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1. INTRODUCTION

The notion of fuzzy sets was introduced by Zadeh [1]. Deng [2], Erceg [3]Kaleva and
Seikkala[4] and Kramosil and Michalek[5] have introduced the concept of fuzzy metric spaces in
different ways. George and Veeramani [6] modified the concept of fuzzy metric spaces introduced by
Kramosil and Michalek [5] in order to get the Hausdorff topology.

Grabiec [7] extended the fixed point theorems of Banach [8] and Edelstein [9] to fuzzy
metric spaces in the sense of Kramosil and Michalek[5] whose study is useful in the field of fixed
point theorems of contractive type maps. Since then Fang [10] proved some fixed point theorems in
fuzzy metric spaces, which improve, generalize and extend some main resultsof [8,9,11-13,14]. Sessa
[15] defined a generalization of commutativity, which called weak commutativity. Further Jungck[16]
introduced more generalized commutativty, so called compatibility. Following Grabiec [7], Kramosil
and Michalek[5] and Mishra et al. [17] obtained common fixed point theorems for compatible maps
and asymptotically commuting maps on fuzyy metric spaces which generalize, extend and fuzzify
several fixed point theorems for contractive-type maps on metric spaces and other spaces. Pathak et
al. [18] introduced the concept of compatible maps of type (P) in metric spaces, which is equivalent
to the concept of compatible maps under some conditions and proved common fixed point
theorems in metric spaces. Cho et al. [19] introduced the notion of compatible,maps of type () on
fuzzy metric spaces. Many authors have studied the fixed point theory in fuzzymetric spaces. The
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most interesting references are [7,10,11,12,17,20,21,22]. Recently, Sharma et al. [22] proved a
common fixed point theorem for six maps under the condition of compatible maps of type (f) on
fuzzy metric spaces.

In this paper, we prove common fixed point theorems for six maps using some conditions in
fuzzy metric spaces in the sense of George and Veremani [6], which turns out to be a material
generalization of the results of Kutukcu et al. [20]. We also give an example to illustrate our main
theorem.

2. PRELIMINARIES
Definition 2.1 ( [14] ). A binary operation *: [0,1] X [0,1] — [0,1] is a continuous t-norm if * satisfies
the following conditions; for all a, b, ¢, d € [0,1],
(1) ax1=aq,
(2) a*b=>b=*a,
(3) (axb)xc=ax(bxoc),
(4) a+b < c*dwhenevera < candb < d.
Basic triangular norms are as follows;

a *b = min{a, b} (mint-norm)
a*xb=a.b (productt-norm)
a*b =maks{a + b — 1,0} (Lukasiewicz t-norm)

There exists the following inequality between these triangular norms, from weak to strong;
maks{a +b — 1,0} < a.b < min{a, b}.
Example 2.2 a * b = min{a, b} is a t-norm for all a, b € [0,1].Really,
(1) a*1=min{a,1} = a.
(2) a*b = min{a, b} = min{b,a} = b *a.
(3) ax(b*c) =axmin{b,c} = min{a, min{b, C}} = min{a, b, c}
= min{min{a, b}, ¢}
= min{a * b, c}
=(ax*b)*c.
(4) Leta < bandc < dforalla,b,c,d € [0,1]. Then,

1. a<sb<c<d=axc=min{a,c} =a <b=min{b,d}=b*d.
a<d<c<b=axc=min{a,c}=a<d=min{b,d} =b*d.
a<c<b<d=axc=min{a,c} =a<b=min{b,d} =b *d.
c<a<b<d=axc=min{a,c} =c<b=min{b,d} =b *d.
c<a<d<b=axc=min{a,c} =c<b=min{b,d} =b *d.

