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P ABSTRACT
4 ; . The present paper is based on the transformation theory of the basic Hyper
geometric series and its generalizations. We derive some identities of

- BOMSR - ) ]
5. L Rogers-Ramanujan type related to modulo 17 and 19 analytically as an
e application of some known transformations of basic Hyper geometric series.
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INTRODUCTION

The most famous of the “Series = product” Identities are:

For |g|<1,

0 qn2 0 1
z _ :H N#0,£2(mod5)

n bl

n=+n [e¢)

=] ——,n#0,£1(mod5)
ngo(q:q)n gl—q”

where(q;Q)n =(1—Q) (1_q2)”(1_qn )'

which are known as the celebrated original Rogers-Ramanujan Identity. These two identities have

motivated extensive research over the past hundred years. There are two aspects of these identities:
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One analytical aspect and the other is combinatorial aspect. In this paper we study only the analytical
aspect.

Definitions: For |q|<1, the g-shifted factorial is defined by
(@;q)0 =1
(@ @)n = [Tk=5(1 — ag), for n21

and (& Q) = [T5=1(1 — aq”).

(49
(aq™q) o

It follows that  (a; @), =

The multiple g-shifted factorial is defined by

(ag,8,8m: ), =(a1;9),(@2:0), - (am: ),
(ag,82,-81m30),, =(2150),,(82:0).-- a3 0).,.

The Basic Hyper geometric Series is
n(n-1)r
(al’az’ ------- ’ap+1iq;X] B i (a1:9), (@:0), ----(ap+1;Q)n x"(-1)"q 2
PP _n=0 (QJQ)n(b1:Q)n (bz;Q)n ----- ( bp+r;q)n (1.1)

The series lo+1(|)|OJrr converges for all positive integers r and for all x. For r=0 it converges only when
[x|<1.
We also define the infinite product as

H(al; as, ... ariQ)_Ho'o (1-a10")(1-a,¢/)(1-asq!)...(1-arq))
by, by, ... by )T UZ0(1-b,¢))(1-bq))(1-b3q))...(1~bra))

Further, the well-poised series

a ,q\/a,—q\/a,bl,b2 ....... ,b,i0;z
p-aPpe2 a,—\/a,ﬂ,ﬂ, ....... ,ﬂ
va, b, b, b,

is generally abbreviated as

W

p+3" " p+2

The g-analogue of Saalchiitz Theorem is

; aq) (aq
e, f.qg"q ec) lof

o a — || = (1.2)
c J.\cef )

We require the following Jacobi’s Triple Product Identity (see [5],2.2.10, 2.2.11)
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2
(2q'2,27q"/2,q; @)oo= Tip_oo(—1)" 2"q" /2, and its corollary

(2k+1)n(n+1) (2k+1)n(n+1)

Yn=-w(—1D"q 2 s Yn=o(—D"q i, 1- q(2n+1)i)
_ Hff:o(l _ q(2k+1)(n+1)) (1 _ q(2k+1)n+i)(1 _ q(2k+1)(n+1)—i) (2.3)

Bailey Lemma: The following lemma is due to Bailey:

If Lis a non-negative integer, then

(@ La) jG+D

2_ i(—a)) 2 2_ .
(aq; Qoo Xn=0a™q™ Ln_‘gn=2§=0 g;:;;jq YO artgni Ty g

(4973

n —- (F f of this | 2],2.1
k=0 G @t Dok (For proof of this lemma, see [2], 2.15)

where 8, =

We begin by introducing the following transformations:

2 9 anZ a2q2 a2q2

2
a )
(a'bx—xy—y zq_aq)]'[ Ty v !
10W9 y Uy Ay » ) Z, 'bx y 2,2 q a q a2q2 a2q2
x2 ' y2 ’ g2’ x2y272
4 4
-aq —aq? 2,2 294 .
;y ZZ; ) F qz;qz x’y ’Z’ 2+24,2,2 ’q
D b b + bex“y<z
574 x2y222 a? q _ 2 a2q2 a2q2 a2q2 x2y222
az ' p2’ aq, aq x2 ' y2 ’ g2’ azq?
a —a3¢3 azqz.
1_[ q’ x2y222’ xZZ2’ q
° ﬂ _a3q3
b’ bx2y2z2
a?q? a?q® a?q? —a3¢3 —a3q* 2.
x2y2 ’ X2Z2 ’ yZZZ ’ beyZZZ ) bx y ZZ ’ q q
2 4 4,4 — 343 _ (2'1)
q) a“q a*q a’q a3 q
5y x2y272° h2x2y272” x2y272’ x2y272
Proof of (2.1): (See [3], Transformation (3.1), page 12]
—an3
) (@%a%)n+2r 54 n+3r @303 n+ar( (Zq 5a*)ar q2n+8rgér(r-p+1)+2n-2pn
r=0 n=0 2,46 . n+3r
(@%4%)7(a%a)n(-aa%a%)2r (€202 2n4er (53505 r ()
a2q2 a2q2
- x y 4 p (@ ?Piq?)jq¥
a2q? a’q® J=0(q%4);Cza%))
xy
yo (x:q2)3n+j(y:q2)3n+1(a a*)n(1- aqﬁ“)(b q3)na9”q3“(3”‘2p+2) (2.2)
. n=0 .
(a%q 2)3n(— qz)sn(Tq3)nb”(xy)3”
Proof of (2.2): Replacing g by g3 and then settingx = ¢7",y = ¢~ = g% ™in (2.1), we get
n/3 6r 337 9r
Z (aq)(l—aq )(b;q*)a
. . 2420 42 2. 42
r=0 (q3: q3)r(1 - a)(T' q3)r(a q=:q )n+3r(q 7 q )n—?.rbr
_ 1 n/3 (a%q%)n- r(__q ) a®fq or? (2 3)
- 2. 2 . .
(@%4%)z2n ® @514 (-aa3:a%)2r & o 49 (@54 nsr
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Now, in Bailey Transformation [9], setting

