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1. INTRODUCTION
In 2007, Huang and Zhang [2] defined the notion of cone metric space as a generalization of

metric spaces. They replaced the set of real numbers by ordered Banach spaces. After that they
proved various fixed point theorems for contractive mapping on this space.

Let E be areal Banach space and P be asubset of E. P issaid to be a cone if and only if:

1) P isnon-empty, closed and P ={0},

2) abeR,a,b>0,x,yeP=ax+byeP,

3) XxePand —xeP=x=0.
Given a cone P — E, we define a partial ordering < with respect to P by X<V if and only if

y—XeP. We will write X<y to show that X<y but X#Y, while X<<y will stand for
y—XeintP, int P denotes the interior of P .
The cone P is said to be normal if and only if there exists a number K >0 such that for all

X, ye E, 0<x<y implies ||X|| < K||y|| The least positive number satisfying above is said to be
the normal constant of P. The cone P is said to be regular, if {X,} is sequence such that

X <X, <..<X <. <Y

30



Vol.5.Issue.4.2017 (Oct-Dec) Bull.Math.&Stat.Res (ISSN:2348-0580)

for some y € E, then there isa X € E such that ||Xn —X|| — 0 (n — ). Similarly, the cone P is

regular if and only if every decreasing sequence which is bounded from below is convergent. It is
well known that a regular cone is a normal cone.

Remark 1.1. [3] If E is a real Banach space with cone P and a < Aa for a € P and 0< A <1,
then o =0.
In 2013, the notion of N —cone metric space was introduced by Malviya and Fisher [4]. Also, they

proved various fixed point theorems for asymptotically regular maps on complete N —cone metric
space.

Throughout this paper, we assume E is a real Banach space, P is a cone in E where intP isa
non-empty set and < is a partial ordering with respect to P.

Definition 1.1. [4] Let X be a non-empty set. Suppose the mapping N . X x X x X > E

satisfies the following conditions; for all X,y,z,ae X,

1) N(xvy,2) >0,

2) N(x,y,z)=0ifandonlyif x=y =z,

3) N(X,V¥,2)<N(X,xa)+ N(y,y,a)+ N(z,za).

Then N iscalleda N —cone metricon X and (X, N) is called a N —cone metric space.

Example 1.1.[4] Ltet E=R%’P={(xy,2): x,y,2=20tcE, X =R,a*b=aband
N : X3 — E is defined by

N(x,y,2) = (a([y+ z-2X+|y - z|),ﬂQy+ z—2x|+|y—z|),y0y+ z—2x|+|y—z|))

where «, 3,7 are positive constants. Then, (X, N) isa N —cone metric space.

Lemma 1.1. [4] Let (X,N) be a N —cone metric space. Then, N(X,X,y)=N(y,Yy,X) for all
X, yeX.

Definition 1.2. [4] Let (X, N) be a N —cone metric space. The open N —ball B, (X, C) is defined
as

By (x,c)={ye X : N(y,y,x) << c}

for c € E with 0<<C andforall Xe X .

Definition 1.3. [4] Let (X, N) be a N —cone metric space, {Xn} be a sequence in X and X € X..
{Xn} is called a convergent sequence if for every C € E with 0 << C, there exists a natural number
N such that N(X,,X,,X) << C for all n> N. Here, X is said to be the limit of sequence {X,} and
this is denoted by limx, = X or X, — X as (n — o).

Definition 1.4. [4] Let (X, N) be a N —cone metric space and {Xn} be a sequence in X . {Xn} is
called a Cauchy sequence in X if forany C € E with 0 << C, there exists a natural number N such
that N(X,,X,,X,,) <<C forall n,m> N.

Definition 1.5. [4] If every Cauchy sequence is convergent in a N —cone metric space, then this

space is said to be a complete N — cone metric space.
Lemma 1.2. [1] Let (X, N) bea N —cone metric space, P be a normal cone with normal constant

K >0 and {Xn} be a sequence in X . If {Xn} converges to X and {Xn} convergesto Y, then X=Y
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Lemma 1.3. [1] Let (X, N) be a N —cone metric space, {X } be a sequence in X and Xe X.