6. c<d<a<b=ax*c=min{a,c}=c<d=min{b,d} =b=*d.
Definition 2.3 ( [6] ). A 3-tuple (X, M,*) is said to be a fuzzy metric space if X isan arbitrary set, * is a

vk wnN

continuous t-norm and M is a fuzzy set on X?x[0, ) satisfying the following conditions; for all
x,y,zZ € Xand t,s > 0,
(1) M(x,y,t) >0,
2) M(x,y,t) =1 =x=y,
(3) M(x,y,t) = M(y,x,0),
(4) M(x,y,t) *M(y,z,s) < M(x,z,t +5s),
(5) M(x,y,.):[0,0) — [0, 1]is continuous.
Example 2.4 Let (X, d) be a metric space and a * b = a.b forall a, b € [0, 1]. DefineM: X?x[0, ) —
[0, 1]by

My(x,y,t) = tTdoy)
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forallx,y € X and t > 0. Then (X, My,*) is a fuzzy metric space. This fuzzy metric space is called the
standart fuzzy metric space .
Example 2.5Let X = N*anda *b = a.b forall a, b € [0, 1]. Define M: X?x[0, ) — [0, 1] by

, x<y
M(x,y,t) =

RIRRIR

, y<x

for all x,y € X and t > 0. In this case,(X, M,*) is a fuzzy metric space. There exists no metric on
Xsatisfying M (x,y,t).
Lemma 2.6 ( [7] ). The mapping M(x, y,.) is nondecreasingfor all x,y € X,
Proof. We must show whent < s,M(x,y,t) < M(x,y,s) for all t,s > 0. Assume that M(x,y,s) >
M(x,y,t) fort > s.Then,
M(x,y,s) > M(x,y,t)
=2 Mx,y,s)*M©y,y,t—s)
> M(x,y,5)
Thus, we get a contradiction. Then M (x, y,.) is nondecreasing.
Lemma 2.7 ( [17], [19] ). Let {y,} be a sequence in an FM-space (X, M,*) with t =t >t for all
€ [0, 1]. If there is a number k € (0,1) such that
M(yn+2J yn+1,kt) = M(yn+1' Yns t)
forall t > 0 and n=1,2,3,.....then {y,, } is a Cauchy sequence in X.
Definition 2.8 ( [6] ). Let(X, M,*) be a fuzzy metric space. We define open ball B(x, r, t)with center
x € Xandradiusr,0 <r <1,as
B(x,r,t) ={y e X: M(x,y,t >1—r}

fort > 0.
Definition 2.9 ( [7] ). Let(X, M,*) be a fuzzy metric space.

(1) Asequence {x,}in X converges to a point x in Xiflim,_. M(x,,x,t)=1forall t> 0.

(2) A sequence {x,} in X is called a Cauchy sequence if lim,, o M (xp4p, Xy, t)=1 for all t > 0

andp > 0.

(3) A fuzzy metric space in which every Cauchy sequence is convergent is called complete.
3. COMPATIBLE MAPS OF TYPE ()
In this section, we give the concept of compatible maps of type (f) and some properties of these
maps in fuzzy metric spaces.
Definition 3.1 ( [17] ). Self maps A and B offuzzy metric space (X, M,*) are said to be compatible if
lim,_,., M(ABx,,BAx,,t) =1 for all t> Owhenever {x,} is a sequence in X such that
lim,, ., A x,=lim,,_,., B x,=z, for some z € X.
Definition 3.2 ( [19] ). Self maps A and B of fuzzy metric space (X, M,*) are said to be compatible of
type (B) if lim,_,., M(AAx,, BBx,,t) = 1 for all t>0 whenever {x, } is a sequence in X such that
lim,, o A x,=lim,,_,,, B x,,= z, for some z € X.
Proposition 3.3 ( [19] ). Let(X, M,*) be a fuzzy metric space with t*t >t for all t € [0,1] and A, B
be continuous maps from X into itself. Then A and Bare compatible if and only if they are
compatible of type (B).
Proof. Suppose that A and B are compatible and let {x,, } be sequence in X such that lim,,_,, A x,, =
lim,,_,, B x,, = z for some z € X. Since A and B are continuous, we have
lim,,_,,, AAx, =lim,_,., ABx, = Az,
lim,,_,,, BAx, =lim,_. BBx, = Bz.
Further, since A and B are compatible,
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lim M(AB x,,BAx,,t) =1

