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ABSTRACT
In this paper we use the direct method to proved two the generalized qua-
dratic functional inequalities with 2k-variables and their Hyers-Ulam-

Rassias stability. First are investigated in Banach spaces and the last are
i investigated in non-Archimedean Banach spaces. We will show that the

_ | solutions of the inequalities are quadratic map- pings. These are the main

results of this paper.
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Let X; and X, be a normed spaces on the same field K, and F : X; = X,. We use the notation
||| for all the norm on both X; and X,. In this paper, we investisgate some quadratic functional
inequality when X; and X, is a Banach spaces or X; is a non-Archimedean normed space and X, is a
non-Archimedean Banach space.

In fact, when X; and X, is Banach spaces we solve and prove the Hyers-Ulam-Rassias type
stability of forllowing quadratic functional inequality.
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and when X; is a non-Archimedean normed space and X, is a non-Archimedean Banach spaces we
solve and prove the Hyers-Ulam stability of forllowing quadratic functional inequality.

1 < 1 < 1 ‘ 1 & 2 -
F FZX;H_J'-FEZXJ' +F ﬁzxki-j_ﬁzx] —EZF(xkﬂ) ZF(X])
j=1 j=1 j=1 j=1 Jj=1 Jj=1 X,
k k k k
1 1
< ||F Ez:xk+]+2xj +F szk”_zxj —22F<x@)
j=1 j=1 j=1 j=1 J=1 *
k
-2 F(x) (12)
j=1 X,

The study of the functional equation stability originated from a question of S.M. Ulam [22], concerning
the stability of group homomorphisms. Let (G,*) be a group and let (G', 0, d) be a metric group with
metric d( e,) . Gevene > 0, does there existad > 0suchthatif f : G — G’ satisfies

d(f(x *y), f(x)o f()) < &

forallx,y € G thenthereisahomomorphismh: G — G with

d(f(), f(x) <e

for all x € G?, if the answer, is affirmative, we would say that equation of homomophism
h(x *y) = h(y)o h(y)) is stable. The concept of stability for a functional equation arises when we
replace functional equation by an inequality which acts as a perturbation of the equation. Thus the
stability question of functional equations is that how do the solutions of the inequality differ from
those of the given function equation?

The stability of quadratic functional equation was proved by Skof [21] for mappings f : E; = E,
where E; is a normed space and E; is a Banach space . Cholewa [5] noticed that the theorem of Skof
is still true if the relevant domain E; is replaced by an Abelian group. The functional equation:

fa+y+fE+y)-2f(x) = 2f )
is called the quadratic functional equation.

The functional equation:

FEY) + 7 (5 57 0 -37 0 =0
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is called a Jensen type the quadratic functional equation. The first work on the stability problem for
functional equations in non-Archimedean spaces was started by Moslehian and Rassias [16].
Moslehian and Sadeghi [15] investigated the stability of cubi functional equations in non-Archimedean
normed space.

In [10] Gila’ny showed that is if satisfies the functional inequality
12f () + 2 (¥) = fGey DI < If Gl
Then f satisfies the Jordan-von Neumann functional equation
2f() +2f () = flxy™) (1.3)

Seen [20]. Gilanyi [11] and Fechner [8] proved the Hyers-Ulam-Rassia stability of the functional
inequality.

Choonkil Park [18] obtained the solutions of the quadratic functional inequality. Recently, in [2, 14,
18] the authors studied the Hyers-Ulam-Rassia stability for the following functional inequalities in
Banach space and non-Archimedean Banach space:

IfGx+y)+ fx+y) =2f(x) = 2f W)l

<52+ r D) -5r0-370) a9
and
P+ 7 (5 -Lroo-bro
Slfx+y)+fxe—y)=2f(x) = 2f W)l (1.5)
Next
2 1 (52 ()
G +3) 1 -7 ()
-f @ (1.6)
And
r(7+2) + 1 (=91 () s @
(72 + s (5792 ()
—2f (2) (1.7)

In this paper, we solve and proved the Hyers-Ulam-Rassias type stability for two quadratic functional
inequalities (1.1)-(1.2), ie the quadratic functional inequalities with 2k — variables . Under suitable
assumptions on spaces X; and X,, we will prove that the mappings satisfying the quadratic functional
inequatilies (1.1) or (1.2). Thus, the results in this paper are generalization of those in [2, 14, 18] for
functional inequatilies with 2k — variables.