{Xn} is convergent to X if and only if N(X_,X.,X) — 0 as N —co.

n'*“n?
Lemma 1.4. [1] Let (X, N) be a N —cone metric space and {Xn} be a sequence in X . {Xn} is a
Cauchy sequence if and only if N(X_, X
2. MAIN RESULTS

In this chapter, we prove a fixed point theorem for a contractive mapping on a complete N —cone

X,) —>0asnm-—oo.

n!“*n?

metric spaces and obtain some results from it.

Theorem 2.1. Let (X, N) be a complete N —cone metric space and P be a normal cone with

normal constant K >0. Assume that the self mapping T : X — X satisfying the following

contractive condition

N(Tx, Ty, Tz) < KN(X, Y, z) + AN(TX,TX, y) + tN(X, X, z) forall X, y,z € X
for some fixed K, A, 1 € [0,1) with K+ A+ u<1. Then T has a unique fixed point in X and for
every X € X, iteration of the sequence {T ”X} converges to the fixed point.
Proof: Let X € X and X, =TX,, X, =TX, =T °x, forall X, € X. In general,
X, =TX, =T"™X,,..
forall ne N . We get
N (Xoy10 Xosao X0 ) = N(TX TX TX )

SkN(xn, yXog) FANCTX,, TX X, ) + aN(X L X X )

SKN(X, Xo 0 X ) + AN X X )+ 4N (X Xo 0 X4 )

(k+ﬂ)N(Xn7 Xos Xog) F AN (K10 Xouas X, )-
So,
(1 ;l’)N(Xn+1’ Xni1s Xp) S(k ,U)N(Xn, Xns Xy 1)
Xp) <

_I_
N (x _(k+p)

(1 ﬂ,) N (Xn 1 X anl)

n+1? n+1’

= PN (X, X, X1 ), Where p = ((§+5)<1

~—

= PZ N (X, 15 X1, X0 2)

:PHN(X11X1’X0)-
Now for any N > M, we obtain
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N, Xn, Xm QN X, X Q=N Xn, Xp g Q=N , X, X1 2 O

H2NO,, X0, X2 O=NQm, X, X2 O

H2NO,, X0, X0 a O=NQ 4, X1, Xm O

2N, X0, X a Q=N 4, X0, Xn 2 =N 4, X0, X 2 O=NQ, X, X 2O

H2NO, X0, X0 O=2N .0, Xna, Xn2 D=NAy X, X 2O

H2NO,, X0, X0 O=2N0, .0, Xna, Xn2 DN, 2, Xn 2, X O
g

2N, Xn, Xn g Q2N 0, X0, X0 2 OO PNQ 2, X2, Xmz O
=Ny 1, X e, Xm O

2 3 EN@ L, X1, Xo =2 FZN@ 1, X1, X0 U= [ EIN@, X1, X0 O
RN, X, X0 O

H29E =052 (O =2 T, X1, Xo U= N, X1, X0 O

H2 A S 0 22 O, X1, Xg U=R'N@, X1, X0 O

i
¢2%9|91,X1,XON61,X1,X0035 5@1

@
H(Zl g)NQl,xl,xo()as SGE1

H%%Gl,xl,XOQas b@l

From normality of P, for normal constant K >0, N n,Xm)||<p (2041) K||N(X1,X1,XO)||

Then, N(X,,X,,X,) —>0 as n,m— . Therefore, {Xn} is a Cauchy sequence. Since X is a

complete N —cone metric space, there existsa X € X such that X, —> X as N — oo, Then,
N(Tx, Tx,x) < N(Tx,Tx,Tx,, ) + N(Tx, T, Tx,,) + N(X,x,TX,)
SKN(X, X, X,,) + AN(TX, TX, X) + N (X, X, X,,) + KN (X, X, X,,) + AN (TX, TX, X)
+ uN(X, X, X))+ N(X, x,TX,)
< 2(k + )N (X, X, X, ) + 2AN (TX, TX, X) + N (X, X, X,.,,)-
This implies