n—oo

forallt > 0. Now, since
M(AAx,, BBX,,t) = M(AAx,, ABx,,,7) * M(ABx,, BBX,,3),

t t t
M(AAx,,BBx,,t) = M (AAxn,Aan,E> * M (Aan,BAxn,Z) * M (BAxn,Ban,Z)

forallt > 0, it follows that
lim M(AAx, ,BBx,,t) > 1+x1x1>1%x1>1

n—-oo

which implies that
lim, ., M(AAx,,BBx,,t) = 1.
Therefore, A and B are compatible of type (8).
Conversely, suppose that A and B are compatible type (8) and let {x,,} be a sequence in X such that
lim,, e Ax, =lim, . B x, = z for some z € X. Since A and B are continuous, we have
lim, ., AAx, =lim, ., ABx, = Az,
lim, ., BAx, =lim,,_,, BBx, = Bz.
Further, since A and B are compatible of type (£), we have, forallt > 0,
lim M(AAx, ,BBx,,t) = 1.

n—oo

Thus, from the inequality
t t
M(ABx,, BAx,,t) = M(ABx,, AAx,, E) * M(AAx,, BAxn,E)

> M (ABx,, AAx,, ) « M (AAx,, BBx,,5) « M (BBx,, BAx,%),
it follows that
lim M(ABx, ,BAx,,t) > 1*x1%x1>1%x12>1

n—oo

forall t > 0, which implies that
lim M(AB x,, BAx,,t) = 1.

n—-00

Therefore, A and B are compatible. This completes the proof.
Proposition 3.4 ( [19] ). Let(X, M,*) be afuzzy metric space witht =t > t forall t € [0,1] and A, B be
maps from X into itself. If A and B is compatible of type (8) and Az = Bz for some z € X, then
ABz = BBz = BAz = AAz.
Proof. Suppose that {x, } is a sequence in X defined by x,, = z, forsomez € X andn = 1,2,3, ... and
Az = Bz. Then we have

lim Ax, = lim Bx, = Az.

n—oo n—oo

Since A and B be compatible of type (£), we have forall t > 0,
M(AAz,BBz,t) = lim M(AAx,,BBx,,t) =1

n-—-oo

So ABz = BBz = BAz = AAz. This completes the proof.
Proposition 3.5 ( [19] ). Let(X, M,*) be a fuzzy metric space with t*t >t for all t € [0,1] and A, B
be maps from X into itself. Let {x, } be a sequence in X such that lim,,_,,, Ax, =lim,_,., Bx,, = z for
some z € X.Then we have the followings:

(i) lim,,_,,, BBx,=Az if Ais continuous at z,

(ii) lim,,_,., AAx,=Bz if B is continuous at z,

(iii) ABz=BAz and Az= Bz if A and B are continuous at z.
Proof.(1 )Suppose that A is continuous at z. From lim,, ., Ax,, = z for some z € X, it follows that
lim,, ., AAx, = Az. Further since A and B are compatible of type (8), forallt > 0,

lim M( AAx,,BBx,,t) = 1.

n—oo

Thus, from the inequality
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t t
M(BBx,,Az,t) = M(Ban,AAxn,E) * M(AAx,, Az, E)

forallt > 0, it follows that

lim,_ ., M(BBx,,Az,t) >1*1>1.

Therefore, we have lim,,_,, BBx, = Az.

(2) The proof of lim,, ., AAx,, = Bz follows from the same proof lines of (1).

(3) Suppose that A and B are continuous at z. Since A is continuous at z, by (1), we have
lim,,_,.,, BBx, = Az. On the other hand, since lim,,_,,, Bx,, = z for some z € X and B is continuous
at z, lim,,_,, BBx,, = Bz. Therefore, by the uniqueness of the limit, we have Az = Bz and so, by
Proposition 2, it follows that ABz = BAz. This completes the proof.