The paper is organized as followns:

In section preliminaries we remind some basic notations in [6, 14] such as We only redefine the
solution definition of the quadratic equation function.
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Section 3: is devoted to prove the Hyers-Ulam stability of the quadratic functional in equalities (1.1)
when we assume that X; and X, is a Banach spaces.

Section 4: is devoted to prove the Hyers-Ulam stability of the quadratic functional inequalities (1.2)
when X; is a non-Archimedean normed space and X, is a non-Archimedean Banach space.

2. PRELIMINARIES

2.1. non-Archimedean normed spaces. In this subsection we recall some basic notations from [14, 18]
such as non-Archimedean fields, non-Archimedean normed spaces and non-Archimedean Banach
spaces.

A valuation is a function |. | from a field K into [0, o) such that 0 is the unique element having the O
valuation,

lrl=0er=0,
|rs| = |r||s|,Vr,s € K
and the triangle inequality holds, ie;
lr+s| <|r|+]|s|,vr,s €K

A field K is called a valued filed if IK carries a valuation. The usual absolute values of R are examples
of valuation. Let us consider a valuation which satisfies a stronger condition than the triangle
inaquality. If the tri triangle inequality is replaced by

|[r + s| < max{|r| + |s|}Vr,s € K

then the function |. | is called a norm -Archimedean valuational, and filed. Clearly |1| =|—1|= 1 and |n|
<1,,Vn € N . Atrivial expamle of a non- Archimedean valuation is the function |.| talking everything
except for 0 into 1 and |0| = O this paper, we assume that the base field is a non- Archimedean
filed, |2| # 1 hence call it simply a filed.

Definition 2.1. Let be a vecter space over a filed K with a non -Archimedean |.|. A function ||e]| : X >
[0, =) is said a non -Archimedean norm if it satisfies the follwing conditions:

(D) |llx|]l = 0if and only if x = 0;

@) lrxll = Ir| x|l (r € K, x € X);

(3) llx + yll < max{|lx]|, llyll}x, y, € X hold
Then (X, ||+|]) is called a norm -Archimedean norm space.

Definition 2.2. Let, {x,,}, be a sequence in a non --Archimedean normed space X is a Cauchy sequence
if and only if {x, %, } = 0

Definition 2.3. . Let, {x,}, be a sequence in a norm--Archimedean normed space X

1. Asequence, {X,}n=1in a non -Archimedean space is a Cauchy sequence if the, {x,;1 —
Xn Imeq CONverges to zero.

2. The sequence {x,}, is said to be convergent if, for any € > 0, there are a positive integer N
and x € X such that

[[x, —x|]| <€EVR =N,
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forallm,m > N. Then the point x € X is called the limit of sequence x,,, which is denoted
by lim,, . x, = x.

3. If every sequence Cauchy in X converges, then the norm -Archimedean normed space X is
called a norm -Archimedean Branch space.

2.2. Solutions of the inequalities. The functional equation

fO+y+fx—y)=2fx)+ 2f ()

is called the quadratic equation. In particular, every solution of the quadratic equation is said to be an
quadratic mapping.

3. QUADRATIC FUNCTIONAL INEQUALITY IN BANACH SPACE

Now, we first study the solutions o f (1.1). Note that for this inequalitie, X; and X, is Banach spaces.
Under this setting, we can show that the mapping satisfying (1.1) is quadratic. These results are give
in the following.

