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1. Introduction

Metric fixed point theory is widely recognized to have been originated in the work of S.
Banach in 1922 [5]. Over the years metric fixed point theory has developed in different directions. A
comprehensive account of this development provided in the handbook entitled by Kirk and Sims [18].
On the other hand, Dass and Gupta [10] generalized the Banach's contraction mapping principle by
using a contractive condition of rational type. Fixed point theorems for contractive type conditions
satisfying rational inequalities in metric spaces have been developed in a number of works
([81.[9].[14].[16],[17].[19].[21]).

Also there are large efforts for generalizing metric spaces by changing the form and
interpretation of the metric function like 2-metric space [12], Probabilistic metric space [24, 25],
Fuzzy metric space [13], Cone metric space [15], G-metric space [20] etc. Recently, Azam et al. [3]
introduced the notion of Complex valued metric space as a generalization of metric space and Cone
metric space where the metric function takes values from the field of complex numbers, thus opening
the scope of the concepts from complex analysis for incorporation in the metric space structure. Fixed
point theory has been studied in this space in a suitable number of papers, some of which we mention
in ([4].[7].[26].[27],[28]). Very recently, Abbas et al [1] introduced the notion of complex valued
generalized metric spaces and studied the existence of fixed points and common fixed points for two

64



Vol.5.Issue.3.2017 (July-Sept) Bull.Math.&Stat.Res (ISSN:2348-0580)

mappings satisfying contractive condition of rational type, without exploiting any type of
commutativity condition.

In this paper, we prove some common fixed point result for pair of weakly isotone increasing
mappings in the context of ordered complex valued generalized metric spaces. As an application,
periodic point is also established.

2. Preliminaries

Consistent with Azam et al. [3] and Rouzkard et al. [23], the following definitions and result will be
needed in the sequel.

Let C be the set of complex numbers and let z,,z, € C. Define a partial order < on C as follows:

7, <z, ifand only if Re(z)<Re(z,),Im(z)<Im(z,).
It follows that z; < z, if one of the following conditions is satistied:
(1) Re(z)=Re(z,).Im(z)<Im(z,)
(2) Re(z)<Re(z,).Im(z)=Im(z,)
(3) Re(z,)<Re(z,).Im(z) <Im(z,)
(4) Re(z,)=Re(z,).Im(z,)=Im(z,)
In particular, we will write z, <z, if one of (1), (2) and (3) satisfied and we will write z, <z, if only (3)
is satisfied.
Some elementary properties of the partial order < on C are the following:
(i) I 0<z <z, then|g|<]s,|.
<z

(ii) z, <z, is equivalentto 7, —z, <0.

(111) If z,<z, and r2 0 is a real number, then rZ, Sr7,.

2

(iv) If0<gz and 0<z, with z,+2, #0, then ——<z,.

1

+

(V) 0<z and 0<z, donotimply 0<zz,.

(vi) 0 < z, does not imply 0 < i Moreover, if 0 <z, and 0< 1 .then Im(z,)=0.

4 4
Now we give the definition of complex valued generalized metric space.
Definition 2.1: Let X be a non empty set. If a mapping  : X X X — C satisfies:

(a) 0<d(x,y) forall x,ye X and d(x,y)=0 ifand only if x =y;
(b) d(x,y)=d(y,x) forall x,ye X :

(c) d(x,y)<d(x,u)+d(u,v)+d(v,y) forall x,ye X and all distinct u,ve X each one is different
from x and y.
Then d is called a complex valued generalized metric on X and (X ,d) is called a complex valued
generalized metric space

Example 2.1: [1] Let X ={-1,1,—/,i}. Defined d : X x X — C as follows:

d(,~1)=d(-11)=3¢",
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d=1Li)=d(i~1)=d(l,i)=d(i]) =e",
dl,-)=d(=i)=d(-1,-)=d(—i,~1)=d(i,—i)=d(-i,i)= 5"
dlLh=d(-1-1)=d(i,i)y=d(-i,—i)=0.

. " . . . T
It is to verify that (X,d) is a complex valued generalized metric space when 8¢ [0,5} .