2
1 1 (@:9%)s(1-aq%%) (b;q%)5a%5 ¢
U = Ve = a =« =0,a3. =

s (qz;qz)s' s (azqz;qz)s' 3s+1 3s+2 1738 (q3;q3)s(1_a)(¥;q3)s

5 = (x;9%)s(v; 2)5 and evaluating < 8, >, < ¥, > by (2.3) and the formula [4]
e
~y 7 ] bJ CI q' q
a,b;q;ﬂ)_ a'b’q a
2¢1 ( . ab =[] 0L 302 ﬂ,o (2.4)
ab e
(where either a, b or c is of the form g ~P. In case only c of the form g Pthen (2.4) is valid only if

ec
lEK 1), we get (2.2)

3. Identities related to modulo 19:

Taking b, x, y = oo in the transformation (2.1) and then replacing q by q1/3, it reduces to

2n2 2_2,, _
2 2/ . 2/ . . (azzqz)n+2ra2n+3rq(3n +4nr+8r<—Znp - 2rp)
(@%q7/3;9773 )00 Xiko =07 5 52—z %
(a%4%)r(q 73;q9 /3)n(a%4q /3 )2n+er (—Aq:q) 2y

=Zp (q—Zp/s;q2/3)j(_1)ja2jqj(j+1)/3 - (a;q)n(l_aqzn)(_l)nagnq%nZ_g+4nj—2np (3.1)
(q2/3;q2/3)j Fem=0 (@@n(1-a) '

Now setting a = 1,p = 0, 1 in (3.1) we obtain the following identities-
(q2/3 ;q2/3 oo (§n2+4nr+8r2)

Zoo Zoo @354 ns2r-1 4
=04n=0
(D oo T

@%a2)r@”3:0°3)n(@”3a"3 ) anser—1 (~TD2r

19n2-n

In=o(—D" (1 +qM)q 2z

2_n

(q q)

19Tl

Yn=-o(=1)" q

(q q)

=[5, —— (1 ,n %£0,9,10 (mod 19) (3.2)

ny’
and

@73;0°3)e ZZ (@5 @D maarog qG" HHTHETImgn=2D)
@G De & (% 62),0735:073)0@73 473 ) 2mser—1 (=@ Dar

19n2-5n 19n243n

(qq) r=—(—1)" (1+q”)q 2 4 Ypm_u(D"(A+qMq 2 ]

19n”-5n 2-sn 19n2—3n
(q Q) Dr=-(—D"q 2 +¥7_o(—D"q ]
[e9) 1 o) 1
= Hn=1m + Hn=1m (3.3)
wheren % 0,7,12 (mod 19), n # 0,8,11 (mod 19)
Again, setting a = q, p =0, 1in (3.1) we get,
(q8/3 ; q2/3 )m(l _ Q)i 2‘0: (CI q )n+2r q( n?+4nr+8r2+2n+8r)
CHPS

L (g2;:42),(0735073)0(0% 073 ) anser (=42 Do
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2

0" (1 — 2n+1 19n2+17n
- e T D" ( a c o
19n2+17n w 19n2+17n
e DX CE DL B D XSGR L
197’1. +17n
T @ q) Ln=-eo(—1)" q
‘Hn 17— (1 my ,n #0,1,18 (mod 19) (3.4)
and,
@73;4°3)0 (1~ @) Z Z (0% @Dy g O HIOD)
(4 Do S (0% 000 35073)n(0% 07 2nser (0% D2y
n 2n+1 19n2+13n o n S 19n24+21n+4
e D DU VR RS Y CE DL C B U
19n2+13n - 19n2+17n
(q q) [ZTL——OO( 1)n - q Zn=—00(_1)n q 2 ]
=Ml = - M = 35
~1ln=1 (1—q™) q. n=1(1_qn) ( . )
wheren % 0,3,16 (mod 19), n # 0,1,18 (mod 19)

Also, using (3.4) in (3.5), we get another identity viz,

(q"/a:qz/3)oo(1—q)zoo yo (@50 sy (Lt @Y gGrP +anrrarignsen)
(CHPS TE0AM=0 - (42,02),@73 5073 )n(@%0 7 ) amesr (4% 2r
. 1
=Il5=1 7= ™ #0,3,16 (mod 19) (3.6)