Lemma 3.1. A mapping F : X; — X, satilies

1 k 1 k k k
szk+1 +ZX] EZX]H_J'—ZX]' ZZF(XIHJ)—ZZF(XJ)
j=1 j=1 ]:1 ]:1 J:l
k k k k k
1 1 1 1 2
<Pl e+ 2 |+ F 2w = 2 | =3 2, F ()
j=1 j=1 j=1 j=1 Jj=1 k
2 k
- F(x)) (3.1)
=1 %

forallxj; xx,j € X, forallj = 1 - kif andonly F : X; - X; is quadratic.
Proof: Assume that F : X; = X, satisfies (3.1)
Letting x; = xi4j = 0,j =1 - kin,we get
(I12k = 1] = DIIF(0)]lx, <0
SoF(0) = 0.
Letting x4 j =0and x; = x forallj =1 - kin (3.1), we get

If (kx) = kf ()llx, < 0 (3.2)

and so f (kx) = kf(x)orall x € X;.
Thus

fE)=2f@ (3.3)

forallx € X; It follows from (3.1) and (3.3) that:
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K K K k
1 1
E xk+]+2x] +f szkﬂ Zx] 22f<xﬂ)—22f(xj)
j=1 j=1 j=1 j=1 j=1 k Jj=1 X,
K k
1 1 1 2
o Zxk+, ;Z S RETEDRD EPRICH
=1 j=1 =1 =1 =1 ,
&
;Zf(xj)
: 2
k K k K K
1 1 1
% f szk+1+zx] +f szk+1 ij _22f<xk;1)
j=1 j=1 j=1 j=1 Jj=1
K
-2 f(x) (34)
=1 X
and so

IIMP»:‘

k k k k k
1 1
Pl me+ 2w |+ g Qe = 2w | = ("w>‘zzf("f)
=1 =1 =1 “ =1
forallx;; xx4; € Xy forallj = 1 - k.Hence F : X; - X; is quadratic.
The coverse is obviously true.

Theorem 3.2.Let ¢ : X?¥ — [0;)be a function and let X; — X, be mapping such that

[oe]

X1 X2 Xk Xp+1 Xg+2 X2k
@ (X1, X2, e o Xje) X4 1) Xk 425 ....xzk)=2khp (kf T T’ R F)< (3.5)
j=1
1 k k k k
F Zxkﬂ +Zx] EZX]H_J'—ZX]' —22F<XR+])—ZZF(XJ)
j=1 j=1 j=1 j=1 X,
k k k k k
1 1 1 1 2
<|Fl 2wt 0 | +F ﬁwa—;Zx] _EZF("%>
j=1 j=1 j=1 j=1 Jj=1
k
% F(x))
j=1 X,
+o (xl,xz, v Xpey X 1r Xl 429 -e - X2k ) (3.6)

forallx;; xi4j € X, forallj = 1 - k. Then there exists a unique quadratic mapping Q : X; —
X,such that,

1
|1F(x) — Q()llx, < 4 (x,%,...x,0,0 ...... ,0) (3.7)
forallx € X;

Proof. Letting x; = xy4; = 0forallj = 1 - kin(3.6),
we get
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(I12k =11 = DIIF(0)llx, < 0 (3:8)
So
F(0)=0
Letting xyj = 0, x; = x forallj = 1 - kin(3.6), we get
1
|F(kx) — kF(x)lx, < p Y (x,x,..x,0,0.... ,0) 3.9
X 1
|F @ - kF(E)” <+ ¥ @/, x/k, . x/k,00.......,0)
Hence
x
e G - e G,
m-—
. x
] ]+1
<3 () - ()],
J=1 2
< 1 1 X 1
<2 ZH:I w(k] o250, ..0) (3.10)
]:

for all nonnegative, integers m, and | withm > [ and all x € X;.

sequence {k"F (:—n)} is a cauchy sequence for all x € Xj.

