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1. INTRODUCTION

In 2011, the structure of parametric metric space was introduced by Hussain et al. [1] as a
new generalized metric space. After that many researchers studied this new notion ([2], [3], [4]).
Definition 1.1. [1] Let X be a nonempty set. A function P: X x X x (0,00) — [O,oo) is said to be a

parametric metric function on X , if the following conditions are satisfied; for all X,y,Z € X and

t>0,

P1. P(x,y,t)>0,

P2. P(x,y,t)=0<=x=Y,

P3. P(x,y,t) = P(y, xt),

P4. P(x,Y,t) < P(x,z,t)+ P(z,Y,t)

Then,(X, P) is called a parametric metric space.

Example 1.1. [1] Let X = {f | f :(0,00) —[0,00)}. Define P : X x X x (0,20) — [0,0) by
P(f,g,t)=|f(t)-g(t)

forall f,g € X and t > 0. In that case, (X, P) is a parametric metric space.
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Example 1.2. [1] Let X =[0,0). Define P: X x X x (0,00) — [0,0) by
P(x v 1) = {t.max{x, vy, x=zy

0, X=Yy
forall X,y € X and t > 0. In that case, (X , P) is @ parametric metric space.
Definition 1.2. [1] Let (X, P) be a parametric metric space, X € X and r > 0. Then,
B.(x,r)={y e X :P(x,y,t) <r, vt >0}
is an open ball with center X and radius I'.

Definition 1.3. [1] Let P be a parametric metric on a set X . A sequence {Xn}e X converges to
X e X if forany & >0, there exists a Ny € N such that P(x, x,,t) <& forall n=n,, X is said to

be the limit of {X, } and this is denoted by limx, = X or X, —> X as N —> .

n—o

Definition 1.4. [1] Let P be a parametric metric on a set X . A sequence {Xn}e X is called Cauchy
sequence if forany & > 0, there existsa Ny € N such that P(X,, X, ,t) <& forall n,m=n,

Definition 1.5. [1] A parametric metric space (X , P) is said to be complete if every Cauchy sequence
in X is convergent.

Theorem 1.1. [1] Let (X,P) be a parametric metric space, {Xn} and {yn} be sequences in this

spaceand X,y € X .If X, >X and y, —> yas n—oo, limP(x,,y,,t) = P(x,y,t).

Proof: Since {Xn} converges to X, for any & >0, there exists a N, € N such that P(X, X, ,t) < g
for all n=n,. Similarly {yn} converges to Y, for any & >0, there exists a N, € N such that
P(y,y,.,t) <% forall n>n,. Choose N, = max{nl,nz}. Then forall n=n,,
P(x,,¥,,t) < P(X,,xt)+P(xy,,t)
< P(X,,xt)+P(xy,t)+P(y,y,.t)
& &
= —+—+P(x,y,1).
5, 5 TP Y.
From this P(X,,Y,,t) —P(X, y,t) < &. Similarly,

P(x,y,t) < P(xx,,t)+P(X,,Y,t)
< PXx,, 1)+ P(x,, ¥, 1) + P(y,, V1)

E €
= —+—+P(x,,Y,,t).
5+ 5 TP Y t)
From this P(X,y,t)—P(X,,Y,,t) <&.Then,
IP(X,, Yn:t) = P(X,y,t)| < &
Is obtained. So !im P(x,,Y,.t) =P(x,y,t).

2. MAIN RESULTS
Definition 2.1. Let (X, P) be a parametric metric space and F,G — X . G is called an open set if
for any £ >0, there exists a r >0 such that B, (X,r) cG.If X/F is an open set, then F is

called a close set.
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Definition 2.1. Let (X, P) be a parametric metric space.
r={Ac X: forall x e A thereexistsa r > 0 such that B, (x,r) c A}

is a topology on X.
Theorem 2.1. Let (X, P) be a parametric metric space. In this space every open ball is an open set.

Proof: Consider the open ball B,(X,r). Then yeB,(x,r)= P(x,y,t)<r. Assume that
r'=r—P(X,Y,t). Take into consideration the ball B, (Yy,r").We claim that B, (y,r') < B, (x,r).
Let Ze B, (Y,r'). Then, P(y,z,t) <r'. For this reason,
P(x,z,t) < P(x,y,t)+P(y,z1t)

< P(xy,t)+r

= P(Xxy,t)+r—P(xy,t)

= .
Then, z € B, (X, ). So, the proof is completed.

Theorem 2.2. Every parametric metric space is a Hausdorff space.
Proof: Let (X, P) be a parametric metric space and X,y € X, X # Y. Consider P(X, y,t) =r . Take

r r
into consideration the open sets U = B, (X,E) and V = Bp(y,E). It is clear that XxeU and
y €V . We claim that U NV =¢. Assume that U NV # ¢@. Then there exists a Z € X such that

zeUNnV. ThenzeU = P(X,Z,t)<£ and zeV = P(y,z,t)<£.From P4,

A

P(x,y,t) < P(x,z,t)+P(z,y,t)
P(x,z,t)+ P(y,z,)

r r
= —_ 4+ —

2 2
= .

Since P(X,Yy,t)=r, r <r is obtained. But this is a contradiction. Then U NV = ¢. The proof is
completed.

Theorem 2.3. Let (X, P) be a parametric metric space. In this space every convergent sequence has
a unique limit point.

Proof: Let {Xn}c X be asequence and X,y € X, X# Y. Suppose that {Xn} converges to both X
and Y. Since {Xn} converges to X, forany & >0, there exists a N, € N such that P(x, X,,,t) < g
for all Nn=n,. Similarly {Xn} converges to Y, for any & >0, there exists a N, € N such that
P(x,x,,t) <§ forall n >n,. Choose N, = max{nl, nz}. Then forall n>n,,

P(x,y,t) < P(x,x,,t)+P(x,,y,t)

& €

< —+=
2 2

= ¢&.

Since ¢ is arbitrary, P(X,y,t) =0< X =Y. Then every convergent sequence in this space has a

unique limit point.
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Theorem 2.4. Let (X , P) be a parametric metric space. In this space every convergent sequence is a
Cauchy sequence.

Proof: Let {Xn}c X be a convergent sequence. Then there exists a X € X such that limx, = X.

n—o0o

£
So for any &>0, there exist Nn;,N, € Nsuch that P(x,xn,t)<§ for all n>n, and

&
P(x,x,,t) < E forall m>n,. Choose N, = max{nl,nz}. Then forall m,n=n,,

P(x,, X,,t) < P(X,,xt)+P(x,,t)

e &€

< —+—
2 2

= &

Then {Xn} is a Cauchy sequence.
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