ={Y, @, {a}, {a,c}}. pgrw-opensetsinYareY, ¢ {ac}, {a,b}, {a}. A
map f: (X, T) = (Y, o) is defined by f(a)=a, f(b)=a, f(c)=c. f is a pgrw-open map, but not pgrw*-open.
Theorem 5.5: If f: (X, T) = (Y, 0) is a pgrw-open map and g: (Y, o) = (Z, n) is a pgrw*-open map,
then the composition g ° f: (X, T) >(Z, n) is pgrw-open.

Proof:f:(X, t) = (Y, o) isa pgrw-open map and g: (Y, o) = (Z, n) is a pgrw*-open map.

=V openset Ain X, f(A) is pgrw-open in Y and g(f(A)) is pgrw-open in Z.

=V open set Ain X, gof(A) is pgrw-open in Z.

=gof: (X, T) >(Z n)is a pgrw-open map.

Theorem 5.6:If f: (X, T)=>(Y, o) and g: (Y, o) = (Z, n) are pgrw*-open maps, then the composition
gof:(X, T) >(Z, n) is also pgrw*-open.

Proof: f:(X, T) = (Y, o) and g: (Y, ) = (Z, n) are pgrw*-open maps.

=V pgrw-openset Ain X, f(A) is pgrw-openinY and g(f(A)) is pgrw-open in Z.

=V pgrw- open set A in X, g°f(A) is pgrw-open in Z.

=gof: (X, T) >(Z n)is a pgrw*-open map.
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Theorem 5.7: For any bijective map f :(X, t)=>(Y, o) the following statements are equivalent:

i) f (Y, 0) > (X, T) is pgrw-irresolute.

i) fis a pgrw*-closed map.

i) f is a pgrw* -open map.

Proof: (i) = (ii):f :(X, T)=>(Y, 0) is a bijective map. =f" exists and (f*)=f.
Hence f is bijective and f: (Y, 6) = (X, 1) is pgrw-irresolute.

= (f ) '=f andV pgrw-closed set U in X ,(f")™(U) is pgrw-closed in Y.

=Vpgrw-closed set U in X, f(U) is pgrw-closed in Y. = fis pgrw* -closed map.

(i) = (iii): f :(X, T)=>(Y, o) is a bijective and pgrw*-closed map.
=V set Ain X, f(AY)=[f(A)]° and V pgrw-open set U in X, f(U°) is pgrw-closed in Y.
=V pgrw-open set U in X, (f(U)) is pgrw-closed in Y. =V pgrw-open set U in X, f(U) is pgrw-open

inY.= fis a pgrw*-open map.
(iii) =(i): f :(X, T)=>(Y, o) is a bijective and pgrw*-open map.

=™ (Y,0) > (X, 1) exists and (f *)"=f and V pgrw-open set U in X, f(U) is pgrw-open inY.

=V pgrw-open set Uin X, ((f)*)*(U) is pgrw-open inY.

=f ™ (Y, 0) > (X, T) is pgrw-irresolute.
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