It follows from (3.10) that the
Since X, is complete space, the sequence

X . .
{k"F (k_”)} coverges. So one can define the mapping Q : X; — X, by

Q (x) =

lim kF ()

forallx € X;.Moreover, letting | = 0 and passing the limitm ! 1in (3.10), we get (3.7).

for all x € X;. Moreover, lettingl =
Now, It follows from (3.5) and (3.6) that

in ij e
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k 1 k 1 k ) k
< pim KENF Zka-:k—anf +F Zka;k—z —EZF(xkztf;)
j=1 j=1 j=1 j=1 j=1
) k
. X1 X2 Xk Xk+1 Xk+2 X2k
_z . n 122 Zk 22k
kZF(xk,_n) + Agr(}ok w(kf’kf’"”'kf’ PR ,.....k].)
j=1
X2
k 1 k k 1 k )
_ Xk+j k+j
=|IF Z 2 +;Z Z TRl ‘;ZF("%)
]:1 j=1 = = j=1
k
2
—EZF(xj) (3.11)
j=1 %,
forallx;; xx.j € Xy, forall j 1-k
So
k k k k k k
Q Zxk+,+2x] +Q ZXk+]'_Zx]' —ZZQ<Xk+1)—ZZQ(X])
— —_— k - —_— —
j=1 j=1 j=1 j=1 j= j=1 X,
e e 1% Yy 1w 2
k+j k+j
<ol 2+ 2w |+ o Z AP ‘;ZQ("%)
Jj=1 Jj=1 Jj=1 Jj=1 Jj=1
k
2
—EZQ(xj) (3.12)
Jj=1 X,

forallx;; xx4; € Xy, forallj = 1 — k. By Lemma (3.1), the mapping Q@ : X; — X, is quadratic.
Next, suppose that T : X; = X, be another quadratic mapping satisfying (3.7). Then we have

loe) =7 @l = & [|e () -7 (F)]
<ie(le () -F @I+ 76 -7 @)

sk”<%<p(;—n,;—nw---'%’0'°~- 0)+kin (%%%000))

2 X X
:knE (p(k—n,k—n, kn,O o,. 0)
X X
Sk".(p(ﬁ,k—n,... kn,o 0,.....,0) (3.13)

which tendstozeroasn — ooforallx € X;.Sowe canconcludethatQ (x) = T(x)forallx € X;.
This proves the uniqueness of Q. Thus the mapping Q : X; = X, is a unique quadratic mapping
satisfying (3.7).

Corollary 3.3.Letr > 1and 8 be nonnegative real numbers and

F: X, = X, be a mapping satisfying

k k k k
1 1
(1 Son e (3323 e ) 23 e

j=1 j=1 j=1
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k k
2
Z (Xk+]) EZ F(x])
j=1 %,
k k
+ 0 Yl + ) el (3.14)
j=1 j=1

for all x;; xx4; € Xy, forall j = 1 - k. Then there exists a unique quadratic mapping Q : X; =
X, such that

|

~
=

N
g
=

z

+
| =
g
&
+
!
N
g
=

z

[
&=
M=
=
wIN

IF(x) +Q (Dllx, < Ml 3.15)

S o
forallx € X;

Theorem 3.4. Let ' : X2* — [0; ) be a function and let F : X; - X,be mapping such that

X1y X wee v Xher Xi+ 10 Xpe+25 w20 o X2k
o 1 o S . .
=Zﬁlp(k1x1,k1x2 ...... ke ] X, K Xz o K X) < 00 (3.16)
k k k k k k
1 1
Pl s+ 2o |+ F g 2w = 2 | =2 ) F(xear) =2 F(o)
j=1 j=1 j=1 j=1 j=1 j=1 X,
k k k k
1 1 2 2
=|IF kszkﬂ kaf Flaz 2w =g 2 | =5 2 F () =3 D Fe)
j=1 j=1 j=1 j=1 X,
+ ll)(ijl,ijz ...... k]xk,k]xk+1,k]xk+2, ...... ijzk) 317)

forallallx;; x;.; € Xy, forallj = 1 - k. Then there exists a unique additive mapping Q : X; —
X, such that,