Example 3.6. LetX = [0, o) with the metric d defined by d(x,y) = |x — y| and

M(x,y, t)=t+dtmfor allx,y € Xand t > 0. Clearly (X, M,*) is a fuzzy metric space where * is

defined by a * b = a.b. Define A,B: X - X by Ax = 1for x € [0,1], Ax =1+ x for x € (1, ©)and
Bx =1+ x forx € [1,), Bx = x for x € [1, ). Then both A and B are discontinuous at x = 1.
Consider the sequence {x,, }in X defined by x,, = %, n = 1,2,... Then, we have

lim,,_,., Ax,=lim,,_,, Bx,=1. Therefore A and B are compatible of type (f) but they are not
compatible.

Example 3.7. LetX = R with the metric d defined by d(x,y) = |x — y| and define

M(x,y,t)= :

t+d(x,y
bya b = a.b.Define A,B: X = Xby Ax =xi3, forx # 0, Ax = 1forx = 0 and Bx =xi2forx * 0,

)for allx,y € X and t>0.Clearly (X, M,*) is a fuzzy metric space where * is defined

Bx = 2 for x = 0. Then both A and B are discontinuous at x = 0.Consider the sequence {x,, } in X
defined by x, =n,n = 1,2, ... Then, we have lim,,_,,, Ax,=lim,,_,, Bx,=0. Therefore A and B are
compatible but they are not compatible of type ().
4, MAIN RESULTS
Theorem 4.1. Let (X, M,*) be a complete fuzzy metric space witht =t >t forallt € [0,1] and
A,B,P,S,T and Q be maps from X into itself such that
(1) P(ST)(X) U Q(AB)(X) < AB(ST)(X),
(2) There exists a constant k € (0,1) such that
M?(Px,Qy, kt) * [M(ABx, Px, kt)M(STy, Qy, kt)]+aM (STy, Qy, kt )M (ABx, Qy, 2kt) >
[pM(ABx, Px,t) + qM(ABx, STy, t)]M(ABx, Qy, 2kt)
forallx,yinXandt > 0Owhere0 <p,q<1,0<a<1,suchthatp+q—a =1,
(3) AB=BA,PB =BP,TQ = QT,ST =TS,AB(ST) = ST(AB),
(4) A,B,S and T are continuous,
(5) The pairs (P,AB) and (Q, ST) are compatible of type (8).
Then A, B, P,S,T and @ have unique common fixed point in X.
Proof.Let x( be an arbitrary point of X. By (1), we can construct a sequence {x,, } in X as follows;
P(8T)xz, = AB(ST)X2141,Q(AB)x2n 41 = AB(ST) X242
Now, let z,, = AB(ST)x,.Then, by (2), we have
M?(P(ST)X2,,Q(AB) Xy 41, kt) *
[M(AB(ST)x2, P, (ST)x2n k)M (ST (AB) X2 41, Q(AB)X3p 41, k)] +
aM(ST(AB)xzn11, Q(AB) X2y 41, kKO)M(AB(ST) X2, Q(ST) X2y, 2kt) =
[pM(AB(ST)x3,,, P(ST)x5,,t) +
gMABSTx2nSTABx2n+1,tM(ABSTx2n,JABx2n+1,24t)
and
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M?(AB(ST)X2n 11, AB(ST) X35 42, kt) *

[M (230, AB(ST)X 2541, K)M (2241, AB(ST) X242, k) ]+

aM(zzn 41, AB(ST)X2n 42, kOM (225, AB(ST) X242, 2kt) = [pM (235, AB(ST)X2741, 1) +
gMz2nz2n+1,tMz2nz2n+2,24t.