Note that
3¢ =d(1,-1) >d(1,i)+d(i—1)=2e".
So d is not a complex valued metric.

Let X be a complex valued generalized metric space and A < X . A point x€ X is called an interior
point of a set A whenever there exists 0 <re C suchthat B(x,r)={ve X :d(x,y)<r}cC A.

A subset A in X is called open whenever each point of A is an interior point of A . The family
F ={B(x,r): xe X,0 < r}isasub-basis for a Hausdorff topology 7 on X .

A point xe X is called an limit point of A whenever forevery O0<re C, B(x,r)n(A\x)# ¢ . A

subsetis B < X called closed whenever each limit point of B belongs B .

Let {x, } beasequencein X and xe X .If forevery ce Cwith O<cthereis n,€ N such that

) <c, then x is called the limit point of {)c”}and we write limx, =x or

n—oo

for all n>n,d(x,,x

X, > xas n—oo. If for every ce C .withO<c , there is n,€ N  such that for all

n.m>n,d(x,,x, )<c, then {x”} is called a Cauchy sequence in X .If every Cauchy sequence is

m

convergent in X , then it is called a complete complex valued generalized metric space.

Lemma 2.1: Let X be a complex valued generalized metric space and {xn}a sequence in X . Then

{x”}converges to x if and only if |d(x”,xm )| — 0 as n— oo,
Lemma 2.2: Let X be a complex valued generalized metric space and {xn}a sequence in X . Then

{xn } is a Cauchy sequence if and only if ‘d(x X, )‘ —0as n—>oeo.

n*

The following definition is due to Altun and Erduran ([2]).
Definition 2.2: [2] Let (X ,<)be a partially ordered set. A pair (f, g)of self-maps of X is said to be
weakly increasing if fr < gfv and gx < fgxfor all xe X . then we have fx< f’x forall xe X
and in this case, we say that f is weakly increasing map.

Note that two weakly increasing mappings need not be non-decreasing. There exist some examples to
illustrate this fact in [11].

Definition 2.3: [22] Let (X ,<)be a partially ordered set and let f, g : X — X be two mappings. The
pair ( f, g)is weakly isotone increasing if for all xe X we have fx < gfx < fofx.

Remark 2.1: If f,g¢:X — X are weakly increasing, then the pair ( f, g)is weakly isotone increasing.
A point xin X said to be a fixed point of a self map fon X if fx=x.A fixed point problem is to
find some xin X such that fx=x and we denote it by FP(f,X). A point xe X is called a
common fixed point of pair (f,g)if x= fr=gx, where fand gare two self-maps on X . A
common fixed point problem is to find some xin X such that x= fvr = gx, and we denote it by
CFP(f,g,X). A nonempty subset W of a partially ordered set X is said to be totally ordered if every
two elements of W are comparable.
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3. Main Results

Theorem 3.1: Let (X,<) be a partial ordered set such that there exist a complete complex valued
generalized metric ¢ on X and (§,7)a pair of weakly isotone increasing mapping on X . Suppose

that, for every comparable x, y e X we have either
d(x, Sx)[d (».Ty)+d(y, Sx):l
d(x,y)+d(Sx,y)
d(y, Sx)[d (x,8x)+d(y, ]"}):I
d(x,y)+d(5x,y) (3.1)

d(Sx,Ty)<aq,

+a,

+a; [d (x, Sx) +d ( v, ]1\)] +ad (x, )‘)

6
in case d(x,y)+d(Sx,y)#0and 1+d (x,y) #0with a,,(i=1,2,3,4,5,6)20 and Zaf <l,a, <1

i=1

or d(x,y)+d(Sx,y)=0and l+d (x, y)=0 implies d (Sx,Ty)=0.

If S or T is continuous or for any non decreasing sequence {xn} with x — zin X we necessarily
have x, <z forall ne N, then S and 7 have a common fixed point . Moreover the set of common

fixed points of S or T is totally ordered if and only if S or 7 have one and only one common fixed
point.

