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T i ABSTRACT

: Let G be a connected graph of order n, the Acharya Polynomial AP(G, 1 ) is
- BOMSR defined as z,u(d,i)- X' of graph G and x is a parameter. In the present
o 1<d<n-1

1<i<p
work we determine Acharya polynomial and Acharya index of subdivision
graph of wheel graph W, and the para-line graph the wheel L(S(W,)) for all
positive integers N>3 Further we find Hosoya and Terminal Hosoya

Polynomial for Kragujevac tree.

Key words: Line graph, subdivision graph, para-line graph,wheel graph,
Wiener index, Terminal Wiener index, Acharya index.

1. Introduction

In the present paper all graphs considered are simple, finite and connected. Let G be a such
graph with vertex set V(G) and edge set E(G). The number of edges incident on vertex v is called
degree, d(v) of vertex. The distance between the vertices u and v is the length of shortest path. It is
denoted by dgs(u,v). The diameter diam(G)= p is maximum distance between two vertices of a graph
G [1]. The line graph L(G) is the graph whose vertices corresponds to edges of G with two vertices
being adjacent if and only if the corresponding edges in G have common vertex. Subdivision graph
S(G) is the graph obtained from G by replacing each of its edges by a path of length two or
equivalently, by inserting an additional vertex of degree two into each edge of G. The line graph of
subdivision graph is called para-line graph. A wheel graph with n vertices, W, is the graph formed
by connecting a single vertex to vertices of a cycle C,.;. A wheel graph with n vertices has 2(n-1)
edges. The diameter of wheel graph is 2.
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In the theoretical chemistry, the physico-chemical properties of chemical compounds
studied by means of graph based structural descriptors, which are known as topological indices. The
oldest structural descriptor is defined in 1947 by H. Wiener [2]. This index is known as Wiener index.
It is defined as sum of distances between all pair of vertices of graph

W=W(G)= ) ds(uVv)

(uv)eV (G)

The Hosoya polynomial of G is defined as

(H,x) =Z:d(G,i)-xi

i>1
where d(G,i) is the number of vertices of the graph G whose distance is i, and x is some real number.
The Terminal Wiener index of a graph [3] is defined as the sum of the distances between all the pair
of pendant vertices .
TW =TW(G)= > .d(v;,v;/G)

I<i<j<k
The Terminal Hosoya Polynomial
TH (G, x) = > d  (G,i)-x'

k=1
Details on chemical application and mathematical properties of Wiener index and terminal Wiener
index see the reviews and references quoted therein [4,5,6,7].
Present authors have defined novel topological index viz Acharya index Al ,(G) of a graph G

[8] as the sum of distances between all pair of degree d vertices i.e.

Al (G)= > u(d,i)-i
1<d<n-1
1<i<p

Where u(d,i ) denotes pair of degree d vertices at distance i, p=diam(G)
Acharya Polynomial AP(G,i) is defined as follows

AP(G,i)= > u(d,i)-x'
The following relationship between Acharya index and Acharya Polynomial is noted in [8,9]
Al,(G)= APl(G,i)
2. On the chemical applicability of Acharya Index.

The productivity of Acharya index was tested using a dataset of 74 alkanes from ethane to
nonanes found at [10,11]. The alkane data set consists of the following data: boiling points (bp),
molar volumes (mv) at 20°C, molar refractions (mr) at 20°C, heats of vaporization (hv) at 25°C,
critical temperature (ct), critical pressure (cp) surface tensions (st) 20°C and melting points (mp). The
Acharya index was correlated with each of these physical properties and surprisingly, we can see
that the Acharya index shows good correlation with boiling points (bp), molar volume (mv) and
molar refraction (mr) with correlation coefficient value 0.839, 0.841 and 0.849 respectively.

Further, we have verified these physical properties with the so called Terminal Wiener index,
which shows weak correlation, compared to Acharya index with correlation coefficient values lies
between 0.192 to 0.652. Hence, the predicting power of Acharya index is better than the terminal
Wiener index.
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Figurel: Correlation between Acharya index, terminal Wiener index with physical properties (Bp) of
74 alkanes
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Figure3: Correlation between Acharya index, terminal Wiener index with physical properties molar
refraction (mr) of 74 alkanes.

3. Acharya index and Acharya Polynomial of subdivision graph of wheel and para-line graph of
wheel

Theorem 3.1: Let W, is wheel graph with ordern, Al ,(W,) = n>—n.