IF(x) +Q ()llx, < 11,[) (%, %, . ... x,0,0 .....,0) (3.18)
forallx € X;
Proof. Lettingx; = x4 ; = 0forallj = 1 - kin(3.17), we get
(12k = 1] = DIIF(0)]lx, (3.19)
So,
F(0)=0
Letting x4 ; = 0,x; = xforallj = 1 - kin(3.17), we get
|F(kx) + KF(X)lx, < %1/) (x,x%,.......x,0,0 .....,0) (3.20)

Thus

1
< Elp (x,x,.c....x,0,0 .....,0)
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Hence

F(klx) + F(kmx)

i

m-—1

X2

j _ j+1
e - gsrcssn|
Jj=1 X5

w|»—\

m
z k]+11/)(k1x kix..... k'x,0,0, ......0) (3.21)
for all nonnegative integers m and [ with m > [ and all x € X;. It follows from (3.21) that the
sequence {kinF(k”x)} is a cauchy sequence for all x € X;. SinceX,is complete
1 n
space, the sequence{k—nF(k x)}coverges.
So one can define the mappingQ : X; — X,by
o— l 1 kn
Q(x) = lim - f (k™)
forallx € X. Moreover, lettingl = 0 and passing the limitm — oo in (3.21), we get (3.18).

We use the similar manner to the proof of Theorem 3.2 for the rest of the proof.

Corollary 3.5. Letr < 1 and @ be nonnegative real numbers and F : X; — X, be a mapping satisfying

1 k k 1 k k k k
F szk_”‘}'zx]' EZX]H_J Zx] —ZZF(XE)—ZZF(XJ)
— o — — k —
j=1 j=1 j=1 Jj=1 Jj=1 X,
k k k
1 1 1 1 2 2
Pz Qv + EZ k—wa 25 |~ E L F () ‘;Z“"f')

j=1

k k
£ 0( Dl + ) el (3.22)
j=1 j=1

forall x;; xx4; € Xy, forallj = 1 - k. Then there exists a unique additive mapping @ : X; - X,
such that,

IA

IF() +Q ()llx, < [l (3.23)

“k—k"
forallx € X;

4. QUADRATIC FUNCTIONAL INEQUALITY IN NON-ARCHIMEDEAN BANACH SPACE

Now, we study the solutions of (1.2). Note that for these inequalitie, X; is a non-Archimedean normed
space and X, is a non-Archimedean Banach spaces. Under this setting, we can show that the mapping
satisfying (1.2) is quadratic. These results are give in the following. Assume that where k is a fixed
positive integer with intiger with |k| #= 1.

Lemma 4.1. A mapping F : X; = X, satilies
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k k k k k
YRS ) T ORI EOWI I B
kLT L KL T LY ) TR Pl ) = 2, P
j=1 j=1 = =1 = j=1

2
1 k k k
=\ Zxkﬂ kzxf Pl 2= 2,0 | =20 F ()
j=1 j=1 j=1
k
-2 F(x) 4.1)
=1

forallx;; xxy; € Xq,forallj = 1 - k. ifandonlyif F : X; — X, is quadratic.
Proof. Assume that F : X; = X,satisfies (4.1).
Letting x; = x4 = 0forallj = 1 - kin(4.1), we get
(I12k =11 = DIIF(0)]lx, <0
So
F(0)=0
Other face

Letting X1 = X; Xjs1 = Xk = 0; j = 1 — k in (4.1), we obtain

”F (%) + %F(x)”x <0

Xz
K k k k
11 11 2
=[R2 me 2w ) |+ F Ll e Qe = 2 ) | = 2 F ()
j=1 j=1 j=1 j=1 Jj=1 k
2 k
Yy F(x;)
j=1
X2
1 1% 1% 1% : \
= [l [\ e+ 2 | e = 23 | =2 ) F () =2 ) ()
j=1 j=1 j=1 J=1 j=1 * J=1 X,
1% 1o 1% k \
<||F Zxk+1+ ij +F —Zxkﬂ_zxj _ZzF(x"”)
k1=1 k1=1 kj=1 j=1 j=1 *
k
-2 F(x) (42)
j=1 X,

forallx;; xx4; € Xy,forallj = 1 - k.Since |k| <1
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(DR RO RV B ST R

j=1 ]:1 j:l ]_
forallx;; xx4; € Xy,forallj = 1 — k. On the other hand the converse is obviously true.