Proof: First, we shall show that if S or T has a fixed point, then it is s common fixed point of S and T.
Let u be an arbitrary point in X . If u = Suoru =Tu then the proof can be easily finished using

contractive condition (3.1). Indeed let # = Su then we have
d(u,Tu)=d(Su,Tu)
d (u,Su) [d u,Tu)+d (u, Su)]
=4 (u u)+d(Su,u)
d (u, Su)[ (u, SM)+d(M,TM):|

+a,
“ d(u,u)+d(Su,u)

d(u,Tu)| 1+d(u,S Su)d(u, T
+a, (u M)[ “) +a4 (, Su)d (u.Tu)

l+a’(u Su) d(z/t,u)
+a5[a’(M,Su)+d(u,Tu)]+a6d(u,u)
<(ay,+as)d(u,Tu)
<d(u,Tu)
ie. u=Tu

Similarly, if y =7Tu we obtain that y = Su.

So we assume that u # Su and u # Tu. Now we define a sequence {x }in X , as follows:

=S8x,, and x, ., =Tx,, forn=0,12,--

n+l
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We can also suppose that the successive term of {x } are different, otherwise we have again finished.

n

Since pair (5,T) is weakly isotone increasing, we have
X, =8x, £TSx, =Tx, = x, <8TS8x, = §Tx, = Sx, = x,

Xy =8x, £T8x, =Tx; = x, < 8TSx, =8Tx, =Tx, = x;

And continuing this process, we get

XSS Sy Sy, S (3.2)

— "n n+l —

Since the successive terms of {.x, }are comparable therefore replacing x by x,, and y by x, . in

(3.1) we have,

d(x,,..%,.,)=d(Sx,,.Tx, )
d(x,,,Sx,, )[d (2.1, ) +d (x,, . Sx,, )]
= d(x,,.,x,,.,)+d(Sx,,.x,.,)
d (x2n+l .S, )[d (xzn .Sx,, ) +d ()52"+l Tx,, )]
d(x,,.x, . )+d(Sx,.x,.,)
d(x,, .. Tx,, )[l +d(x,,,Sx,, )}
1+d(x,,,x,.,)
d(x,,.8%,)d (%,,,.Tx,,.,)
d(xy,.%,.,)
+as [d (in’ Sx,, ) +d (sz TIx, )J +a.d (in X )
d (X5, X, )[d (EOWRTE RS B d EoPE ):I
d(X,,. %, ) +d (x,,.0,,,)

2n+1?

+a,

+a;,

+a,

:al

d (Xy000 %50 I:d (230 X0y ) (005, )]
d (%3000 )+ d (X000 %)
d (X500 X,02) [l +d (x5, %, )]
1+d(x,,.x,,.,)
Xy )d (x

d (x'.?n * XﬁnH )

+a,

+a;

d (xln ’ 2n+1? x2n+2 )

+a,

+as I:d ('x° x2n+l ) +d (x2n+l’ x2n+2 )] +a6d ('xln"xznﬂ )

5 2n?

< (al tay;+a, +a5)d(x2n+l’x2n+2 )+(a5 +a())d(x2n’x2n+l)

which implies that

d (xjn—l > Xops2 ) < hd (xln’ Xapsl ) forall n21

as+a,
I-(a,+a,+a,+a;)

<1.

where h =
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Similarly it can be shown that

d (x5 %5, ) S hd (x,, |, x,, ) forall n>1

Therefore for all n =1

a’(x

n’ n+|)_hd( l’xn)

Consequently

d(‘)" ')"n+|)<hd( Xpo1s X )S'“Shnd(x()’xl)

n?

forall n2>1.

Now for any m > n, we have

d(x,,x,)<d(x, ,x )+d(x, _,.x, )+ .. +d(x, ,.x,).
Sh'd(xy, %) +h"d (X, X))+ e, +h"d(x,,x,)
?Pl
<——d(x,,x,)
—h
Therefore
‘d('xn’xm) - )’ I ‘

which implies that

|d()¢ X, ) =0 asn,m— oo,

Hence {x, }isa Cauchy sequence in X . Since X is complete, the sequence {x, } converges to a point

u in X |
Now, if S or T is continuous, then it is clear that Su=u=Tu.