Proof: Since W, =C,.;+K,, let v be a central vertex of wheel such that deg(v) = n-1 and deg(u;)=3,
1<i<n-1. Therefore to compute Acharya index we need to count only (n-1) vertices of degree 3.
For any vertex u; , 1<i<n-1 except adjacent vertices all are at distance 2. Therefore n(n-3)/2

vertices are at distance 2 and n edges between adjacent vertices. Hence,

n(n —3)

CALW,)=nx1+ 2=n’-n.

Corollary 3.2: Let W, is wheel graph with order n, AP(W_,x) =n- X+M-x2
" 2

We need the following auxiliary result to prove our next result.

SHAILAJA S. SHIRKOL et al., 77



Vol.5.Issue.3.2017 (July-Sept) Bull.Math.&Stat.Res (ISSN:2348-0580)

Theorem A [8 ]: If G is regular graph then Acharya index is equal to Wiener index.

Theorem 3.3: Let L(W,) be the line graph of wheel graph of order n then

Al (LW,) =W(C, ) +W(K,,).

Proof: The line graph of wheel graph can be divided into two disjoint induced subgraphs C,.;and K.,
, Since C,.; and K, are regular graphs. Therefore by Theorem A, Acharya index is equal sum of
Wiener index of C,.;and K,.;.

Corollary 3.4: Let L(W,) be the line graph of wheel graph of order n then

AP(LW,),X) =H(C,_1, X) +H (K, ;,X)

Theorem 3.5: If S(W,) is subdivision graph of wheel graph with order n. Then the Acharya Polynomial
and the Acharya index of S(W,)) given by

AP(S(W.).X) = n°+7n oy 3n® -5n ot n®-5n v

2 2 2

Al,(S(W,)) =10n°-18n

Proof: Let S(W,) be the subdivision graph of wheel graph W, .The partition of V(S(W,)) is given in
Tablel.

Table 1: Degree of vertices and number of vertices
ueV(SW,)) deg(u)=n deg(u)=2 deg(u)=3
Number of vertices 1 2n n

The vertex set and edge set of subdivision graph of Wheel graph S(W,) are given by
Nx1l+2x2n+3xn

V(SW,))=3n+1 and E(SW,))= 5 =4n
Table 2: Degree of vertices and number of vertices at a distance
Degree of Number of vertices at a distances
vertices 1 2 3 4 5 6=diam
2 0 (%)(n*+5n) 0 n*-n 0 (%)(n*-5n)
3 0 n 0 (%)(n*-3n) 0 0

Hence by employing the results in Table 1 and Table 2 we get Acharya Polynomial as
6

AP(SW,),x) =Y pu(d,i)-X’
1

= u(dD) Xt + p(d,2) - X2 + p(d,3) - X° + pa(d4) - X4 + u(d 5) - XE + u(d,B) - x°

2 2 2
n°“+7n 3n° -5n n° —-5n
X0 X+ ——x*+0-x° + -x°

=0-x+

n+7n , 3n*-5n , n*-5n ,
R T e

Also

ALL(SW,)) == (AP(S(W,) ) at x=1
1 2 2 1 2 1 2
:[E(n +5n)+n}-2+{(n —n)+5(n —3n)]4+5(n +5n)-6

=10n%-18n
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Figured. The subdivision graph of the wheel graph of order W, and the para-line graph of the

wheel L(S(W,)) for all positive integers N >3
Theorem 3.6 : If L(S(W,)) be a para-line graph of wheel graph. Then the Acharya polynomial and the
Acharya index of L(S(W,)) given by

n®>+7n n®+7n

AP(S(\Nn).x):T-an-xZ+%-x3+(2n2—4n)-x4+(n2 —9n)-x°

Al,(S(W.)) =20n%>—-39n
Proof: Let L(S(W,)) be the para-line graph of wheel graph S(W,, ). The Vertex partition of V(L(S(W,)))

is given in Table3.
Table 3: Degree of vertices and number of vertices

ueV(L(SW,))) deg(u)=3 deg(u)=n
Number of vertices 3n n
The vertex set and edge set para-line graph of Wheel graph L(S(W,)) are given by

VLW, =4n and  E(SW,)) =L23X3”

Table 4:Degree of vertices and number of vertices at a distance

1
=—n(n+9
,N(n+9)

Degree of Number of vertices at a distances
vertices 1 2 3 4 5=diam
3 4n 4n (%)(n*+7n) 2n*-4n n°-9n
n (%)(n*-n) 0 0 0 0

Hence by using results in Table 3 and Table 4 we get Acharya Polynomial and Acharya Index as
5 .
AP(L(SW,)),x) = > u(d,i)- X’
1
= /,l(d ’1) ' Xl +/u(d !2) : X2 +/J(d 13) ' X3 +/u(d !4) : X4 +/J(d !5) : XS

X+4n- x>+ —— - x*+(2n* —4n) - x* + (n* =9n) - x°

AL (SIW,) =< (AP(L(SW,)). %) at x=1

2 2
=n +7n.1+4n.2+n +7n

-:3+(2n* —4n)-4+(n*-9n)-5

=20n?-39n
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4. Hosoya Polynomial, Terminal Hosoya Polynomial of Kragujevac trees.