Then

M?(Zap 41, Zon+2, kt) * [M(220, Zan 41, KOM (2211, Zon 42, k)] +

aM(zan+1, Zan+2, kKOM (Zon, Zan12, 2kt) =

[PM (Z2n, Z2n 11, £) + qM (Z25, Zop 11, D IM (225, Z2p 42, 2kE)

and
M (22041, Zon+2, kt) * M(Zap 41, Zon 12, kt) * [M (224, Zop 41, kt) * M (22541, Zop 42, k)]
+ aM (Zyn 11, Zont2, KOM (221, 22y 42, 2kt)
> (p + QOM (220, Zan+1, M (22, Zon 42, 2Kkt).
So

M(Zyn41, Zon42, KEOM (220, Zon 12, 2kt) + aM (233, 41, Zon 2, KO M (221, Z2y 42, 2kt)
= (p + DM (220, Zon+1, M (221, Zo 12, 2Kk1).

Thus, it follows that
p+q

M(Z2n41, Zon 42, kt) = (1+—a) M(z2n, Z2n 41, t)

for0 < k <1and t > 0.Similary P(ST)x3,41 = AB(ST)X2,42, Q(AB)x2,42 = AB(ST)x,,,3and
z, = AB(ST)x,. We also have

M(zan42) Z2n+3, kt) = M(Zzn 41, Z2n 42, )
for0 < k < 1and t > 0.In general, form = 1,2,3, ..., we have

M(Zm+1' Zm+2 kt) = M(mezm+1' t)

for0 < k < 1and t > 0. Hence, by Lemma 2.7, {z, } is a Cauchy sequence in X. Since (X, M,*) is
complete, it converges to a point z in X. Since {P(ST)x;,} and {Q (AB)x;, 11} are subsequences of
{z,}, P(ST)x2,, » zand Q(AB)xy,,1 = Zasn — oo,
Lety,, = STx, and w,, = ABx,, forn=1,2,... Then, we have y,, = z,ABy,, = z,5Tw,,.1 = zand
Qwsy,41 — 2. Since the pairs (P, AB)and (Q, ST) are compatible of type (), we have
M(P Py,,,AB(AB)y;,,t) = 1 and M(Q Qwyy,41,ST(ST)Wy,41,t) = lasn — co. Moreover, by
the continuity of A, B and Proposition 3.5, we have
AB(P)y,, = ABz andP Py,, — ABz
asn — oo, Similary,
ST(Q) Wan41 = ST2veQ Qwynyq = STz
asn — oo.Now, taking x = y,, andy = Qwy, .1 in (2), we have
M?(Py2n, QWan 41, kt)[M(ABY2n, Pyan, kOM(ST(Q)W2n 1, QQWopn 41, kt)]+
aM (ST(Q)W2n+1, QQWop 11, k)M (ABY;pn, QQWop 41, 2kt) =

[pPM(ABy;, Pyon,t) + QM(ABY;,, ST(Q)Wop 11, ) IM(ABY;y,, QQWoyp 41, 2kt)
and

M?(z,STz, kt) * [M(z, z,kt) M (STz, STz, kt)|+aM (STz, STz, kt)M(z, STz, 2kt) = [pM(z, z,t) +
gMzST2tMz.85772kt.
Then, it follows that
M?(z,STz, kt )+ aM(z, STz, 2kt) = [p + qM(z, STz, t]|M(z,STz, 2kt).
Since M(x,y,.) is non-decreasing for all x, y in X, we have

M(z,8Tz,2kt)M(z,5Tz,t) + aM(z, STz, 2kt) = [p + qM(z,S5Tz,t)|M(z,STz, 2kt)
and

M(z,STz,t) + a = p+ qM(z,STz,t).
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Thus
M(z,8Tz,t) — qM(z,STz,t) > p —«a
M(z,STz,t)[1—ql=p—«a

