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ABSTRACT

G-frames are generalized frames which include ordinary frames and
many recent generalizations of frames. The aim of this article is to
study the g- frame operators and their properties and the dual g-
frames. We will also study some spectral properties of g-frame
operators.
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INTRODUCTION

Frames are generalizations of orthonormal bases in Hilbert spaces. As for an orthonormal basis, a frame allows
each element in the underlying Hilbert space to be written as an unconditionally convergent infinite linear
combination of the frame elements; however in contrast to the situation for a basis, the coefficients might not
be unique. G-frames were introduced by Wenchang Sun [4] in 2006.G-frames in Complex Hilbert spaceshave
some properties similar to that of frames.

A sequence Lf }ic; of elements of a Hilbert space H is called a frame if there exist constants 4. B = 0 such that

forall f e H.AlFI® = Z;lif. £11F = BIFIE.
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The numbers A and E are called the lower and upper frame bounds respectively. The largest number 4 = 0
and the smallest number B = 0 satisfying the frame inequalities for all f € H are called optimal frame bounds.
Throughout this article, H and K are Hilbert spaces and {H;};.; E K is a sequence of separable Hilbert spaces,
where I'is a subset of M. B{H, H,Jis the collection of all bounded linear operators from H to H;.
2. g- FRAMES
Definition 2.1 [4]: The sequence {A; € B(H,H;) : i €1} is called a g-frame for H with respect to {H;};; if
there exist two positive constants 4 and E such that for allf € H , we have

AllflP = B lla; £ < BIFIZ . (2.1)
The numbers 4 and E are called the lower and upper g- frame bounds respectively. The largest number 4 = 0
and the smallest number E = 0 satisfying the frame inequalities for all f £ H are called optimal frame bounds.
Definition 2.2 [4]: The sequence [/ }ic; is called a tight g-frame if A = B and Parseval g- frame if A = B = 1.
Definition 2.3 [4]: The sequence {4; € B{H, H;) : i € 1}is called a g-Bessel sequence if there exists B = 0
such that £ lla; flI? = BIFII® forall f € H.
Definition 2.4 [4]: Let{; € B(H, H;) : i € 1] be given. Define (¥;s; ®W,);, as

(Zie®H)y, = Ufidier * £ € H; and Tyl fIIF < =0},

with the inner product is given by {{f }ic; . Lgi hict) = Zicd £ . g1l
Definition 2.5 [4]: Let {A; € B(H.H,) : i €1} be a g-frame for H. Then the synthesis operator for LA}z is
the operator T : (E;o; ®H;J);, — H defined by (f) = ;o AT £,
forall f = {f;}ie; € (Eic; ®H;)r, where A; is the adjoint of A;.
Definition 2.6 [4]: The adjointT” of the synthesis operator T is called the analysis operator.

The formula for the analysis operator is given by the following theorem:
Theorem 2.7 [3]: Let {A; € BIH,H;) : i € 1} be a g-frame for H.Then the analysis operator for {31 is the

operator T*: H — (L;,; @H[];: defined by T*f = {A; fHiar
Proof: Let f € H and let g = {g;}ie; € (Eic; ®H;)y,. Then

(T°f.g) = (£.Tg) = mel angl:- W Pier gher) = W fier )

Therefore T*f = {A; flic;. m
3. g- FRAME OPERATOR
Definition 3.1 [4]: Let {A; e BIH.H;) : i €1} be a g-frame for H with respect to {H;}i.;. The g- frame
operator 5: H — His defined as §f = X;; A\ A f forall f € H.
Theorem 3.2 [4]: Let {4; € B{H,H;) : i 1} be a g-frame for H with respect to {H;};z; with frame bounds
C and D. Then the frame operator 5 for {A;};<; is a positive, self-adjoint, invertible operator on H with
Cly=5=0DI, where Iy is the identity operator on H. We further have the formula
F=RigNNSTF=EaS TN A f forall fe H.
Proof: Let f € H. Sincel/\;};z; is a g- frame with respect to {H;};c; with frame bounds C and D, we have
ClFl? = X lla; 717 = Dlifll2. Now,
IS = supl(SF. Fr:IFll = 1}=supl® (i . ) lIfll = 1}

=sup{Z At f ) Fll=1)= suplEiglin; fI? : lfll =13 <D
and{5f. f} = Z;.;lla; FlI* = 0.Therefore 5is a bounded, positive operator and hence is self-adjoint. Also
(cr.f =clfll? = Z.lla; FI2 = (5. 7) =DliflI*= (Df.f), which implies CIz=5 =Dl Again,
clifl? = (57, F) = 57l fllwhich implies ISFIl = CI£Il and hence § is one- one. Now let g € H be such
that {5f.g} =0 for all f € H then {f.5g} =0 which gives Sg = 0 and hence g = 0.Therefore 5H = H.