(L= 22)N(TX, %, X) < 2(k + 22)N(X, X, X, ) + N(X, X, X, ,,),

N (TX, TX, X) < 1_1 - {2(k + )N (X, %, X, ) + N (X, X, X, ;) }

If we take limit as N —> 0 and by using Lemma 4, then N(TX,TX, X) = 0. From second condition of

N — cone metric definition, TX = X. Therefore, X is a fixed pointof T in X.
Now, we must show uniqueness of fixed point. Suppose that y be another fixed point of T in X.
We have
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N(X, X, y) = N(Tx,Tx,Ty)
<KN(X, X, ¥) + AN(TX, TX, X) + N (X, X, y)
=KN(X, X, ¥) + AN (X, X, X) + uN (X, X, y)
= (k+ )N (%, %, ).
By using Remark 1, we get N(X, X, y) =0. Therefore X =Y.
If we take A= =0 in Theorem 1, then we obtain the usual Banach contraction principal in the

setting of a N — cone metric space.
Corollary 2.1.Let (X, N) be a complete N —cone metric space and P be a normal cone with

normal constant K >0. Assume that the self mapping T : X — X satisfying the following

contractive condition

N(Tx, Ty, Tz) <kN(x,y,z) forall x,y,ze X
where K € [0,1) is a constant. Then, T has a unique fixed point in X and for every X € X , iteration
of the sequence {T ”X} converges to the fixed point.
Corollary 2.2. Let (X, N) be a complete N —cone metric space, P be a normal cone with normal
constant K >0 and B (X,,C) = {Xe X 1 N(X X, Xy) << C} be an open N —ball for ceE
with 0<<C and X, € X. Assume that the self mapping T : X — X satisfying the following
contractive condition
N(Tx, Ty, Tz) <kN(x,y,z) forall X, y € B(X,,C)
where K € [O,l) is a constant. Then, T has a unique fixed point in B(X,,C).
Proof: Due to Corollary 1, we only must prove that B, (X,,C) is complete and Tx € B, (X,,C) for
all Xxe By (X,,C). Let {Xn} is a Cauchy sequence in By (X,,C). Since By (X,,C) = X, itis also a
Cauchy sequence in X. Since X is complete N —cone metric space, Mo\ is convergent, that is,
there existsa X € X such that X, — X as N —> oo, Then we get
N(X X, %) < N X, X, )+ N(X X X, )+ N(Xp, X, X,,)

=2N(X, X, X, )+ N(X,,X,,Xy)

<2N(X, X, X,)+C.
Since X, = X, we get N(X, X, X,) =0. Then, X € By (X,,C). Thus, By (X,,C) is complete.
Corollary 2.3. Let (X, N) be a complete N —cone metric space and P be a normal cone with

normal constant K >0. Assume that the self mapping T : X — X satisfying the following
contractive condition

N(T"x,T"y, T"z) <kN(x,y,z)forallx,y,z e X

where K € [O,l) is a constant and N is a positive integer. Then, T has a unique fixed point in X.
Proof: Due to Corollary 1, T" has a unique fixed point X. Since T"(TX) =T(T"X) =Tx, TX is also

a fixed point of T". Since the fixed point of T" is unique, TX = X. Then X is also a fixed point of T.
As the fixed point of T is also fixed point of T", T has a unique fixed point.

Example 2.1. Let E=R® P={(x,v,2): x,y,z>20}cE, X=R, axb=ab and
N : X*® — E is defined by
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N(xy.2)=a(x -2 +|y~2) plx~ 2| +[y -2} rx~2]+]y - ])

where a, 3, y are positive constants. Then (X, N) is a complete N —cone metric space. Define a

mapping T : X — X such that TX=3. Then, T satisfies the following condition given in

Theorem 1 as follows;
N(Tx, Ty, Tz) <KN(X, Y, z) + AN(TX,TX, y) + zN(X, X, 2), forall X, y,z € X
with constant k=1 and A= =0. Then, T has a unique fixed point 0 € X.
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