Definition 4.1: [12] Let P; be the 3-vertex tree, rooted at one of its terminal vertices, For k = 2,3,... .,
construct the rooted tree B, by identifying the roots of k copies of P;. The vertex obtained by
identifying the roots of P;-trees is the root of By .

Examples illustrating the structure of the rooted tree B, are depicted in Fig. 2.

@ oo @ € : K
P B, B, 2
By

3

Figure5. The rooted trees B, , Bz , and B, obtained respectively, by identifying the roots of 2, 3,
and k copies of P; . Their roots are indicated by large dots.

Definition 4.2: [12] Let d > 2 be an integer . Let f, f3,,--- 3, be the rooted trees specified in the
previous definition. i.e 3, f,,--fB, €{B,,B,, - -}. A Kragujevac tree T is a tree possessing a vertex
of degree d , adjacent to the roots of 3, 3,,--- 53, .This vertex is said to be central vertex of T,

whereas d is the degree of T. The sub graphs f,, f3,,--- 3, are the braches of T.

Figure 6. A typical Kragujevac tree.
Theorem 4.3: If G is a Kragujevac tree, If d(G,i) is pair of vertices a distance i and d>2 is degree of
central vertex at then the Hosoya Polynomial is

W(G):Zp:ol(e,i)xi
= d(GD)X +d(G,2)x* +d(G,3)x® +d(G,4)x* +d(G,5)x° +d(G,6)x*

=Zd:(2ki+1)-x1+(2§:ki+ik'cz+d02]-x2+{dzd:ki+iki(ki—1)}-x3
+{(d —1)iki+ikic2+ Zkikj}-x“+(2 Zkiij-x5+( Zkikj)-x6

1<i<j<n 1<i<j<d 1<i<j<d

d
Proof: Consider of Kragajevac tree of degree d>2. The size of Kragajevac tree is Z:(Zki +1)
i-1

Therefore the pair of vertices at distance one is equals to the number of edges in Kragajevac tree, so
is the first term in expression. Now for each branch By, ,i=1,2,.... . of Kragajevac tree contains k;
pendant vertices, k; degree two vertices and rooted vertex. The k; degree two vertices and k; pendant

d
vertices are at distance two from central vertex and rooted vertex respectively. Thus 22 k, pair of
i-1

vertices at distances two. And also vertices of degree two in a branch B, and all rooted vertices are

at distance two. Therefore the total number of pair of vertices at a distance two is
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d d
ZZki +Z kiCz+dcz. To find pair of vertices at distance three, consider the distance between
i=1 i=1

central vertex and pendant vertices, we note Zki are at distance 3, the distance of rooted vertex
i=1

d
By, to the vertices of degree two in By, also three, which is given by Z:ki(ki —1) and pendant
=

d
vertices to the vertices of degree two in the same branch are at distance 3 given by Z (Z K, )—

d d
Hence the total pair of vertices at distance 3 are dz K, + Z k (ki —1).
i=1 i=1

The distance between pendant in a branch and the distance of degree two vertices of By to

d
the degree two vertices in Bkj is four. These are given by Z ki C, + Z:kikj . the distance of rooted
i-1 1<i<j<n

d
vertex By to the vertices of pendant vertices in Bkj is four given by Z (Z k; )— k. Hence we have
i-1

d d
(d —1)2 k. + Z ‘e, + Zkikj pair of vertices at distance four. Now distance of pendant vertex in
i=1 i-1 1<i<j<n

By, to the vertices of degree two in Bkj and distance of degree two vertex in By, to the pendant

vertices in Bk].is five, given by 2 Z:kikj .Now the distance between pendant vertices is six, i.e
1<i<j<d

Z kikj pair of vertices at a distance six. which are given by the last two terms in expression.
I<i<j<n
Theorem 4.4: If G is a Kragujevac tree, If d 22is degree of central vertex and p = diam(G)=6 ,then
Terminal Hosoya polynomial is given by

TW(G) = z"“‘ D gty Ykk,
1<|<]<n
p
TW(G)=) a, X =a, X! +8,X* +..ocvvvs . +a,xP
k=1

_ ki (ki _1)

a=a,=a,=0 ,a,="C, = ford =2 and a, =a; =kk;

Proof: By the definition of Kragajevac tree of degree d>2 contains branches By, and each

branch By, i=1,2,.... and each contains k; pendant vertices. Each of these pendant vertices at

distance four. Therefore, there are ki C, pair of pendant vertices at four . The branches By, and
By, i # j with k; and k; pendant vertices. Each of these are at a distance 6. Since there are k; X k;
pair of vertices of this kind. This gives the second term in expression.