p—a
M(z, STz, t) =2——=1
1-¢q

forallt > 0.So z = STz. Similary forx = y,, any = AB(Q)w;,,1 we have z = ABz.
Now, taking x = y,, and y = z in (2), we have
M2(Py3y,Qz, kt) * [M(ABYap, Py, kOYM(STz, Qz, kt)]
aM(STz,Qz, kt)M(ABy,,, Qz, 2kt)
= [pM(ABY2, PY2n,t) + qM(ABYy,y, STz, £)IM(ABY,y, Qz, 2kt)
and
M?(z,Qz kt) * [M(z,z, kt)M(z, Qz, kt)]+aM (z, Qz, kt)M (z, Qz, 2kt) = [pM(z,z,t) +
gMz,z,tMz,Qz,2kt.
Then
M?(z,Qz,kt ) * [M(z,Qz kt)|+aM(z, Qz, kt)M(z, Qz, 2kt) = [p + qIlM(z, Qz, 2kt).
So
M(z,Qz, kt)[M(z,Qz kt) * 1] + aM(z, Qz, kt)M(z, Qz, 2kt) = (p + q)M(z, Qz, 2kt)
and since M(x, y,.) is non-decreasing for all x,y in X, we have
M(z,Qz, 2kt)M(z,Qz, kt) + aM(z, Qz, kt)M(z, Qz, 2kt) = (p + q)M(z, Qz, 2kt).
Thus it follows that
M(z,Qz, kt)+aM(z,Qz, kt) > p+q
and
ptq

M kt)>—=1
(z,Qz, )_1+a

for0 < k <1land t > 0. Soz = Qz. Similaryforx = (P)y,,, ¥y = Z we have z = Pz.
Now, taking x = Bz and y = z in (2), we have
M?(P(B)z,Qz, kt)[M(AB(B)z,P(B)z kt) M (STz, Qz, kt)] +
aM(STz,Qz, kt)M(AB(B)z, Qz, 2kt) >
[pM(AB(B)z,P(B)z,t) + qM(AB(B)z,STz,t)|M(AB(B)z, Qz, 2kt)
and
M?(BPz,Qz, kt) * [M(Bz, BPz, kt)M(z, z, kt)]+aM (z, z, kt)M(Bz, z, 2kt) > [pM(Bz, BPz,t) +
gM Bz z,tMB 722kt
Then
M?(Bz, z, kt) * M(Bz, Bz, kt)+aM (Bz, z, 2kt) = [pM(Bz, BPz,t) + qM(Bz, z,t)|M(Bz, z, 2kt).
So
M?(Bz, z, kt }+aM (Bz, z, 2kt) > [p + qM(Bz, z,t)]M (Bz, z, 2kt)
and since M(x, y,.) is non-decreasing for all x, y in X, we have
M(Bz,z,2kt)M(Bz, z,t)aM (Bz, z, 2kt) = [p + qM(Bz,z,t)|M(Bz, z, 2kt).
Thus it follows that
M(Bz,z,t) + a = p+ qM(Bz,z,t)
and
M(Bz,z,t) —qM(Bz,z,t) 2p—«
M(Bz,z,t)[l—ql=2p—«a

p—a
M(Bz,z,kt) =2——=1
1-q
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forO<k <1 and allt > 0. So z = Bz.Similary forx = z,y =Tz we have z = Tz. Since ABz =
zand STz =z, we also have Az =2z and Sz = z. Therefore, z is a common fixed point of
AB,P,Q,Sand T.
Let v(v # z) be another common fixed point of 4,B,P,Q,S and T. Then using inequality (2), we
have
M?(Pz, Qu, kt) x [M(ABz, Pz, kt) M (STv, Qu, kt)] +
aM(STv, Qu, kt)M(ABz, Qv, 2kt) =
[pM(ABz, Pz, t) + qM(ABz,STv,t)|M(ABz, Qu, 2kt).
So
M?(z,v,kt) * [M(z, z, kt)M (v, v, kt)]+aM (v, v, kt )M (z, v, 2kt) =
[pM(z,z,t) + qM(z, v, t)|IM(z,v, 2kt)
M?(z,v,kt ) * M(z,v,2kt) = [p + qM(z, v, t)|M(z, v, 2kt)
and
M(z,v,t)M(z,v,2kt) + aM(z, v, 2kt) = [p + qM (z, v, t)|M(z, v, 2kt).
Thus, it follows that
M(z,v,2kt)[M(z,v,t) + a] = [p + qM(z,v,t)|M(z, v, 2kt)
M(z,v,t) —qM(z,v,t) =2 p —«a
M(z,v,t)[1—ql=p—«a
p—a
M(z,vt)=>=——=1
1-g¢q