If neither S or T is continuous, then by given assumption we have, X, < U forallne N .
We claim that uis a fixed point of S.

If not, then d(u,Su)=z> 0.

We have from (3.1)

(M’sz+l)+d (sz+l’“xn+2)+d (“X;HZ’SM)
(M )er+l)+d(“x xn+3)+d(SM,TX

n+l?

d( n+I’Su [d u, SM)+d( n+I’Txn+] j| d(
+a, ta,

d(u,x )+d(Su,)¢n+,)

T)cml)[ler(u,Su)]
1+d (u,Su)

11+I ?

n+l1
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d(u,Su)d(x,,
d(M,SM)

T'XnJrl )

+(15|:d(l/f SM)+d( n+l’ :|+a6 (M A’JH])

+a,
d(M,SM)[d(ana n+7)+d( Aat1s ):I
d(u,xn+1)+d(su 'XJH—])
d( ,Hl,SM)[d(H,SM)+d(xp;+|’xrz+2)j| d(‘an’ A2 [l+d U, SM)]
+a

:d( n+l)+d( n+]’ n+7)+a|

T d(u.x, )+d(Sux,.) } 1+d (u,Su)
+a4d(M’SZ)(d(;"+)I’x"+2)+a5|:d(u,Su)+d(xn+|, X, :|+ad U, X, )
u,Su
and so
‘d(i{,Sh’)‘Dd()&nH X)) ‘d xn+|,SL4)H
Z <‘d(u X, ‘d ) +a
- ’ vt e ! ‘d( 1,x,, )+d(Su,x,.)
+a2d( - Su)md u,Su) ‘+‘d X, np)]'f'a;d(xnwx,ﬁz)
‘d M,)cm)+d(5u,)cn+,)
+a4‘d(xn+] X, )| +a, I:d(u,Su ‘d X, ,Hq)il"'flb‘d(lhx,m)

Taking the limit as n — oo, we have

‘z‘ <aq, ‘a’(u,Su)‘+a2 d(u,Su)‘+a5‘d(u,Su)‘

<(a,+a, +a5)‘d(u,Su)‘
< (aI +a, +a5)‘z‘
which is a contradiction. Hence u = Su . Theretore Su=Tu=u.

Next we prove that the common fixed point of .S and T is unique.

Now suppose that the set of common fixed point of S and T is totally ordered. Assume on contrary that u
and v are distinct common fixed point of S and 7.Replace x by u and y by v in(3.1), we have

d(u,v)=d(Su,Tv)

(u Su)[ (1’ Tv)+d(v Su)} d(V,Su)l:d(u,Su)+d(v,T1r’)J
< a, +a,
d(u.v)+d(Su,v) - d(u,v)+d(Su,v)
d(v,Tv )[l+d(u SM):| d(u,Su)d (v,Tv)
+da; + 4
l+d(u,v) d(u,v)

+as [d (0, Su)+d( v,Tv)J +ayd (u,v)

_ d(u,u)[d(v, v)+d(v,u)] i d(V,M)I:d(u,u)+d(v, v)}

- d(u,v)+d(u,v) : d(u,v)+d(u,v)
d(v,v)[l+d(u,u)] d(u,u)d(v,v)
+a, a,
l+d(u,v) d(u’w)

+a; [d(u,u) +d (v, v)]+abd(u,v)
<ad(u,v)
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which implies that ‘d(u, v) a contradiction. Hence u =v.

Sab‘d(u,v)

>

Conversely, if S and T have only one common fixed point then the set of common fixed point of S and T
being singleton is totally ordered.

This completes the proof.
In Theorem 3.1 if we take S = T, we get the following corollary.

