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ABSTRACT

G.V.R. Babu, G.N. Alameyehu and K.N.V.V. Varaprasad [11] proved common fixed point theorems
for generalized contraction pair of self maps on a complete cone metric space. In this paper we
introduce the notion of quasi generalized contraction pair of self maps and observe that every quasi
generalized contraction pair of self maps is a generalized contraction pair. We show that a quasi
generalized contraction pair need not be a generalized contraction pair and prove some theorems
and provide examples in support of our results

1 INTRODUCTION

Guang and Xian [35] generalized the notion of metric spaces replacing the set of all real
numbers by an ordered Banach space defining in this way a cone metric space. These authors also
described the convergence in this cone metric spaces and the corresponding notation of complete
cone metric spaces. These authors, also proved some fixed point theorems of contractive mappings
on complete cone metric spaces. Later Rezapore and Hamlbarani [ 68 ] proved some of the results of
Guang and Xiang [35] by omitting the assumption of normality on the cone.
G.V.R. Babu, G.N. Alameyehu and K.N.V.V. Varaprasad [11] proved common fixed point theorems for
generalized contraction pair of self maps on a complete cone metric space. In this paper we
introduce the notion of quasi generalized contraction pair of self maps and observe that every quasi
generalized contraction pair of self maps is a generalized contraction pair. We show that a quasi
generalized contraction pair need not be a generalized contraction pair and prove some theorems
and provide examples in support of our results.
1.1 Definition : (G.V.R.Babu, G.N.Alameyehu and K.N.V.V.Varaprasad [11])

Let (X,d) be a cone metric space and P be a cone with non empty interior. Let f, g be self
maps on X. Suppose that there exists a constant k € (0,1) and
p(x,y) € {d(x),d(x fx),d(y, gy) , L2y quch that
a(fx,gy) < kp(x,y)
for all x, y in X. Then the pair (f, g) is called a generalized contraction pair on X.
G.V.R. Babu, G.N. Alameyehu and K.N.V.V. Varaprasad [11] proved the following fixed point theorem
in a complete cone metric space, for a generalized contraction pair on X.
1.2 Theorem : ([1], Theorem 2.1) Let (X, d) be a complete cone metric space. Suppose that (f g)
is a generalized contraction pair on X .Then fand g have a unique common fixed point in X.
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2 Main results

In this section we introduce the notion of a quasi generalized contraction pair of self maps on a cone
metric space (X, d). We observe that every generalized contraction pair is a quasi generalized
contraction pair and the other way is not true.

2.1 Definition : Let (X, d) be a cone metric space and ( f, g) be a pair of self maps on X. The pair ( f,
g) is said to be a quasi generalized contraction pair on X if there exists § € (0,1) such that the
following conditions hold.

@ d(fx,gfx) <6 d(x,fx) and

(i) d(gx, fgx) < dd(x,gx) forall x € X.

We observe that every generalized contraction pair is a quasi generalized contraction pair.

We have the following lemma.

2.2 Lemma : For any quasi generalized contraction pair ( f, g) of self maps on a cone metric space
X ,the fixed point sets of fand g are the same.

Proof : Follows from the definition of a quasi generalized contraction pair.

2.3 Remark:InLemma 5.4, if (f, g) is a generalized contraction pair, then the fixed point set of f
(and hence of g ) is at most singleton.

The following example shows that a quasi generalized contraction pair need not be a generalized
contraction pair.

2.4 Example:let X = {ﬁ:n =1,2, } U {0} and d be the usual metricon X. Define f: X —» X

by f(x) =x%if x € Xandx # 0, £(0) =% and put g = f.
Then the pair (f, g) is a quasi generalized contraction pair but not a generalized contraction pair,
because this pair has no common fixed points in view of Theorem 5.2.
2.5 Notation: Suppose f and g are self maps on a non empty set X and x,; € X. Then we define
sequence { x, } in X iteratively as follows: x; = f(xg), x, = g(x;) and

In general Xpp41 = f(Xon ) and x5542 = g(X2n41), for n=0,1,2 .. .. (A)
2.6 Theorem : Let X be a complete cone metric space and (f, g) be a quasi generalized contraction
pair on X. Then we have the following

(i) The sequence defined in (A) is a Cauchy sequence in X and hence is convergent in X
(ii) If one of the two functions f and is continuous then the fixed point sets of f and g are
non empty.

Proof : Let us observe that forany n € N,
(@) d(X2n, Xan41) < 82" d(xg,%1) and
(B)d(X2nt1, X2ns2) < 821 d(xg,x,) for the sequence {x,} denoted by (A) in X and § € (0,1)
satifying (i) and (ii) of Definition 5.3. To see this,
we have that d(X2p, X2n+1) = d(gXan-1, [ X2n)
( by the definition of the sequence {x,})

= d(9%2n-1,f9%2n-1)

<94 d(xZn—li ngn—l)

= 8 d(fxzn—2 9%2n-2) < 8% d(¥zn_2,X2n-1)
Continuing this way we get (a) after a finite number steps.
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In a similar way (b) can be established.
Now, from (a) and (b) it follows that
d(xp, Xpe1) < 6™ d(xg,x,) foranyn>1 .. (B)

Let n,m be positive integers such that n < m.
Then d(xn, xp) < d(xn, Xn+1) + d(Xn1, Xne2) + 0+ d(Xp—1, Xm)

< 8™ d(xg,x1) + 6™ d(xg,x1) + - + 8™ d(x0,%1)

(by B)
= (6" + "+ + 8™ Y d(xg,x1)

< {%} d(xg,x;) > 0asn - oo,since0 < § < 1.

Hence the sequence { x,,} is Cauchy. Since the space X is complete, this sequence {x,} converges to
some point x in X.

Now suppose f is continuous.

Then, we have that f(x) = f(limxy,) = limf(xy,) = limxyneq = X.

Thus x is a fixed point of f and hence the fixed point set of f is non-empty. Now by

Lemma 5.4 the fixed point set of g is also non empty. Similarly we can prove that if g is continuous
then x is fixed point of g. Consequently the fixed point sets of f and g are non empty.

2.7 Remark : If f = g = identity function on X then the pair (f,g) is quasi generalized
contraction pair. Further the fixed point sets of f and g are the same and may contain more than
one fixed point.

2.8 Remark :If both fand, g are not continuous in theorem 5.8, then the fixed point sets of f and
, g may be empty.

This is justified in the following example:

2.9 Example:let X = [0,%] and d usual metric on X.

Define f: X - Xby f(x) =x?ifx € (0,%] and f(0) =% andputg = f.

Then the pair (f,, g) is a quasi generalized contraction pair. Also both fand g are not continuous and

fand g have no fixed points in X.
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