4. Identities related to modulo 17:

Taking x,y = oo, b = 0in the transformation (2.2) and then replacing g by q1/3, it reduces to

2n+8r q(%n2 +ANT+9r2— %np - 27Dp)

2 2/ . 2/ %) %) (aziqz)n+2r a
a 3! 3 [00] = =
(@% 733G 73 )0 Loy 2m 0 (42:02)0(a”3 3073 )1n(@2%0"/3 Yanser (~ad;@)2r

-2 . 17 n .
_ZP « p/3;q2/3)j(—1)1a21q1(1+1)/3 - (a;q)n(l_ann)(_l)naSnanZ_3+4n]—2np
REET ) Fem=0 (@Dn(1-a)

(4.1)

Settinga =1, p =0, 1, 2 in (4.1) we obtain the following identities-

n +4nr+9r2)

(q2/3;q2/3 oo {00 © (@%a)n42r-1 (1" q (3
Y 0 Xn=
(@D o T=04m=0 (42,:2),(a7/3 3073 )n(@/3:0° 3 Y ams6ro1 (~TD2r

1771 —n

=(qq) In=o(—D" (1 +q™q 2z

17n2 -n

= 2n=—(—1D"q

(g; q)

0 1
=[In=1 e

70 %0,8,9(mod 17) (4.2)
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(q2/3 ;q2/3 )oo

Zn2anrror2— 2
200 200 @59 ns2r-1 (—1)Tq(3n Tt gm2r)
(CHI r=0£m=0

@%a2)r(a/3:073)n@"/3:0"3 ) anser—1 (~GD2r

17n2-5n 17n2+3n

- (DT (L4 qMg T B (DT (1 +qg E ]

2

17n2-5n - 17n%2-3n
T @ q) DD q 2 +X5_(=D" q
o 1 o 1
=M g ' D) (43)
wheren £ 0,6,11 (mod 17), n % 0,7,10 (mod 17)

and

2 2 2_4n_
(q /3iq /3 )oo Zoo 200 @%54Hnt2r-1 (1" q (3n HARTHOTTm AT
r=04n=0

(@D @%a2)ra”3:0°3)n@”30°3 ) anrer—1 (~TD2r

17n%-9n -2 17n2-n
(qq) Da=o(-D™* (1 +qg™Mq 2z  +(1+q3) Zpo(-D" (1 +q™)q

17n2+7n

+ =D (T +qgMq 2 ]

17n%-9n 17n2

s LSRN T+ (14) (-1

17n2-7n

+in=-o(=D"q 2 ]

o 1 i o 1 w 1
- Hn=1 m + (1+q 3 ) . Hn=1 (1-q™) + Hn:l (1—-q™) (44)
wheren % 0,4,13 (mod 17), n #0,8,9 (mod 17), n#0,5,12 (mod 17)

Also, Settinga = q, p = 0,1 in (4.1) we obtain the following identities-

(q /3 > /3 )OO Z Z (qZ; qz)n+2r—1 (_1)r q(§n2+4nr+9r2+2n+8r)
2 2 2 2
(@ @) r=0n= o(qziqz)r(q /3FCI /3 )n(q /3;61 /3 Yon+er+2 (@ Qz2r+1

2 1 17n24+15n
e R CE U C G P
n 17n2+ 151
wo(—1
(qq) Yn=-w(—1"q
=1‘[;‘;’=1ﬁ ,n %0, 1,16 (mod 17) (4.5)
and,
(a s q */3 )oo( §)<1_q%>(1_q2) r ( n +4nr+9r2+—n+6r)
Zoo OZOO 0 (@%9H)n42r—1 (17 q3 3
(@D " " @%a5)+(a /3:‘1 “/3 )n(q /3:‘1 “/3 J2n+er+2 (“4D2r+1
17n2+ 11n 17n2-11n 17n%+ 15n+2
(q q) [Zn O( 1)n R +Zn 0( 1)n _Zn 0( 1)n

- 17n2 - 15n+2
Zn=0(_1)n q 2 ]

which implies
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RN ZZ (4% 4)nszr1 (1) g HmEoren)
2 2 2 2
(@G Do 4 (q%¢2),(073:073)0@ 73073 ) anversz (@ Daria

17n2+11n - 17n2+15n
(q q) [Zn——oo( 1)71 2z = qg. Zn=—oo(_1)n q 2 ]
0 1 0 1
= Hn=1m - q. Hn:1m (4.6)
wheren % 0, 3,14 (mod 17) n#0,1,16 (mod 17)

Now, using (4.5) in (4.6), we get,

(q /3 3 q /3) Z Z (q ;1 q )Tl+27‘ 1( 1)7‘(1 + E +21"+1) q(Zn2+4nT+9r2+fn+6T)
@D S (g%62),:73:073)0@"3 072 ) amsorsz (=@ Dzrsn
= [l o/ 1 % 0,3,14 (mod 17) (4.7)
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