Theorem 4.2 let ¢:X?* — [0;0)be a function and letF:X; - X,be mapping
with ¢(0, .....,0,0,.....,0) =0

(xq,x Xp, X X x )—i|kj|1,b ﬁﬂ x—kx , X Xak
P(X1, X2 o .. Ko Xk+1r X 42y wer =ee 2k —j:1 k ,k] k] k+1 k+%' ...... k]
< ™ (4.3)
k k k k k k
1 1 1 2
Flaz st 2 m |+ P\ g 2w =5 20 | = 2 F () = . FG)
j=1 j=1 j=1 j=1 j=1 . j=1 X,
k k k k k k
1 1
S [ E IS S FEEE Y Y RO Y R Yt
j=1 j=1 ]:1 ]:1 j= J:l X,
+(p(x1,x2 ...... Xier Xig410 X429 o ven xzk) (4‘ 4‘)

forall x;; xx4; € Xy,forallj = 1 - k.Then there exists a unique quadratic mapping H : X; - X,
such that

IF(x) + H (0)llx, < lklp(0,.....,0,0,....,0) =0 (4.5)
forallx € X;
Proof. Letting x; ; x4; € Xy,forallj = 1 - kin(4.4), we get
(I12k =11 = DIIF(0)]lx, <0
So
F(0)=0
Other face
Letting x1 =x; Xj.1 =Xy =0forallj = 1 - kin (4.4), we get

||F(x)+KF( )|| < k| (x,0,. ..,0) (4.6)

forallx € X;

Hence
e ) + e
< max(]|F (37) = K F ()| -'Ilk"“F(k D)+l
< max([!) (7) = ()l ook |F () + PG
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< Z|k|f+11/)(x/kj, 0,0,0, .....0) (4.7)

j=1

for all nonnegative integers m and [ with m > [ and all x € X;. It follows from (4.7) that the

sequence {k"™F(x/k™)}is a cauchy sequence for all x € X;. SinceX,is complete space, the
sequence{k™F(x/k™)} coverges.

So one can define the mapping H : X; — X, by
H(x) == lim k"f(x/k™)
n—-oo
forallx € X;.Moreover, letting! = 0 and passing the limitm — oo in (4.7), we get (4.5).

Now, It follows from (4.3) and (4.4) that

k k k k
) e || ‘;Z"f ‘;ZH(’@‘ PRUCH
j=1 j=1 Jj=1 Jj=1 Jj=1 Jj=1 X,
k N 1 k k N 1 k 2 k
k+j k+j
= M [kl™ ||F an“ kn+1zxf +F 2kn+2_kn+12x1 _EZF<’”;Y1>
j=1 j=1 j=1 Jj=1 Jj=1 g
« x
j
—ZZF(k—n)
j=1 X,
k 1 k k N 1 k
L Xke+j k+j
= e P\ > st g ) [+ F| et =g 2 | =2 D F ()
= = = = =1 k
X; X, X X X X x
_ X n 1 X2 Xk Xk+1 Xk+2 X2k
ZZF(kn) 2 M (o e e ot 2L 22
j=1 X,
£ X 1 £ X k k x
_ k+j k+j k+]
= ||F Z 2 +szj +F 2 2 Exj ZZF
Jj=1 Jj=1 Jj=1 j=1 Jj=1
2
_ Ez F(x;) (4.8)
j=1 X,
forallx;; xx4; € Xy forallj = 1 - k.
So
k 1 k 1 ) k ) k
Xe+j 1 xk+j__z __z Xk+j) %
szz +k2x] +sz2 % H(k) 2 ) HO)
j=1 j=1 Jj=1 Jj=1 j=1 Jj=1 X,
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k k
Xpti Xpyi 1 Xy i
H Z ’;{”+ij +H Z ’:’—szj —ZZH(';:])
Jj=1 Jj=1 Jj=1 Jj=1 Jj=1
k
_2 Z H(x) (4.9)
=1

Xz
forallx;; xxy; € Xy,forallj = 1 - k.Lemma 4.1, the mapping H : X; — X, is quadratic.