_ 1
Hence 5 is invertible and [I5 7%l = o

Forany f € H,f = 5571 = 57'Sf = T AT A 5™ f = By STIATA £ (3.0)
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4. DUAL g- FRAME
If in equation (3.1), we let &, =a; §~* then A, "= 5§~ A} the equation reduces to

f=Zf«:ﬁr f=ZEl'f~[f

Theorem 4.1 [4]: The sequence {4, € B(H.H;} : ie11}isag-frame for H with respect to {H;};z; with frame

S L
bounds ~and .
Proof: For f e H,

leﬁlf"‘ =Z||ﬂ[5‘1f||: = Zmis-lf, A STEE) = Z{ﬁfﬂ[rlf,rl_f}

1
= (857557 = (.57 = sl < EIIfII:
andlifll? = Bic A AF L ) = Sialis £ A f) = Caadling FIRY 2 A £I12) 2

1

= D2l (Z IA; £ =)

which implies&;c 1A FIIF = 51 I £II* Therefore {A; € B(H,H;) : i € 1}is a g-frame for H with respect to

[H:};.; with frame bounds i and %,l

Definition 4.2 [4]): The sequence LA, : i & 1}is called the dual g- frameof {4;: iell.
Theorem 4.3: The g- frames £4; : i € 1}and LA, ¢ i € Ilare dual with respect to each other.
Proof:Let 5 be the g — frame operator associated with LA, : i€ 1} . Thenforall f € H,

S5F= Z SAAF =z SO S~ 57YF = ZSS“M NS =557 = f

which implies 5§ = 5~* and A, §~* =n; 5715 =4;. Therefore {#;: ie1}and {4, : i €1} are dual g- frames
with respect to each other.®
Theorem 4.4: The sequence {/; € B(H,H;) : i € 1}is a Parseval g- frame if and only if § = I.
Proof: Let {A; € B(H,H;) : i €1} be a Parseval g- frame of subspaces then 4 = B =1 in equation (2.1). Also
by theorem 3.2, Ay = 5 = Bl , therefore 5§ = Iy. Otherway let 5 = Iy, Thenfor allf € H,
IFIZ = (£ ) = (SF.f) = D A ffd = D AAF Acf) = A FII?
LE] iel el
Therefore {A; € B(H,H;) : i € 1}isa Parseval g- frame. =

5. SPECTRUM OF g- FRAME OPERATOR
Definition 5.1 [2]: A complex number 4 is said to be in the spectrum of a bounded linear operator T on a

Hilbert space H, if (T — I} is not invertible. The spectrum of bounded linear operator T is denoted by (T
and its complement, the resolvent set is (T} = C\a(T].

Theorem 5.2 [2]: Let I/ be a bounded self- adjoint operator on a Hilbert space . Let g/} denotes the
resolvent spectrum of U. A scalar & € (I} if and only if (I — 117 is bounded below.

Theorem 5.3: Let 5 be the g- frame operator on a Hilbert space H.Then (5}, the spectrum of 5 is a subset of
the set of real numbers.

Proof: Letieo(5). Let A=a+if.where af eR.let if possible Z=0. Then for each
xe H A — Ax,xd = {5z x) — Az x),

Therefore {(§ — A)x, x) = {Sx, x) — Zx, x).

This implies (5 — Adx, x) — (5 — Dz, x) = (4 — Dz x) = 2if{x x) = 20812l

)
Therefore |12ig 1<l 2] = [{(5 — Dx, x) —{(5 — Dx,x)
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which implies 2|g| =] ? = 2|{(5 — Dx .=} = 2[1(5 — ANl |I=]l
If x=0then|gllxll =I5 — AD x|l and if x = 0 then (5 — A5 x|l = |8llxllwhich implies thatl € p(5) , a

contradiction. Hence § = 0 and therefore o(5) ¢ R. m
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