Corollary 3.1: Let (X,<) be a partial ordered set such that there exist a complete complex valued

generalized metric ¢ on X and T be a weakly isotone increasing mapping on X . Suppose that, for
every comparable x, y e X we have either

d(Tx,Ty)<q,

y
Tx,y) (3.2)

6
in case d(x,y)+d(Tx,y)=0and I+d (x,y)#Owith a,(i=1,2,3,4,5,6)>0 and Zaf <l,a, <1

i=1
or d(x,y)+d(Tx,y)=0and I+d(x,y)=0 implies d (Tx,Ty)=0.
If T is continuous or for any non decreasing sequence {xn} with x, = zin X we necessarily has

x <z forall ne N ,then T has a fixed point . Moreover the set of fixed points of T is totally ordered

n

if and only if T has one and only one fixed point.

Next, we prove a periodic point result as an application.

A point p of 7 is also a fixed point of T" for every ne N. However, the converse is false. For example,
consider X =[0.,1], and defined T by Tx=1—x.Then T has a unique fixed point %and every even
iterate of T is the identity map, which has every point of [0,1] as a fixed point.

On the other hand, if X =[0,7], Tx =cosx , then every iterate of T has the same fixed pointas T .

If amap T satisfies F(I')=F(T")foreach ne N, where F(T)is the set of fixed point of T, then it
is said to have property P [6]. The set O(x,o0) = x,Tx, T2 X, is called the orbit of x .

Theorem 3.2: Let (X,<) be a partial ordered set such that there exist a complete complex valued
generalized metric d on X  Let T be a self map on X as in Corollary 3.2. If O(x,o0) is totally
ordered, then T has property P.

Proof: From Corollary 3.2, T has a fixed point. Letu € F(T"). Now from (3.2), we have
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d(u,Tu)=d(T(T""u).T(T"u))
d(T”"u, TT”’]u)[d (T"M,TT”M) +d (T”M,TTVIM)}
d (T"_'M, T"M) +d (TT”_]M,T"M)

IA

q

d (T"M,TT"*'M)[d (7w, TT" ") +d (T"M,IT"MU

T d(TH_IM,THM)+d(TTn_IM,T"M)

d (1w, TT"u)| 1+d (70 TT ) | d (T TT"u)d (T"u.TT"u)

+ asy 4

I+d(T" " 'u.T"u) o d(T""'u.T"u)

+as [d (T"_IM, TT"_]u) +d (T"u, TT"u )} +a.d (T"_lu, T”M)

(T u,T"u )[d (T"u,TT"u)+d (T"M,T”M)]
d (T'HM,T”M)+ d (T”u,T"u)

<aq

d (7w, 7"u)[ d (1", T"u)+d (T, TT"u) |
d (T'Hu, T"u) +d (T"M,T"u)

ta,

(T ) 1+d (1w 1) | a (T, T"u)d (T"u,TT")
l+d (T, T"u) T d(T""u,T"u)

+a,
+a{a’(T MTM +d TMTTM]JradT MTM

<aq,

d(T" uu)[d u,Tu)+d ( uu]
d(T “u, )+d u,u)
(u. u)[d T MM +d MTM)i|

+j
B d(T" )+duu)

d(u,Tu)[l+a’(T M,M)] N d (T u.u)d (u.Tu)
l+d(T""u,u) “ d(T”"u,u)

+a,

+ as [d (T”’lu,u)er (M,TM):| +ad (T”"u,u)
<(a, +a,+a,+as)d (u,Tu)+(as +a6)a’(T"7'u,u)
which implies that

iy +a6

d(u,Tu)S
l=(a, +a,+a, +as

) (I(T”flu,u)

or

d(u,Tu) < kd(T"’]u,u)

AMIT SISODIYA & RAJNI BHARGAV
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where £k =

as +a,
l—(a, +a,+a,+as)

<1.

Obviously 0 <k <1 and we have

d(u.Tu)=d(Tu.T"u)

<kd(T"'w.T'u)<k*d (T"u.T"'u) < <k"d (u.Tu)

Since 0 <k < limplies d (u,Tu)=0and u =Tu. This completes the proof.

Remark: In our result we use products and quotients of the metric values which is permissible in the
structure of complex numbers. But this is not always the case with other generalizations of metric
spaces as, for example, in cone metric, where the metric is real Banach space valued, we cannot use
products and quotients of metric values.
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