forallt > 0.So z = v.Hence 4, B, P, S, T and Q have unique common fixed point.
If we put @ = 0 in Theorem 4.1, we have the following result:
Corollary 4.2.Let (X, M,*) be a complete fuzzy metric space with t*t >t for all ¢t € [0,1] and
A,B,P,S, T and Q be maps from X into itself such that the conditions (1), (3), (4) and (5) of the
Theorem 4.1 hold and there exists a constant k € (0,1) such that
M?(Px,Qy, kt) * [M(ABx, Px, kt)M(STy, Qy, kt)] >
[pM(ABx, Px,t) + qM(ABx, STy, t)]M(ABx, Qy, 2kt)
forall x,y in X and t > 0 where 0 <p,q <1 such that p+q = 1. Then A4,B,P,S,T and Q have
unique common fixed point in X.
If we put B =T = I (the identity map on X) in Theorem 4.1, we have the following result in Kiitlikci
etal. ([20]);
Corollary 4.2. Let (X, M,*) be a complete fuzzy metric space with t*t >t for all t € [0,1] and
A,B,P,S,T and Q be maps from X into itself such that
(1) PS(X) UQA(X) c AS(X)
(2) there exists a constant k € (0,1) such that
M?(Px,Qy, kt
) * [M(Ax, Px, kt)M(Sy, Qy, kt)]+aM (Sy, Qy, kt)M (Ax, Qy, 2kt) >
[pM (Ax, Px,t) + gM (Ax, Sy, t)IM (Ax, Qy, 2kt)
forallx,yinXandt >0where0<p,q<1,0<a<1lsuchthatp+qg—a=1,
(3) A,S are continuous and AS = SA4,
(4) the pairs (P, A) and (Q, S) are compatible of type (5).
Then A4, P, S and Q have unique common fixed point in X.
IfweputA=S,B=TandP = (QinTheorem 4.1, we have the following result:
Corollary 4.3. Let (X, M,*) be a complete fuzzy metric space with t xt >t for all t € [0,1] and 4, B
and P be maps from X into itself such that
(1) P(X) < AB(X),
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(2) there exists a constant k € (0,1) such that
M?(Px,Py, kt) x [M(ABx, Px, kt)M(ABy, Py, kt)|+aM (ABy, Py, kt)M (ABx, Py, 2kt) >
[pM(ABx, Px,t) + qM(ABx, ABy, t) M (ABx, Py, 2kt)
forallx,yinXandt > 0where0<p,q<1,0<a<1lsuchthatp+qg—a=1,

(3) AB = BA,

(4) A and B is continuous

(5) the pair (P, AB) is compatible of type ().
Then A, B and P have unique common fixed point in X.
The following example illustrates our main Threorem.
Example 4.4. Let X = {%n € N} U {0}with the metric d defined by d(x, y) = |x — y|and

t

t+d(x,y)
for all x,y € X andt > 0. Clearly,(X, M,*) is a complete fuzzy metric space where * is defined by
axb=a.b. Let A,B,P,S,T and Q be maps from X into itself defined as Ax = x,Bx = g,Px =

M(x,y,t) =

%,Sx = E,Tx = %,Qx = 0forallx € X. Then
1 1
P(ST)(X) U Q(AB)(X) = {m:n € N} u{0} c {60—n:n € N} U {0} = AB(ST)(X).
Clearly,AB = BA,PB = BP,TQ = QT,ST = TS,AB(ST) = ST(AB) and A,B,S,T are continuous.If
we take k = %and t =1, we see that the condition (2) of the main theorem is also satisfied.

Moreover, the maps P and AB are compatible of type (B) if lim,,_,. Px, =lim,_ ABx, = Ofor
0 € X. Similary, the maps Q and ST are also compatible of type (f). Thus all the conditions of main
of main theorem are satisfied and 0 is the unique common fixed point of 4, B, P, S, Tand Q.
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