Next, suppose that T : X; — X, be another quadratic mapping satisfying (4.5). Then we have

IH(x) + T(0)llx, = ”an( ) + T (kn)”
= maX{”an (:) +kTF (kn)”XZ’ ”knT (kx) TF (k")” }

m|k|”1p( 0,0, .....,0) (4.10)

k”'

which tends to zeroasn — oo forallx € X;.So we can conclude that H (x) = T(x) forallx € X.
This proves the uniqueness of H. Thus the mapping H : X — X, is a unique quadratic mapping
satisfying (4.5).

Corollary 4.3. Let r < 1 and 8 be nonnegative real numbers and F: X; — X, be a mapping with
F(0)=0 satisfying

k

k
1 1 2 xk+]
F kzzxkﬂ kzxf tF ﬁzx"“ kzxf "k __ZF("J)

j=1 =1 j=1 j=1

IA
=
&=
g
=
A
—+
g
R
I
DM1=
<
&
|
M-
&
N
1=
=
—_—
o]
i
~
N
g
2
&

=1 j=1 =1 X
k k
+0{ D llly, + ) Nk, (11)
j:l ]=1

forallx;; xx4; € Xq,forallj = 1 - k.Then there exists a unique quadratic mapping H : X; = X;
such that

k|7 +1 .

IF(x) + H(x)llx, < Tk x|

(4.12)

forallx € X;.
Theorem 4.4.
Let ¢: X2k — [0; 00) be a function and let F : X; — X, be mapping with ¢(0, .....,0,0, .....,0) = 0
sattisfying
LY VAN AN, Y
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1 o o . .
=Zﬁ¢(k1x1,k1x2 ...... ke ] X, K Xz o b X) (413)

<

Letr > 1and @ be nonnegative real numbers and F: X; — X, be a mapping satisfying

k k k k k
1 1 1 2 2
F kszkﬂ ;Z k—Zxkﬂ—;fo 2D () -7 PG)
: : j=1 j=1 k j:1

X3
k k K k k
1 1
o 3RS YR T SR Y R Y e
j=1 j=1 j=1 j=1 j=1 X,
+YP(x1, X3 wen e Xy Xpa1s Xk 29 oen oo X21) (4.14)

forallx;; x4 € Xy, forallj = 1 - k.Then there exists a unique quadratic mapping H : X - X;
such that

IF(x) + H)lx, < |kl (%,0,....0,0 .....,0) (4.15)
forallx € X;.
Proof. Letting x; = x,Xj41 = Xi4j = Oforallj = 1 - kin(4.14), we get
<y (kx,0,...0,0.....,0) (4.16)

| .
forall x € X; the rest of the proof is similar to the proof of theorem 4.2.

F(x) + %F(kx)

Corollary 4.5. Let r > 1 and 6 be nonnegative real numbers and F: X; = X, be a mapping with
F(0)=0 satisfying

k k
1 1 2 Xk
(E8 i) (i) et

IA
=
&=
M=
=
<
—+
M=
R
Il
DM1=
<
&
|
M-
&
N
1=
=
—_—
o]
i
~
o
g
2
&

=1 j=1 =1 X
k k

+0{ D llly, + ) Nk, (417)
j:l ]=1

forallx;; xx; € Xq,forallj = 1 — k.Then there exists a unique quadratic mapping H : X; - X;
such that

IF(x) + H)lx, < = llell” (4.18)

- Ikl ke|”
forallx € X;
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