Acharya index is degree distance based topological index. Hence depending on the By, and
degree d>2 of the central vertex. We have the following cases,
Theorem 4.5: If G is a Kragujevac tree, If d>2 is the degree of central vertex, then Acharya
polynomial is given by
Casel: For all the branches of G, then if By, = Bkj Vi#tj
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i=1 I<i<j<d I<i<j<n

AP(G.X) = [zki(kiz‘lhdczj.xu(zk(k = zk,k,] Sk,

Case2: For all the branches of G, then if B, # Bkj Vi#]

AP(G,x) = ik(k 1) J{Zk(k 1) ZKIijx+ Zk

Case3: For some the branches of G. If k; = d (say some i=1,2,3...m)

AP(G,x)zzm:ki-xﬂLiw-x%{zk(k D, Zk,k,] X'+ Y kik,

i=1 i=1 I<i<j<d I<i<j<n

Case4: For some the branches of G. If k; = k; # d(say some i=1,2,3..m)

AP(G,X):(Zk(k ) Z ] (Z

Kk =D) Zk,kJJ X'+ Sk,

i=1 i=1 I<i<j<d I<i<j<n

5. Conclusion

In this paper ,we have shown the chemical applicability of Acharya index and then

formulate, Acharya Polynomial and Acharya index of subdivision graph of wheel graph W, and para-

line graph of wheel graph L(S(W,)) for all positive integers n>3 and also obtained Hosoya Polynomial,

Terminal Hosoya Polynomial and Acharya Polynomial for Kragujevac trees.

6. References:

(1].
[2].
3.

[4].

[5].

[6].

[7].

[8].

[9].

[10].

[11].

F.Harary, Graph Theory, Addison —Wesely, Reading (1969).
H. Wiener, J. Am. Chem. Soc 69, 17 (1947).

H. Hosoya, “On some counting polynomials in chemistry”, Discrete Applied Mathematics, 19
(1988).239-257.

I.Gutman, J. H. Potgieter, “Wiener index and intermolecular forces ”, J. Serb. Chem. Soc. 62
(1997) 185-192.

I. Gutman, Y.N. Yeh, S. L. Lee, Y. L. Luo, “Some recent results in the theory of the Wiener
number”, Indian J. Chem. 32A(1993)651-661.

D. Bonchey, D. J. Klein, “On the Wiener number of thorn trees, stars, rings, And rods ”, Croat.
Chem. Acta, 75 (2002) 613-620.

A. A. Dobrynin, R. Entringer, I. Gutman, “Wiener index of trees: theory and applications”,
Acta Appl. Math. 66 (2001) 211-249.

Shailaja S. Shirkol, H. S. Ramane, ShobhaV. Patil, “On Acharya index of Graph ”, Annals of
Pure and Applied Mathematics. Vol. 11, No. 1,( 2016), 73-77.

Shailaja S. Shirkol and ShobhaV. Patil, “On Acharya Polynomial of a Graph ”, Annals of Pure
and Applied Mathematics. Vol. 11, No. 1,( 2016), 117-121.

Dejan Plavsic, Sonja Nikolic and Nenad Trinajstic, “On the Harary index for the
characterazation of chemical graphs”, Journal of Mathematical Chemistry 12(1993),235-250.

Sunil M.Hosamani,Shailaja S. Shirkol and Shobha V. Patil, “On the Acharya Index for
Characterization of Chemical Graphs”,(communicated ).

SHAILAJA S. SHIRKOL et al., 82



Vol.5.Issue.3.2017 (July-Sept) Bull.Math.&Stat.Res (ISSN:2348-0580)

[12].

[13].

[14].

[.Gutman, “Kragujevac trees and their energy”, SER A: Appl. Math. Inform. And
Mech.6(2)(2014) 71-79.

Sunilkumar M. Hosamani “On the Terminal Wiener index and Zagreb indices of Kragujevac
trees” Research Gate 2016.

Mohammad Reza Farahani, Mohammad Kamran Jamil, M. R. Rajesh Kanna, Sunilkumar
M.Hosamani, “The Wiener index And Hosoya Polynomial of the subdivision graph of the
Wheel S(W, ) and the line Graph subdivision Graph of the Wheel L(S(W, ))”, Applied
Mathematics 6(2) (2016) 21-24.

SHAILAJA S. SHIRKOL et al., 83



